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1.1 


UNIT 25 Multiple integrals 


Study guide for Unit 25 


For your study of this unit you should be familiar with the definition of 
the definite integral as a limit. You will also need to be familiar with polar 
coordinate systems. The plane polar coordinate system was introduced in 
Unit 4, and the cylindrical and spherical polar coordinate systems were 
introduced in Unit 23. You will also need to remind yourself about finding 
the centre of mass of a system of particles from Unit 19. 


The sections should be studied in order. As arough guide, you should expect 
to spend about the same amount of time on Section 1 and Section 2, and 
slightly less on the remaining sections. 


Many of the results in this unit will be used in Unit 27. 


You will need to use your computer to carry out the activities in Section 5. 


Unit 25 Multiple integrals 


Introduction 


You know that in one dimension the definite integral of a function f(x) 
on an interval of the x-axis can be defined as the limit of a sum of function 
values on the interval. In Unit 24 you saw how this idea could be generalized 
to line integrals, and used to calculate properties of vector fields. In this 
unit we shall generalize the idea of an integral still further to deal with two 
and three dimensions by introducing two new kinds of integrals, called area 
integrals and volume integrals. 


Area integrals arise in calculations of populations over regions. For example, 
suppose you know the number of bacteria per unit area at each point on a 
glass plate. More generally, the total number of bacteria on any region of 
the plate is the product of the surface density and the area of that region. If 
the population density is non-uniform then the total number of bacteria on 
a region of the plate can be expressed as an area integral of the population 
density over that region. Because a surface is a two-dimensional region, an 
area integral involves integrating with respect to two independent variables. 
Section 1 shows how area integrals can be evaluated as combinations of two 
ordinary integrals, while Section 2 describes applications of area integrals, 
including the evaluation of centres of mass of planar (i.e. two-dimensional) 
objects. 


Volume integrals arise in the calculation of the mass of an object. For ex- 
ample, suppose you know the mass per unit volume of a solid body. If the 
density is uniform, the total mass of the body is the product of its density 
and its volume. More generally the mass of the body is the volume inte- 
gral of the density over the three-dimensional region occupied by the body. 
Section 3 shows how volume integrals can be expressed as combinations of 
three ordinary integrals. 


Area integrals and volume integrals are examples of multiple integrals, the 
title of this unit. One of the major applications of multiple integrals is the 
calculation of moments of inertia. If you haven’t come across this term 
before, don’t worry. Unit 27 will give a full treatment of moments of inertia 
and will describe the role played by moments of inertia in the rotational 
dynamics of solid bodies. In this unit we shall give a definition of the moment 
of inertia but thereafter we shall be concerned only with the techniques of 
calculating moments of inertia as multiple integrals. 


Section 4 shows how area integrals can be used to compute the area of a 
curved surface. 


In Section 5 you will have the opportunity to compute area and volume 
integrals using the computer algebra package for the course. 


Centres of mass were 
discussed in Unit 19. 


Section 1 Area integrals 


1 Area integrals 


In Unit 24 you saw that a scalar line integral involves integrating with respect 

to just one variable along a path. We now turn to area integrals in which This variable is usually the 
the function being integrated is defined over an area, rather than along a_ path parameter. 
path, so that it is a function of two variables. We can use an area integral 

to calculate, for example, the mass of a thin plate when the composition 

of the plate is non-uniform. We can also use area integrals to calculate 

populations. The distribution of, say, bacteria on a microscope slide can be 

described by a population density function giving the number of individuals 

per square metre at each point. Then the total population on the slide is 

the area integral of the population density over the slide. We shall consider 

this and other applications of area integrals in Section 2. In this section we 

shall define area integrals (in Subsection 1.1) and see how to compute them 

using Cartesian coordinates (in Subsections 1.2 and 1.3). 


1.1 Defining area integrals 


Materials such as plate glass are usually sold by the square metre. By 
ignoring the fact that the material is a three-dimensional solid and treating 
it instead as an infinitely thin sheet, or lamina, we can describe the ‘weight’ 
of such a material by a surface mass density or mass per unit area of the 
sheet. The surface mass density, or surface density for short, is a constant 
for a uniform sheet, but will vary with position when the material is of non- 
uniform composition. If we imagine the lamina placed in the (x, y)-plane 
then the surface density is a surface density function f(x,y) defined on 
the region S of the (x, y)-plane occupied by the lamina. 


Suppose we wish to find the mass of this lamina. We know that when f(x,y) We assume we are carrying 

is a constant, the total mass of the lamina is simply the constant density Out a theoretical investigation 
(in kgm7?) times the total area (in m2) of the lamina. When the surface ‘@ther than simply weighing 
density varies we can divide the region S' into N small area elements such ng Lene vo tena tte eal 
that the density can be considered constant on each element (see Figure 1.1). 
Let the area of the ith element be 6A; and in this element select a point 
with coordinates (x;, y;). Then the mass of this element of the plate is ap- 
proximately f(x;, y;)OA;, and the total mass of the lamina is approximately 
the sum of the masses of all the elements 


N 
Sf (ti, wi) OAi. 
= 


Now if we take the limit of this sum, as the number N of area elements 
increases indefinitely and the size of the elements tends to zero, we obtain 
an integral called an area integral which we denote by [ gf(z,y)dA. This 
area integral gives the mass of the lamina. 


av 


oO 


We can define an area integral for any function of two variables over a Figure 1.1 
region S in its domain. 


Definition 
The area integral of f(x,y) over a region of integration S in the 


(x, y)-plane, subdivided into N area elements where element 7 contains 
the point (2;,y;) and is of area Aj, is 


N 
[ flenaa = Jim S> Fai w)6A (1.1 
i=1 


where 0A; — 0 for each i as N — oo. 
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We shall look at other applications of area integrals in Section 2. Next we 
consider how to evaluate area integrals, first over rectangular regions and 
then over non-rectangular regions. Since f(x,y) is a function of two vari- 
ables, we shall find that the evaluation of an area integral involves evaluating 
two definite integrals, one after the other. 


1.2 Area integrals over rectangular regions 


In this subsection we shall consider how to apply Equation (1.1) to evaluate 
an area integral and, in particular, how to subdivide the region of integration 
S in a convenient way when working with Cartesian coordinates. 


We begin by considering the case when the region S is the rectangle formed 

by the lines x =a, x= 6b and y=c, y = d, as in Figure 1.2. The most 

natural way to evaluate the sum in Equation (1.1) is to divide the rectangle 

into small rectangular elements. We proceed as follows (see Figure 1.3). 

(a) Divide the interval [a,b] of the z-axis into n subintervals of width 
621, 022,...,6%3,...,0%, and choose numbers 71, %2,...,%n such that 
xj; is in the jth subinterval; 

(b) Divide the interval [c,d] of the y-axis into m subintervals of width 
Oy1, Oy2,---, OYE,-..,O0Ym and choose numbers yj, y2,---;Ym such that 
Yr is in the kth subinterval; 

(c) The area elements are the small rectangles so formed; the general element 
has side lengths dx; and dy,, area dx ;dy,z, and contains the point (x;, yx). 


The rectangle S has been divided into n x m rectangular area elements each 
one identified by a point (xj, y,) and we need to find a systematic way of 
including all N =n x m of them in the summation. Let us organize the 
rectangular area elements into thin strips. There are two straightforward 
ways. One is to consider vertical strips of width 6x1, dr2,...,dxj,..., dan (as 
in Figure 1.4) counting all the segments of length dy, within each strip, or 
to use horizontal strips of width dy1, dy2,...,dyz,---,;0Ym (as in Figure 1.5) 
counting all the segments of length 62; in each. 


YA YA 
d-- - d-> - 
dyn 0 7 
c+ - e+ - 
| 4 | = O | - 
Oo a bx 6 a b 
Figure 1.4 Figure 1.5 


We choose vertical strips. The jth vertical strip (of width 62;) is shown 
shaded in Figure 1.6. So a typical element with subscript i in Equation (1.1) 
is included by virtue of its position y, in the strip and the label x; for the 
strip. Thus a typical term in the sum in Equation (1.1) is f(xj, yx)dxjdyn. 
So the contribution to the sum from the m rectangular area elements in the 
jth vertical strip, of width dz; is 


(> Ff (x5, wn Ox;. 
k=l 


In this summation x; and 6x; remain unchanged and we are summing over 
the ys, i.e. over the subscript k. Now we need to add the contributions of 
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Area integrals are sometimes 
referred to as double integrals 
or surface integrals. 


YA 


oO 


ot - 
av 


I 
a 


Figure 1.2 


Figure 1.3 


| 
Oa b25 5 


Figure 1.6 


the n vertical strips which lie between x = a and x = 8, so we are summing 
over the 2s, i.e. over the subscript 7. We then have an expression involving 
two summations 


» (>: flag nn) 0z;. 


j=1 \k=1 


The summation over k is called the inner summation and the summation 
over 7 is the outer summation. The area integral of the function f over the 
region S' is the limit of this double summation as the number of rectangles 
increases indefinitely, i.e. as n and m increase indefinitely. So 


n 


[i flenaa = Jim 3 (tin, 3 seri) , (1.2) 
k=1 


j=l 


First let us look at the inner summation over k, remembering that 2x; is 
constant here. In the limit as the lengths dy, go to zero, this summation 
equals the definite integral of f(x;,y) between y = c and y = d, i.e. between 
the bottom and top of the jth vertical strip. We write 
m y=d 
Jim, 0 (ej.m)om =f” fe.u)a. (1.3) 
k=1 y=e 
Remember that x; is a constant in the summation and is held constant when 
we evaluate the integral. So the value of the integral will depend on x; but 
not on y: that is, the value of the integral is a function of 2;. We shall 
illustrate this with an example. 


Example 1.1 
y=2 
Find the value of the definite integral / xjy dy where x; is a constant. 
y=1 
Solution 


The function to be integrated is f(x;,y) = «jy. In the integration we are 
varying y (between the limits 1 and 2) but keeping x; fixed. Then 


= oe 1,2]¥=2 _ 3 
/ jy dy = 2 [ ydy = 2; [zy"],) = 32; 
y=l y=l 


Suppose that we denote the value of the integral ao f(xj,y) dy in Equa- 
tion (1.3) by g(#;). Equation (1.2) then becomes 


[tema = tim 7 g(a )x. 
j=l 


In this summation we are adding vertical strips between 7 = a and x = b 
(see Figure 1.7) and in the limit the summation approaches the definite 
integral of g(x) between the limits x = a and x = b, 


a=b n 
i g(x) dx = lim Sola ey 
- n—0o fal 


=a 


In the limit of the double summation, as 6x; and dy, go to zero in Equa- 
tion (1.2), the value of the area integral, in terms of two single integrals, the 
first over y and the second over @, is 

y=d 


a=b 
[fenaa= g(x) dx where g(x) - | f(x, y) dy. (1.4) 


=c 


Section 1 Area integrals 


You can think of the 
integration over y as partial 
integration by analogy with 
partial differentiation. You 
are integrating with respect 
to one variable while keeping 
the other variable fixed. 


YA 

[. <2 
oO a a 
Figure 1.7 
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The two integrals in Equation (1.4) can be evaluated using standard tech- 
niques. 


Area integral over a rectangular region 

The area integral of a function f(x,y) over a rectangular region S 
contained between the lines x = a, x = b and y =c, y = d is obtained 
as two successive integrals as follows: 


a=b y=d 
‘ f(z, y)dA = / (/ Fay) av) dx. Remember that in the 
S z=a y=c integral over y we treat x as a 
constant. 


Example 1.2 


Find the value of the area integral of the function f(x,y) = xy over the 
rectangle bounded by the lines x = 0, x = 3 and y=1, y= 2. 


Solution 


The region of integration is shown in Figure 1.8. The area integral is 


@=3 y=2 Y 
[eves | (| ry dy) de 
Ss x2=0 y=1 9 


5 
The integral over y was evaluated in Example 1.1, so 1 [el 
= = 3 3209 227 | 
[evaa= | ([" rydy)de = [ sede |ca" |= a a 3 Ff 
«z=0 y=l1 «=0 
The value of the area integral of xy over the rectangle is ar | Figure 1.8 


*Exercise 1.1 


Find the value of the area integral of the function f(x,y) = x?y? over the nn 
square bounded by the lines x = 0, 7 = 2 and y=1, y=3. 
dyn 7 
So far we have evaluated area integrals by first integrating over y and then 
integrating over x. In the summations this is equivalent to summing first 
over k and then over 7. However, we could have used another order for id . 
the summations, by first drawing a strip parallel to the z-axis of width dy,  O be 7 
containing y, and summing over the rectangles of width 6x; for all the js 
from 1 to n (see Figure 1.9). The result would be Figure 1.9 


pley)aa =f ([” #(e,y)ar) dy. 
Ss y=e \Je=a 


This time in the inner integral we integrate over x, treating y as a con- 
stant, to give a function of y, and then we integrate over y, to complete the 
evaluation of the integral. 


Exercise 1.2 


Find the value of the area integral in Example 1.2 but integrate over x first 
and then over y. 


The value of the area integral in Exercise 1.2 is the same as in Example 1.2 
which you may have expected since the function and the region of integration 
are the same. Either order of evaluating the single integrals will give the 
same answer. 
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1.3 Area integrals over non-rectangular regions 


The area integral of a function over a rectangular region involves two sin- 

gle integrals for which the limits of integration are constants. For non- YA 
rectangular regions we have to be more careful in setting up the integrals 
because the strips are no longer of the same length and the limits on the 
inner integral depend on the variable in the outer integral. To illustrate this 
consider the following example. 4 


Example 1.3 


Find the value of the area integral of the function f(x,y) = xy over the 
region bounded by the curves y = 22, y = x? and the line x = 1. x= 


Solution 


We begin by drawing a diagram to show the region of integration. It is the 
shaded region in Figure 1.10. We choose to integrate first over y and then 
over &. Figure 1.10 


av 


0 


To decide on the limits of the integration over y, consider a vertical strip 
drawn at an arbitrary value of x, as shown in Figure 1.11. The ends of the 
strip lie on the curves y = x? and y = 2x. Hence the lower and upper limits 
for the y-integration are (the functions) y = x? and y = 22 respectively. The 
y-integration sums all area elements in the strip of Figure 1.12. 


YA 


YA 


Figure 1.11 Figure 1.12 
The xz-integration sums over all the strips (see Figure 1.13). The first strip vA 
is at = 0 and the last strip is at « = 1. Hence the lower and upper limits 
for the x-integration are x = 0 and x = 1 respectively, and in the limit 
Equation (1.2) becomes 


x=1 y=2x F 
xcydA = (| rydy) dx. (1.5) y=R 
Ss x=0 y=a? 


The inner integral, in the brackets, is an integral with respect to y and can 
be evaluated by treating x as a constant, to give 


y=2u = 
/ Lydy= 2 [5y"| = =f (3 (22)? — 5(x?)?) ee 5°. 
y 


=x? 


y= 2x 


av 


0 
Notice that the result of evaluating this integral is a function of x so the 


area integral in Equation (1.5) is reduced to a single integral over x, and Figure 1.13 
w=1 
1 
[evea= | (20° — da°) dr = [a* - 52°), = &- | 
S «=0 


In Example 1.3 the limits on the integral over y depend on the variable «x. 
Drawing a diagram of the region of integration is very helpful in getting the 
limits correct and the method of solution given works for all area integrals. 
We shall now generalize the procedure for evaluating area integrals. 
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Consider a non-rectangular region S like the ones shown in Figure 1.14. 
Suppose that a and 6 are the minimum and maximum values of x for the 
points on the boundary of S. Let y = a(x) and y = ((x) be the equations 
of the boundary curves AB and C’'D respectively, as shown in Figure 1.14. 
Then 


[senaa= [~ ‘( _ Hay) iy) o 


The minimum and maximum 
values can be straight lines, 
as shown in Figure 1.14(a) or 
points. One such point is 
shown in Figure 1.14(b). 


YA 
y = Bz) 
The area integral can be written as two single definite integrals but we must o ey 
be careful with the limits. The limits on the inner integral are functions of 
x rather than constants. c 
We can summarize the steps for evaluating an area integral f g f(a, y) dA, A e 
using vertical strips, as follows. . vote 
O * 
Procedure 1.1 Evaluating an area integral ss 
T 1 : (a) 
o evaluate an area integral 
[ femaa, 
Ss 
proceed as follows. YA 
(a) Draw a diagram showing the region of integration, S. y = B(x) : 
(b) Draw on the diagram a strip parallel to the y-axis and show the | | 
lower limit y = a(x) and the upper limit y = ((x) of this strip. Cc 
These are the limits of the y-integration, i.e. for the ‘inner’ integral. é B 
(c) Determine the minimum value a and maximum value 6 of « for A | 
points on the boundary of S. These are the limits of the z- y= ale) | 7 
integration, i.e. for the ‘outer’ integral. oO a h @ 
(d) Write the area integral as two single integrals, making sure that the (b) 
outer limits are constants. The integral becomes 
Figure 1.14 


[senaa= f~ ‘( [ SH as iy). 


(e) Evaluate the inner integral, ie x constant, to give 


y=(x) 
g(x) =f i f(x,y) dy. 


(f) Evaluate the outer integral to give 


[flew i= [" a2) da 


*Exercise 1.3 


Use Procedure 1.1 to find the value of the area integral of the function 
f(x,y) = y over the region bounded by the curves y = x? and y = 2 + 2. 


Exercise 1.4 


Find the value of the area integral of the function f(x,y) = x — y over the 
triangle bounded by the lines y= a—1,2=3 and y=0. 


So far we have chosen to organize the area elements into vertical strips and 
integrate over y first and then 2. We can reverse the order of integration, 
carrying out the x-integration first and then the y-integration by imagining 
the area divided into horizontal strips. The following example illustrates 
how this is done. 
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Procedure 1.1 is easily 
adapted for this reversed 
order of integration by 
interchanging x and y. 


Section 1 Area integrals 


Example 1.4 


Find the value of the area integral of the function xy? over the region 
bounded by the curve y = x? and the line y = z. 


Solution 


The region of integration is shown in Figure 1.15, and one horizontal strip 
is shown in Figure 1.16. The z-integral effectively sums area elements along 
each horizontal strip. To decide on the limits for the x-integral, look at 
the left-hand and right-hand endpoints of the strip. These endpoints lie on 
the graphs of x = y and x = ,/y, and so the lower and upper limits of the 


x-integral are the functions x = y and x = ,\/y respectively. Hence the area 0 1 - 
integral is Figure 1.15 
y=1 xr=/Yy 
| f(x,y) dA = | / xy’ dex | dy. The limits for y are the values 
Ss y=0 xr=y where the graphs intersect, 
: F . h =a2= 27, ie. wh 
The z-integral can be evaluated, treating y as a constant, to give Me io il fg hie sei te pi 
r=V/¥ =e intersection are therefore 
/ ty?dx = y’ [52°] iS _— 5 (y? _ y') P (0, 0) and (1, 1) as can be 
x=y seen in Figure 1.15. 
and so evaluation of the area integral is reduced to a single integral in y 
giving 
— 3, A 1 
[tena | sy -y)dy= 7. of 
y=0 


*Exercise 1.5 

Evaluate (x? + y?)dA where S is the triangle formed by the lines y = 0, 
Ss 

y=a—1and «= 2, by: 


(a) integrating over y first and then over 2; 


(b) integrating over x first and then over y. 


Either order of integration is acceptable although the calculations are often Figure 1.16 
easier for one particular order. It is important to be careful with the limits 

on the two single integrals. The limits on the outer integral are constants 

whereas the limits on the inner integral will, in general, be non-constant 

functions. Only for rectangular regions of integration will all four limits be 

constants. 


End-of-section Exercises 


*Exercise 1.6 


Find the value of the area integral of the function f(2,y) = x + y over the 
triangle bounded by the lines y = 1— 2, x = 0 and y= 0. 


Exercise 1.7 


Find the value of the area integral of the function f(x,y) = x over the 
quarter disc x? + y? <1 (2 >0,y > 0). 


Exercise 1.8 


x=2 y=2+2 
Determine the region of integration for, and evaluate, / ( | idy) dx. 
y 


x=1 
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2 Applications of area integrals 


In Section 1 we have been concerned with the mathematical problem of 
evaluating area integrals. In this section we consider applications of area 
integrals to a variety of problems involving surface density functions, begin- 
ning in Subsection 2.1. Some of the applications involve integrating over 
a circular region of the (x,y)-plane and in such cases it is usually easier 
to evaluate these area integrals using plane polar coordinates, as we shall 
demonstrate in Subsection 2.2. In Subsection 2.3 we shall see how area in- 
tegrals can be used to obtain centres of mass of laminae. We shall also, 
in Subsection 2.4, introduce the idea of the moment of inertia of a body, 
a subject of great importance for Unit 27, and show how the moments of 
inertia of laminae can be calculated as area integrals. 


2.1 Integrating surface density functions 


Surface density functions can describe surface distributions of mass, pop- 
ulations and many other scalar quantities. The area integral of a surface 
density function then gives the total mass, population or whatever of the 
surface. 


Example 2.1 


A population of bacteria is grown on a rectangular glass plate. The plate 
is placed in the (x, y)-plane with its edges on the lines y = 0, y = 0.04m 
and « = 0, z = 0.03m (see Figure 2.1). Determine the total number P 
of bacteria on the plate given that the distribution of the population (in 
bacteria per square metre) is described by the surface density function 
f(x,y) = (1 — 1000?) x 101. 


Solution 


We integrate the surface density function over the rectangular region occu- 
pied by the plate, choosing, arbitrarily, to integrate over x first. Thus 


y=0.04 x=0.03 
fdA= 10" f (/ (1 — 10002?) i) dy 
xz=0 


y=0 

11 ae 3]2=0.03 

= 1000 a2=0. 

=10 7 z= e lean ey 
y=0 


P= 
plate 


0.04 
= io [ 0.021dy=84x 10". mf 
0 


Exercise 2.1 


The density of bacteria on the surface of a glass plate in the (x, y)-plane 
is given by f(x,y) = A(2 — x?/a? — y?/a”) where A and a are positive con- 
stants. How many bacteria are there on a triangular region of the plate 
bounded by the a- and y-axes and the line y = a— 2x, when A= 10m? 
and a = 0.01 m? 


Suppose in Exercise 2.1 we want to know the number of bacteria within 
a circle of radius a centred on the origin. The circular region is shown in 
Figure 2.2 (overleaf). Let’s choose to integrate with respect to y first. The 
lower and upper ends of a vertical strip lie on the lower and upper semicircles 


y = Va? —@?. 


y=—vVa2—22 and 


14 


Surface density functions 
were mentioned at the 
beginning of Section 1. 


0.04 


Figure 2.1 


In this exercise the constants 
are represented by symbols 
which can be used throughout 
the calculation. You are 
advised to do this, only 
putting in the numbers at the 
end in order to answer the 
question. The symbolic 
answer gives a more general 
result, which could be used 
with other values of the 
constants. 


Section 2 Applications of area integrals 


These functions are the limits of the y-integration. The x-integral represents 
the addition of vertical strips starting at 7 = —a and ending at + = a. Hence 
the total number of bacteria within the circle (over the disc) is 


L=a y=V a2 —22 2 y? 
disc r=—a y=—Va2—2? a a 


Evaluating the integral in Equation (2.1) is not particularly difficult, but it 
is more difficult than it need be. You will see in the next subsection that this 
double integral, and many other area integrals over circular regions, become 
much easier when we use plane polar coordinates. 


(2.1) 


2.2 Changing to plane polar coordinates 


In order to see how to set up an area integral in plane polar coordinates, 
recall first how a rectangular region was divided up in Cartesian coordinates 
by a rectangular grid of lines, x = constant and y = constant. A small 
rectangular element, the Cartesian area element, has area 6A = dyda. 
This element is represented symbolically as dy dx in the area integral 


[ (ice ay) de. 


Now consider the case of plane polar coordinates r and 9. Figure 2.3 shows 
the subdivision of a circular region (disc) by a grid of circles 
r = constant and ‘spokes’ 6 = constant. Each area element is nearly a 
rectangle of area 0A ~ 100 x or and this approximation improves as dr and 
60 tend to zero. The value of a function f at a point of this element is 
f(r,@), and so the contribution of this area element to the area integral is 
approximately f(r, @)rdér 60. Summing over all area elements and taking the 
limit in Equation (1.1) we have the following definition. 


Area integral in plane polar coordinates 
The area integral of a function f(r, 0) over a disc D of radius a is 


(109 [CLS sea) a 


We can choose to integrate with respect to r first and then @ as in Equa- 
tion (2.2), or we can reverse the order of integration, as is convenient. Be- 
cause the limits are constants, they will not change when the order of inte- 
gration is reversed. 


(2.2) 


Example 2.2 


Evaluate the number of bacteria on the circular region of the (x, y)-plane of 
radius a centred at the origin when the surface density of bacteria is given 
by f(x,y) = A(2 — x?/a? — y?/a”). What is the number P of bacteria in 
the circle when A = 10! m~? and a = 0.01 m? 

Solution 

We first express the surface density function in plane polar coordinates. 
Thus, recognizing x? + y* = r?, we have f(r,@) = A(2 —r7/a”). The re- 
gion of integration is a disc of radius a centred on the origin. Using Equa- 
tion (2.2), we can express the number of bacteria as 


d=7 r=a r2 
p=af (/ (2-5) rar) ao, 
6=—nr \Jr=0 a 


(2.3) 


DA 


Figure 2.2 


YA 


dA ~ ré0 x dr 
ar, 
roe 
é@ 
Pr 
oO x 
Figure 2.3 


The factor r comes from the 
approximation rdr 60 of the 
area of the area element. It’s 
very easy to forget this factor! 
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The inner integral, the integral with respect to r with # constant, represents 
summing elements of length dr along the narrow sector shown in Figure 2.3. 
The 6-integral then represents the summing of all sectors of the circle. 


The r-integral gives 


r=a 2 47a 
if (2 — 5) rdr = G — | = 3a”. 
r=0 a 4a 0 


The area integral in Equation (2.3) is now reduced to a single integral so 


P=3Aa* [| d0=2Aa’[6\",, = 30 Aa’. 
For the given values of A and a, the total number P of bacteria in the 
circular region is 4.7 x 10°. i 


There are two points to notice about Example 2.2. First, the area integral 
has constant limits and is very easy to evaluate compared with the Carte- 
sian equivalent, Equation (2.1). Secondly, the function f(r,@) has circular 
symmetry. It is independent of the angular coordinate 6 and depends on r 
only and consequently the integration over @ in the area integral yields the 
factor 


[ dO = [6" , = 2r. 


—T 


Thus for any function f(r,@) that varies with r only, the area integral over 
a disc D of radius a centred on the origin is 


| fdA= an f f(r)r dr (2.4) 
D 0 
in which we have written f(r) for f(r,@) since f depends on r only. 


*Exercise 2.2 


A thin circular magnifying glass of radius a can be modelled as a thin disc 
with a surface mass density given by f(r,@) = k(1 — r?/a?), where the con- 
stant k is the surface density at the centre. Determine the total mass of the 
lens when a = 2.5 x 107-?m and k = 3kgm7?. 


2.3 Centres of mass 


We now turn to the calculation of centres of mass using area integrals. How 
can we find the centre of mass of a lamina such as a semicircular plate which 
is bounded by curved lines? We need to return to the definition of centre 
of mass. The position vector rg of the centre of mass of a system of N 
particles each with mass m,; and position vector r; is 


N 
y Mil; 
_ i=l 


rg = (2.5) 


M ’ 
where M is the total mass. If the particles lie in the (2, y)-plane we can 
project Equation (2.5) onto the unit vectors i and j to obtain the coordinates 
of the centre of mass 


N N 
i=1 ‘ i=1 
d r . = SS + —__ 2.6 
a and r¢-j=ya (2.6) 


rg-l1=2z2¢g= Ni 


16 


You saw in Unit 19 how the 
centre of mass of a uniform 
lamina made up of squares, 
rectangles and triangles can 
be found by exploiting the 
geometries of these figures, 
especially any symmetries. 


You met this definition in 
Unit 19. 


Section 2 Applications of area integrals 


Now expressions (2.6) are for the centre of mass of a system of N discrete 
particles lying in the (#,y)-plane. Suppose the number of particles N in- 
creases indefinitely. Then, in the limit, the particles will coalesce to form 
a lamina and the summations in (2.6) will become integrals and give the 
centre of mass of the lamina. 


Let’s look at the expression for xg in detail. First, consider the denominator. 
This is the total mass of the lamina and can be considered as either the limit 
of the sum of N particles each of mass m,; or as the limit of the sum of area 
elements eee each of surface density f(xj,y,). So 


J= = 


where S is the region of the (x, y)-plane occupied by the lamina. In a similar 
way, the numerator can be considered as the limit as NV — oo for the particle 
model and as both m — oo and n — oo for the area element model. So we 
have 


n 


lim Ymn= = Jim > (nim 3 flo] ebay =f af2v) dA. 
k=1 Ss 


N-oo ; 
j=l 


Thus the coordinates (xg, yq) of the centre of mass of a lamina are 
_ IstfdA _ feefda sacl SgyfdA _ Is yf 
M JgfdA anne” [5 fdA’ 


For a uniform lamina, the surface density f is a constant and can be taken 
outside the integral. 


Example 2.3 


Determine the position of the centre of mass of the uniform semicircular 
plate in Figure 2.4. 


oO 
Solution x 
. . . . . ae 
The y-axis is a symmetry axis of the semicircle and so we must have rg = 0. —a oO a © 
To find the y-coordinate we must evaluate f s yfdA. We can use plane polar 
coordinates with y = rsin@ and surface density f = constant. Then the Figure 2.4 
area integral is 
6=1 r=a 6=1 e=5 
i yfdA=f ( [ r? sin adr) dé =f [37°], sin do Remember 6A = ror 60. 
s 0=0 r=0 0=0 
= sfa° [— cos 6]§=% = = 3 fa’. 
The mass M of the semicircle is 57a? f, and so we have yq = 4a. Hence the The mass is the area }7a” 
centre of mass of the semicircular plate is r = ie j. ou times the (constant) surface 
i density f. 
Exercise 2.3 vA 
Confirm the answer for the coordinate yg in Example 2.3 by working in a) Yo vex? 
Cartesian coordinates (see Figure 2.5). 
=i Oo a x 
Figure 2.5 


Unit 25 Multiple integrals 


2.4 Moments of inertia 


We now turn to an important application of area integrals, the calculation 
of moments of inertia for laminae. The central role played by moments 
of inertia in the dynamics of rotating bodies is fully described in Unit 27. 
Here, and in the next section, we are concerned only with calculations of 
moments of inertia using multiple integrals, and so we give only a minimal 
introduction to the topic. 


Figure 2.6 shows a particle of mass m moving in a plane with constant speed 
v along a circular path of radius d centred on a point O. If O is the origin of 
the (a, y)-plane, then such a motion can be thought of as rotation about the 
z-axis. You know that the kinetic energy of the particle is smu". We can 


write this as 5mud?, where w = v/d is the angular speed of the particle. Angular speed was discussed 
in Unit 20. 
Definition 


The quantity I = md?, the product of a particle’s mass m and the 
square of its distance d from a fixed axis is called the moment of 
inertia of the particle about the axis. 


The kinetic energy of the particle is smv" = sl w*. Comparing this with m 


the more familiar smv*, you can see that when the motion of the particle is 
described by an angular speed w rather than a speed v, then I replaces m 


as the parameter describing the inertia of the particle. D 


Consider now an N-particle system rotating about an axis. Each particle Figure 2.6 
rotates in a circle of radius given by its distance from the axis (see Fig- 

ure 2.7). The ith particle of the system has moment of inertia m;d?, where 

m, is the mass of the particle and d; is its distance from the axis. So the 

moment of inertia of the N-particle system about the axis is 


N 
Pa mad). (2.7) 
i=1 


axis of rotation 


In Unit 27 we shall be interested in the motion of rigid bodies that can 
rotate about fixed axes and we shall need to consider, for each rigid body, 
its moment of inertia. We can define the moment of inertia of a rigid body 
about an axis to be the limit of the sum of the moments of inertia of its N 
constituent particles when N — oo. Thus, using Equation (2.7), the moment 
of inertia J of the rigid body about the fixed axis is 


N 

: 2 . 

f= Jim, > mids. (2.8) Figure 2.7 

If the rigid body is a lamina in the (z, y)-plane which can rotate about the 

z-axis, see Figure 2.8, then any variation of composition can be described YA 

by a surface density function f(x,y). We subdivide the lamina into a large 

number N of small area elements 6A;, modelled as particles. Each element 

has a mass 6m; = fj0A;, where f; is the surface density at a point in the 

area element 6A;. The moment of inertia of this element about the z-axis 

is dm;d? = fi5Aid?, where d; is the distance of the element from the origin. 

The moment of inertia J of the whole lamina about the z-axis is, from 

Equation (2.8), im ee fi5Aid?, the area integral of fd?, where d(z, y) 
=o: 


is a function giving the distance of the point (x, y) from the axis of rotation. 
Thus if a lamina occupies a region S of the (z,y)-plane and has surface 
density function f, then its moment of inertia about the z-axis is given as 
follows. Figure 2.8 


av 
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Section 2. Applications of area integrals 


Moment of inertia of a lamina 


The moment of inertia about the z-axis of a lamina with surface density 
function f occupying a region S of the (a, y)-plane is 


r= f faa, 
Ss 


where d is the distance from the z-axis so that 


fe = ceed +y") 


f(r, 0)r? 
Example 2.4 


(2.9) 


in Cartesian coordinates, 


in plane polar coordinates. 


Determine the moment of inertia of a square plate of side length a, constant 
surface density f and negligible thickness about an axis passing perpendic- 
ular to the plane of the plate through its centre. 


Solution 


Figure 2.9 shows the plate or lamina in the (z,y)-plane with its centre at 
the origin. Since the region of integration is a square we use Cartesian 
coordinates. The surface density function f is constant, so we can take it 
outside the area integral of Equation (2.9), and we have 


r=5a y=5a r=ka jin 
r=sf / (a? + y”) dy ax= 7 f [xy + sy3]P 74 de 
r=—ta y=—ha r=—ta y 2 
1a 
=2f [°° (jaro da) de = fat 


—5a 


The mass of the plate is M = fa?, and so we can express the moment of 
inertia of the plate as J = 4Ma?. | 


*Exercise 2.4 


Determine the moment of inertia of a flat ruler of length a = 0.30m and 
width 6 = 0.04m about an axis passing perpendicular to the plane of the 
ruler through its centre. Assume the mass of the ruler can be modelled by 
a constant surface density function f = 10~?kgm~?. 


(Hint: Evaluate the area integral using the symbols a, b and f and then 
substitute the numbers into the answer.) 


It is usual to quote the moment of inertia of a body in terms of its total 
mass M and its dimensions. For a square of side length a, the moment of 
inertia about an axis through its centre and perpendicular to the plane of 
the square is 


—_ 1 2 
I square _ gMa ’ 


and for a rectangle of length a and width 6, the moment of inertia about an 
axis through its centre and perpendicular to the plane of the rectangle is 


Irectangle = EM (a? = b?). (2.10) 


This last result can be used to find the moment of inertia of a thin rod of 
mass M and length a about an axis through its centre at right angles to its 
length. We take the limit as b > 0 in Equation (2.10) to obtain 


1 2 
Tro = ay Mo’. 


Nye 


hye 


Figure 2.9 


The ruler is considered as a 
lamina in that its thickness is 
assumed negligible. 


We did this in Example 2.4 
and in the solution to 
Exercise 2.4. Note that the SI 
units of moment of inertia are 
kg m?. 
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We used Cartesian coordinates in Example 2.4 and Exercise 2.4 because the 
regions of integration were rectangular. To find the moment of inertia of a 
disc, it is simpler to use plane polar coordinates. 


Example 2.5 


Express the moment of inertia of a disc of radius a with surface density 
function f about an axis perpendicular to its plane and passing through its 
centre as an area integral in plane polar coordinates. 


Solution 


Using plane polar coordinates in Equation (2.9), the moment of inertia of 
the disc about its centre is given by the area integral 


0=T r=a 
tig = / fr°dA = | ( / frar) do. @ 
6=-T r=0 


*Exercise 2.5 


Evaluate the area integral in Example 2.5 for the case of a uniform disc of 
radius a and hence show that the moment of inertia of the disc about an axis 
perpendicular to its plane and passing through its centre is 5M a? where M 
is the mass of the disc. 


In the above examples we have modelled plates and discs as laminae with 
variations of composition described by surface density functions. In an im- 
proved model of a plate we recognize that the thickness cannot be ignored 
and model the plate as a solid body, forming a volume integral by summing 
over small volume elements of the body. We do this in Section 3. 


End-of-section Exercises 


Exercise 2.6 


A drop of coloured chemical falls onto a plane sheet of blotting paper and 
spreads to form a stain. The density of the chemical in the stain is described 
by f(r, 9) = Aexp(—r?/a?), where A= 10-°kgm~? and a=1.5 x 107? m. 
Find the mass of chemical within a radius of b = 0.01m from the centre. 


*Exercise 2.7 

Find the moment of inertia of a flat circular washer of uniform material, 
negligible thickness and total mass M in the shape of an annulus of internal 
radius a and external radius b, about an axis perpendicular to the plane of 
the washer through its centre. 

*Exercise 2.8 

Determine the moment of inertia about the z-axis of the magnifying glass 
in Exercise 2.2. 

Exercise 2.9 


Confirm the result that the centre of mass of an isosceles triangle is one 
third of the way up a median from its base, by evaluating an area integral. 
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Here we have left the surface 
density function f inside the 
integral in case it is not a 
constant. 


Laminae, by definition, have 
negligible thicknesses. 


This result was given in 
Unit 19. 


3 Volume integrals 


In Section 2 you saw how to calculate the masses and moments of inertia of 
laminae where the distribution of mass was modelled by a surface density 
function defined on a region of the (x, y)-plane. A more fundamental ap- 
proach is to recognize at the outset that a real body is a three-dimensional 
object. Masses and moments of inertia are then expressed as volume inte- 
grals. In this section we define the volume integral and show how volume 
integrals are evaluated and used to find masses and moments of inertia. 


3.1 Defining and evaluating volume integrals 


You know that the mass of an object of uniform density is simply the product 
of its volume times its density, where the density here is the mass per unit 
volume, measured in kgm~?. To find the mass of an object of non-uniform 
density, we subdivide the object into very small volume elements, estimate 
the mass of an element as the product of its volume times the local value of 
the density, form the sum over all elements, and then go to the limit of an 
infinitely large number of small elements. The summation then becomes an 
integral called the volume integral, which we can evaluate. 


Consider a scalar field f(x,y, z) defined in a three-dimensional region B and 
subdivide B into N elements, where element 7 has volume 6V;.. We make 
the following definition. 


Definition 


The volume integral of f(z,y,z) over a region of integration 
B, subdivided into N elements where element 7 contains the point 
(x;, ys, 2) and is of volume 6Vj, is 


N 
x,y,z)dV = lim Li, Yi, Zi) OVi, 3.1 
[ few) dim Do flea) (3.1) 


where 6V; — 0 as N — oo. 


Before we can evaluate a volume integral we must choose a shape for the 
volume elements. The shape we choose depends on whether it is best to work 
in the Cartesian, cylindrical polar or spherical polar coordinate system. We 
begin with the Cartesian system. 


Volume integral over a cuboid 

The volume integral of a function f(x,y, z) over a cuboid B whose faces 
lie in coordinate planes « = a,x = band y=c,y=dand z=p,z=4q 
is obtained as three successive integrals as follows: 


[tow Ai = [- ([" (f- Pax: :)d2) iv) dx. (3.2) 


The method of evaluating the volume integral is similar to that of evaluating 
surface integrals over rectangular regions in the (x, y)-plane except that now 
we have to integrate over three variables. The method is best illustrated by 
an example. 


Section 3 Volume integrals 


The ideas here can also be 
used to extend 
straightforwardly the ideas on 
centres of mass from 
Subsection 2.3 to 
three-dimensional objects, 
but we do not do so here for 
reasons of space. 


A cuboid is just a rectangular 
block. 


For this reason volume 
integrals are sometimes 
referred to as triple integrals. 


21 


Unit 25 Multiple integrals 


Example 3.1 


The density inside a cube whose faces are the planes x = 0, x = 1 and 
y =0, y=1 and z =0, z = 1 is given by the density function f(z, y, z) = 
c(a? + y? + 2”) where c is a constant. Determine the mass of the cube. 


Solution 


The mass of the cube is given by the volume integral 


[sv ce(a? + y? + 2*)dV. 
B B 


The region of integration is shown in Figure 3.1. To evaluate this volume 
integral, we form three single integrals. The method of finding the limits for 
these single integrals is similar to the approach we used for area integrals. 
The volume element in Cartesian coordinates is a small block with volume 
OV = oa oy 6z. If we draw within the region a vertical column of rectangular 
cross-section then the volume of the column is found by summing the volume 
elements along this column. This column intersects the bottom and top faces 
of the region at the lower and upper limits of the z-integration. In this case, 
the limits are z = 0 and z = 1 (see Figure 3.2). 


Figure 3.2 Figure 3.3 Figure 3.4 


Now we form the y-integral by summing all the columns in a ‘slice’ parallel 
to the (y, z)-plane. The limits of the y-integration are therefore y = 0 and 
y = 1 (see Figure 3.3). Finally, we complete the volume by adding together 
all possible slices so that the limits of the z-integration are x = 0 and « = 1 
(see Figure 3.4). 


Hence the mass M of the cube can be found from three successive integrals 
and 


r=1 y=1 z=l1 
M= (/ (/ e(a? + y? + 27) iz) iv) ou. 
xz=0 y=0 z=0 


The inner integral is evaluated first. This is an integral over z with x and y 
treated as constants. Hence 


r=1 y=1 
M= (/ c(x? + y? + 5) av) au: 
«z=0 y=0 


Now we are left with an area integral which we know how to evaluate. Thus 


xr=1 
u= c(3+2*)dr=c. 
x=0 


The main point to notice is that after each integration the number of vari- 
ables is reduced by one. 
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Figure 3.1 


*Exercise 3.1 


The density of the material in a block with faces x = 0, 7 = 2, y=1, y= 2, 
z=2 and z= 5 is given by f(z,y,z) =x+y+z. Find the mass of the 
block. 


Sometimes it is more appropriate to evaluate a volume integral using cylin- 
drical polar coordinates. We must then divide the region of integration into 
volume elements with surfaces p = constant, 9? = constant and z = con- 
stant. A typical volume element is shown in Figure 3.5. It is approximately 
a cuboid of sides 6z, 9d0 and dp, and so its volume is 6V ~ p6z 0606p and 
this approximation improves as 6z, 60 and dp tend to zero. If the region 
of integration is a cylinder of radius a and height h, with the base of the 
cylinder on the (x, y)-plane, then in cylindrical polar coordinates the limits 
of integration are: z= 0 and z= h; 0= —7 and 0=7; p=0 and p=<a. So 
the volume integral of a scalar field f over the cylinder is as follows. 


Volume integral in cylindrical polar coordinates 


[r=] f(0,8, 2)p dx d0 dp 
B B 


ULE) ae 


In most applications that you will meet in this course, the scalar field f is 
independent of the azimuthal angle 6, and so the 6-integration simply gives 
a factor [" dO = 27 and Equation (3.3) becomes 


fpevman fT (fT tote )ae oo 


which is an area integral. 


Example 3.2 


The density of a cylinder of height h and radius a is given by f = kp’, 
where k is a positive constant and p is the perpendicular distance from the 
axis of the cylinder. Find the total mass of the cylinder when h = 2m and 
a= 0.5m. 


Solution 
Use cylindrical polar coordinates with the axis of the cylinder aligned along 
the z-axis and its base on the (x, y)-plane. The total mass of the cylinder is 
given by 
M = | fav = | fpdzd0dp = | kp? dz dO dp. 
B B B 


Using Equation (3.4), 


p=a z=h ; 
M= an f (/ kp'dz) dp, 
p=0 z=0 


= ack f phdp = smkath. 
0 


When h = 2m and a = 0.5m, the mass of the cylinder is gmk kg. I 


Section 3 Volume integrals 


Cylindrical polar coordinates 
were introduced in 
Subsection 4.1 of Unit 23. 


Note the factor p again. 


Y 


iL 


Figure 3.5 
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Now we turn our attention to spherical polar coordinates. In order to eval- 
uate volume integrals in this system, we need to find the volume 6V of the 
volume element that is shown in Figure 3.6. 


This volume is approximately a cuboid with sides PQ, PR and PS. Hence 
the volume of the element is 


6V ~ PQ x PR~x PS. 


From Figure 3.6 we see that PQ = dr, PR = rd0, and 
PS = APd¢ = (OPsin 6)d¢ = r sin 06¢. So the volume element is 


OV ~ r* sin 0 5d 60 or, 


and this approximation improves as 6¢, 60 and dr tend to zero. Hence the 
volume integral of a scalar field f, over a region B, is given by the following 


Volume integral in spherical polar coordinates 


| fdV= i. f(r, 0, ¢)r? sin 6 do dé dr. (3.5) 
B B 


Once the function f(r,0,¢) is given, Equation (3.5) can be evaluated as 
three successive integrals over ¢, 6 and r. 


In many cases, the scalar field f is spherically symmetric so that f depends 
on r only, not on @ or @. In such cases, and for a region contained between 
spherical shells of radii Ry and Rg (Ry < Re), Equation (3.5) takes the form 


[ icv = | . ( | . ( | 7 f(r)r? sindd0) i) dr. 


The ¢-integral gives a factor 27, and the 6-integral gives [— cos 6] = 2. Thus 
in such cases, 


Re 
| fav =4a f(r)r? dr. (3.6) 
B Ry 


*Exercise 3.2 


By evaluating a volume integral, find the mass of a sphere of radius R which 
is centred at the origin and whose density is given by f = c+ ar, where c 
and q@ are positive constants, and r is the distance from the origin. 


In the examples we have considered in this subsection the regions of inte- 
gration have been cuboids, cylinders and spheres. The boundaries of these 
regions coincide with coordinate surfaces in the appropriate coordinate sys- 
tem and so the limits of integration are all constants. In Subsection 3.3 we 
shall look at examples where the regions of integration cut across coordinate 
planes and as a result some of the limits of integration are functions. Mean- 
while, in the next subsection, we show an application of volume integrals to 
the calculation of moments of inertia of rigid bodies. 


3.2 Moments of inertia of rigid bodies 


In Subsection 2.4 we calculated the moments of inertia of laminae in the 
(x, y)-plane, with mass distributions described by surface density functions 
f(x,y). We now consider a rigid body that can rotate about the z-axis. 


24 


Spherical polar coordinates 
were introduced in 
Subsection 4.3 of Unit 23. 


ah 


L 


Figure 3.6 


Section 3 Volume integrals 


The mass distribution in a rigid body is modelled by a density function 
f(x,y, 2) with units of kgm~%. As in Subsection 2.4, our starting point is 
Equation (2.8) giving the moment of inertia of a rigid body as the limit of 
a summation. 


Suppose a rigid body is divided into a very large number N of volume 
elements, modelled as particles. The mass of an element is approximately 
fidVi, where OV; is the volume of the element and f; is the density at a point 
inside the element, and so the moment of inertia of the element about the 
z-axis is approximately (f;6V;)d? = f;d?6V; where d; is the perpendicular 
distance of the ith element from the z-axis. The moment of inertia of the 
whole body about the z-axis is found by summing over all elements and 
taking the limit as N — co. The moment of inertia about the z-axis (see 
Figure 3.7) is then the volume integral of the function fd? over the region The function d(x, y, z) gives 


of space B occupied by the body. the distance of the point 
(x,y,z) from the point z on 
ah (b) a oh the z-axis. 
pear ry zid=p d=rsiné 
~ @ (x,y, 2) ~ @ (9,8, z} ~ 9 (7, 8,0} 
| ] ee 
f 
| | hae 
| ] a 
oO >» O._,___» oO —E 
eA ee a = : Pas i y 
x £L x 
{a} Cartesian (b) cylindrical polar (c} spherical polar 
coordinates coordinates coordinates 
Figure 3.7 


Moment of inertia of a rigid body 
The moment of inertia about the z-axis of a rigid body with density 
function f occupying a region B of space is 


_ 2 
r= | fa dV, (3.7) 


where d is the distance from the z-axis so that 


f(x,y, z)(a? + y?) in Cartesian coordinates, 
fd? =¢ f(p,0,z)p? in cylindrical polar coordinates, 
f(r, 0, ¢)(rsin 6)? in spherical polar coordinates. 


Example 3.3 


Starting from Equation (3.7), evaluate the moment of inertia J of a uniform 
sphere of radius R and constant density D about an axis through its centre. 


Solution 


Let the centre of the sphere be at the origin and we shall calculate the 
moment of inertia about the z-axis. The density function f = Dis constant, Since the region of integration 
and the distance d from the z-axis in spherical polar coordinates is d= 8B is a sphere we use spherical 
r sin 0, see Figure 3.7(c). The moment of inertia of the sphere is polar coordinates (and 
Equation (3.7)). 
f= | D(r sin 0)?dV = D (r sin 0)?r? sin 6 dr dO d@ 
sphere 


sphere 


r=R 0=1 o=r 
=D i, ( 7 ( | r* sin? ado) i) dr. 
=U 6=0 oO) T 


25 


Unit 25 Multiple integrals 


The ¢-integral yields the factor [ - do = 27. The 6-integral yields the factor 
/ sin? 6d0 = | sin 0(1 — cos? 6)d0 = [— cos é + 3 COs” A\5 = 4 
0 0 


and the r-integral gives ie rédr = +R. Hence the volume integral yields 
the moment of inertia J = inDR’. | 


Note that in Example 3.3 the limits are all constant and so the three integrals 
can be carried out in any order without changing the limits. 


Exercise 3.3 


Determine the mass M of a uniform sphere of radius R and density D by 
evaluating a volume integral and hence show that the moment of inertia of 
the sphere about an axis through its centre is J = 2M R?. 


*Exercise 3.4 


Show that the moment of inertia of a uniform solid cylinder of mass M, 
height A and radius a about its axis is J = 53M a. 


Exercise 3.5 


Find the moment of inertia of a uniform spherical shell of mass M, outer 
radius b and inner radius a about an axis through its centre. 


The answer to Exercise 3.5 can be used to find the moment of inertia of a 
very thin spherical shell, such as a ping-pong ball, about an axis through its 
centre. We put b=a+h where h, the thickness of the shell, is very small 
compared with a. Then you have 


; _ 2M(b®—a®) — 2M((a+h)> — a®) _ 2Ma® (1+ 4)°-1) 
shell = 5(b3— a3)  B((a + h)3— a3) 5a3 (+ 4)" 1) 


We can expand (1 + hy? ~1+5h/a and (1 + hye ~1+3h/a by using a 
Taylor polynomial, keeping only the first-degree (i.e. linear) terms in h, 
since h/a is very much less than 1. Thus 


2Ma°(5h/a) 

5a3(3h/a) 
You may have noticed that the moment of inertia of the uniform cylinder 
in Exercise 3.4 is the same as the moment of inertia of the uniform disc in 
Exercise 2.5. This is not surprising since the moment of inertia is the sum 
over all elements of the quantity (mass) x (distance from z-axis)? which is 
independent of the distribution of mass in the z-direction. It follows that 
the moment of inertia of a uniform body is unchanged by projecting the 
mass distribution of the body onto the (x, y)-plane, provided distances from 
the z-axis do not change. The moment of inertia of any solid body about 
the z-axis can always, in principle, be evaluated as an area integral over a 
region of the (x, y)-plane, provided the equivalent projected surface density 
in the (x, y)-plane is known. 


2 2 
= 3Ma’. 


Ithin shell 


Exercise 3.6 


Find the moment of inertia of a uniform cylindrical shell of mass M, outer 
radius b and inner radius a about its axis. 
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See Unit 12. 


The disc was assumed to be a 
lamina in the (a, y)-plane. 


The z-integration of the 
volume integral in the 
solution to Exercise 3.4 yields 
a factor Dh, the mass per 
unit volume times the height. 
This is equivalent to a mass 
per unit area, a surface 
density, in the (a, y)-plane. 
The integrals over p and 6 
that are left after the 
z-integral is evaluated are the 
same as those you evaluated 
in Exercise 2.5 to get the 
moment of inertia of a disc in 
the (a, y)-plane. 


Section 3 Volume integrals 


3.3 Further volume integrals 


Here we evaluate volume integrals where the boundaries of the region of 
integration do not coincide with coordinate surfaces. The limits on some 
of the integrals are then functions which have to be determined. Thus the 
first stage in the evaluation of a volume integral is to decide on a coordi- 
nate system and the limits of integration. The second stage is to evaluate 
the single integrals and this latter task is one that can most easily be car- 
ried out by computer. Selecting the coordinate system and deciding on the 
limits of integration is a task that you have to carry out yourself. In this 
subsection we shall illustrate how limits are decided upon in cases where we 
use Cartesian coordinate systems for non-rectangular regions of integration. 
The procedure is to carry out the z-integration first. When this is done we 
are left with an area integral in the (x, y)-plane which you can evaluate as 
in Subsection 1.3. 


So instead of the volume integral with constant limits as in Equation (3.2) 
we have variable limits in the z- (and possibly y-) direction. 


Volume integral over a general volume 


a=b y=G(x) 2=)(2,y) 
i f(e,y,2)av = | / / f(z,y,2) dz dy dx. 
B =a y=a(x) z=7(2,y) 


(3.8) 


To illustrate the method we consider a volume integral of a function f over 
the cylindrical region of radius a shown in Figure 3.8(a). Note that this cylin- 
der has its axis on the y-axis, not the z-axis, and the curved boundary does 
not coincide with any Cartesian coordinate surface. Recall that the volume 
elements in Cartesian coordinates are small blocks of volume 6V = 6z dy 6a. 
We choose to integrate first over z. The z-integration then represents sum- 
ming up the volume elements in the vertical column in Figure 3.8(a). Where 
this column intersects the bottom and top curved boundaries of the cylinder 
are the lower and upper limits of the z-integration. In this case the limits The curved boundary has the 


are z = —Va? — x? and z = Va? — x2. Hence the z-integral is equation x? + z? = a? so is 
v= VPaa? mnadls up of : 
fl ax hea) z= Va? — x? (z > 0) and 
PN oe L,Y,% a= v,Y). x= —Va? — x? (z <0). 


a 
Nile 


Figure 3.8 
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The result of the integration over z is h(x, y), some function of x and y only. 
To complete the volume integral we have to evaluate the area integral 


| h(a, y) dy dx 
Ss 


where the region S is the projection of the cylinder onto the (2, y)-plane. 
This projection is just the rectangle shown in Figure 3.8(b). To illustrate 
the method, we now evaluate the moment of inertia of the cylinder in Fig- 
ure 3.8(a) about the z-axis. 


Example 3.4 


Find the moment of inertia of a uniform solid cylinder of mass M, radius a, 
and length LZ about an axis through its centre at right angles to the cylinder’s 
axis, using Cartesian coordinates. 


Solution 


Figure 3.8(a) shows the cylinder lying with its centre at the origin and its 
axis on the y-axis. We require the moment of inertia of the cylinder about 
the z-axis. Using Equation (3.7) this is given by 


I= / f@dv =f (a? + y?) dz dy da. 
cylinder cylinder 


So we must calculate the volume integral of the function (x? + y?) over the 
cylinder. The limits of the z-integral are chosen as described above, and so 
the z-integral gives 


z=Va2—22 
h(a, y) =s fe (a? + y”) dz = 2f Va? — 2?2(2? + y”) 


—JVa2—a2 
We are now left with the xz- and y-integrations in Equation (3.8). We have 
to evaluate the area integral of h(x, y) over the projection of the cylinder on 
the (x,y)-plane, which is the rectangle shown in Figure 3.8(b). Following 
Procedure 1.1 for evaluating area integrals, we first note that the limits of 
the x-integral are —a and a and the limits on the y-integral are —$L and 
5L. Thus Equation (3.7) becomes 


r= | h(a, y) dy dx 
rectangle 


r=a Y=5 ae 
——2 ( Va? — 22(a7 + y? )ay) 


r=—a y=—4L 
r=a y=4L 
aa Vo? = 2? (y+ iv')] ae 
r=—a 2 


a 
= 2fL | Va? — a? (x? + GL’) dx = 4rfa?L(3a? + L’). 
—a 


The mass of the cylinder is M = fza?L and so the moment of inertia is 
I= 75M(30?+L’). @ 


The steps we have used to evaluate a volume integral pi (z,y,2) dV are 
summarized in the following box. 
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You can use the computer 
algebra package to calculate 
these integrals. 


Note that in the limit as 

a— 0 this becomes ML’, 
the moment of inertia of a 
thin rod of length L about an 
axis through its centre 
perpendicular to its length, as 
found in Subsection 2.4. 


Section 3 Volume integrals 


Procedure 3.1 Evaluating volume integrals 


To evaluate a volume integral 


| f(x,y, z) dV 
B 


proceed as follows. 

(a) Draw two diagrams showing the region of integration, B, with the 
equations of the upper and lower boundaries marked, and the pro- 
jection S of this region onto the (z, y)-plane. 

(b) Within the region B draw a column perpendicular to the (z, y)- 
plane and determine the limits of the z-integration, z = y(2,y) and 
o= (oe, y), say. In Example 3.4 we had 

(c) Evaluate the single integral of f(x,y, z) over z between z = 9(2, y) (x,y) = —Va? — x? and 
and z = y(a,y), keeping x and y constant, to find the function W(x, y) = Va? — 2?. 
h(a, y) defined by 


z= (x,y) 
Gac / fae e aes 
z=7(x,y) 


(d) Evaluate the area integral of h(x, y) over the region S using Proce- 
dure 1.1. 


*Exercise 3.7 


Find the value of the volume integral of the function f(x,y, z) = x?yz over 
the wedge-shaped region bounded by the planes z = 0, y=0, x =0, x =1 
and y + z = 1 (as shown in Figure 3.9). 


Exercise 3.8 


Find the value of the volume integral of the function f(x,y, z) = z+ 3x—-2 
over the region inside the circular cylinder x? + y? = 1 lying between the 
planes z = 0 and z= 1. Figure 3.9 


x 


End-of-section Exercises 


Exercise 3.9 


The density of a rectangular block B bounded by the planes x = 1, x = 2, 
y =0, y=3, z = —1 and z = 0 is given by f(z,y, z) = a(y+1)— z. Find 
the mass of the block. 


Exercise 3.10 


The density of a sphere of radius R varies as f(r) = c\r|?, where c is a 
constant and r is measured from the sphere’s centre. Determine (a) the 
mass of the sphere and (b) the moment of inertia of the sphere about an 
axis through its centre. 


*Exercise 3.11 


The volume of a region B of space is V = J,, 1dV. Find the volume of the 


region B bounded by the surface z = g(x? + y’) and the plane z= 1. 


243 7.) 


=3 3 
(You may assume that f*"",(9 — 2”)? dx = 4 
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*Exercise 3.12 


Find the moment of inertia of a cone of mass M, height h and base radius 
a about its axis (see Figure 3.10). 


(Hint: Use cylindrical polar coordinates and integrate first over z; express 
the height z of the vertical column in terms of a and h.) 


4 The area of a surface 


In Unit 24 we studied the scalar line integral, and showed that as a particular 
application we can find the length of a curve. In this section we find a 
corresponding application of the ideas from Section 1; this enables us to 
calculate the area of a curved surface. 


In Section 1 we defined and calculated many area integrals. However the 
areas we considered were always in a plane. Sometimes it is useful to be 
able to calculate areas of surfaces in three-dimensional space — for example 
we may need to know the area of a curved surface like part of a sphere. 
Fortunately there is a way to find such an area in terms of area integrals. 


Consider a surface in space defined by the equation z = f(x,y), a portion 
of which is shown in Figure 4.1. 


iL 


Figure 4.1 


Suppose that we wish to calculate the area A of that part of the surface that 
lies above the rectangle defined by a< x <bandc<y<d. Take a small 
element of the area above the point (9, yo) as shown below. 


Figure 4.2 


If small enough, the element will be approximately rectangular with vertices 


P= (x0, Yo, f(%0, Yo)), Q = (x0 + dx, yo, f (xo ar dx, Yo)), 


Figure 3.10 


R= (£0, Yo Tr oy, f (Xo, Yo “Tr dy)), S= (x0 a bx, Yo a dy, f (xo =F bx, Yo dy)). 
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Now recall that a point (x, y, z) in space can be represented as a position 
vector 


vi+tyjtzk. 


We can, therefore, think of the edges PQ and PR as forming two vectors, 
v, and vg, as follows 


v1 = PQ 


= ((%o + 6x)i+ yojt f(xo + 6x, yo) k) — (toit+ yoj+ f(x, yo) k) 


= dxi+t (f(x + 6x, yo) — f(®0, yo)) k Here we use the 
approximation 
~ site Of  f(to + dx, yo) — f(%0, yo) 
Ox aE Tn ; 
and V1 v2 
vy = PR ai 
= (xoi+ (yo + dy) i+ f(xo, yo + dy) k) — (toi + yoj + f(xo, Yo) k) 
= dyj+(f(20, yo + oy) — f(20,yo)) k Figure 4.3 
. a) 
~ dyjt dy oF k. 
Oy 
Now the area of the parallelogram formed by two vectors is given by the 
magnitude of their vector cross product. In our context this becomes See Unit 4. 
6A = vi xX v2 


= pwn Le x Saag? le 
Ox Oy 


= sey ee eee 
Ox Oy 


ied + (24), + (24). (4.1) 


where 0A is the area of the small element. The area A of the whole surface 
is given approximately by adding up the areas of all the small elements, so 
that 


7 of 2 of 2 


As the size of the elements tends to zero we can pass to the limit, and the 
sum becomes an area integral in the sense of Section 1; 


z=b y=d 2 2 
af (fre (+ (2) ae 
r=a y=c Ox Oy 
As in Section 1 the integrations can be performed in either order. We 
have dealt with a portion of surface lying over a rectangular region of the 
plane, but as in Section 1 this can be extended to more general regions (see 
Example 4.2). The limits of the two integrals are then determined by the 


context, but often, as we found in Section 1, the limits of the inner integral 
will be functions rather than constants. 
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Procedure 4.1 Finding the area of a surface 


Suppose that a surface is described in the form z = f(x,y). To find the 
area of a portion of the surface lying over the region S' in the (, y)-plane 
proceed as follows. 


(a) Form the function 


G2, Y) = yu (52) + (55) : 
(b) Calculate the area integral 


A= | o(z.v) dA, 
S 


as in Procedure 1.1. 


The idea is simple enough, although the integrals can be extremely messy 
— even for fairly simple surfaces. 


Example 4.1 


Express the area of the surface z = 5x" a sy" lying over the square defined 
by —1 <a,y <1 as an area integral. (Do not attempt to evaluate the 
integral.) 


Solution 
Following Procedure 4.1 we write 
g(z,y) = V1 +a? +y?, 


and obtain the integral 


A= f ales) dA. 


With the appropriate limits this becomes 


1 1 
A= | (| Vite Pay ) ae 
See es 


This integral can be computed (by hand, or by using a computer algebra 
package) but the details are beyond the scope of this course. Ml 


As in Section 2, the evaluation of a surface integral may sometimes be dra- 
matically simplified by using polar coordinates. 


Example 4.2 


Find the area of the portion of a sphere of radius a, centred at the origin and 
lying above the (x, y)-plane defined by the angle ~ as shown in Figure 4.4 
(where 0 < ~ < 7/2). 


Figure 4.4 
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Solution 
This is a surface given by the equation 
faya=Ve—x?-y, (Since x? + y* + 27 = a?.) 


and the corresponding region in the (x, y)-plane is a circular disc of radius 
asin~w. Now 
Of —2£ Of -y 
= and = 


Ox a2 — x2 — x? Oy [2 — 72 — yp?’ 


and we have to compute 


x=b y=((«) 2 2 
a= | / i+ (34) + (3) dy | da 
Lv=a y=a(x) Ox Oy 


over the disc in the (a, y)-plane given by 


a? +y* < a’ sin? v. 
Following the discussion after Exercise 2.1, we see that the limits are Compare with Figure 2.2. 


—asiny <x <asiny, —\/a? sin? w — 2? < y < 1/a2 sin? yp — 22, 


and we must evaluate 


xr=asiny y= a2 sin? y—ax? 2 2 
of of 
i 1+ (¥) + (34) de: Be 
a=—asinw y=— v/a? sin? yp—2? 
[- sinw y= a2 sin? y—ax? a F 
—————— dy | dr. 
, “eae eae Se 


It is clear that this will be considerably easier to deal with if we use polar 
coordinates, so we proceed as in Section 2. The function to be integrated is 
simply 


rity ) a 


A 


=—asinw 


a 
az — re 
The limits for the r-integration are 0 and asinw, whilst for @ the limits are 
simply —7 and z. Therefore the required integral is 


r=asin wy 6=1 
| ( i. eg io) dr 
r=0 6=—n Va — r2 


r=asin wy 
1 i 
2ra f ————. dr 
r=0 a? — r2 


A 


= 2a |-v@ — | as 
0 


27a (—acos w — (—a)) 


= 2na*(1— cosy). 


We can confirm that this is a plausible answer by considering some specific 
values of 7. When w= 0 we obtain 0, and when 7 = 7/2 we obtain 27a? 
(which is the correct formula for the area of a hemisphere of radius a). I 
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End-of-section Exercise 


Exercise 4.1 


Find the surface area of a cone of height h and base radius a. 


5 Integrals on the computer 


In this section you will use the computer algebra package to consolidate 
your work in this unit by means of a variety of activities involving area and 
volume integrals. Some of the activities are based on exercises and examples 
from the unit, and some ask you to compute results that will be needed in 
Unit 27. 


Use your computer to complete the following activities. 


Activity 5.1 


(a) Find the value of the area integral of the function f(x,y) = y over the 
region bounded by the curves y = x? and y = x +2. 


(b) Find the value of the area integral of the function f(x,y) = x over the 
quarter disc x7 + y? <1(x#>0,y > 0). 


Activity 5.2 


In Subsection 2.1, the number of bacteria in a circular region was given as 


L=a y=V ar—x a2 y? 
af (fo (2-8 -B)aee 
r=—a y=—V a? —a22 a a 


Determine a formula for the number of bacteria in the region and hence 
calculate the number of bacteria when A = 10!2m~? and a = 0.01 m. 


Activity 5.3 


Determine the moment of inertia of a square plate of side length a = 0.25 m, 
uniform density k = 2kgm~? and negligible thickness about an axis passing 
perpendicular to the plane of the plate through its centre. 


Activity 5.4 


In Example 2.2, the number of bacteria in a circular region was given in 
plane polar coordinates as 


6=1 r=a 2 
al iy (2 _ =) rar) dé. 
6=—n \Jr=0 a 


Evaluate this integral for A = 10!? m7? and a = 0.01_m, and compare your 
solution with the results of Activity 5.2 (which used Cartesian coordinates). 


Activity 5.5 


Determine the mass and moment of inertia of a cog-wheel of uniform den- 
sity k and negligible thickness, whose boundary in plane polar coordinates 
is given by r=2+ 5 sin(126), about an axis perpendicular to the plane of 
the cog-wheel through its centre. 
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This is Exercise 1.3. Note 
that the two curves intersect 
when x = —1 and when 

e= 2. 


Compare with Example 2.4. 


Activity 5.6 


Find the value of the volume integral of the function f(x,y, z) = x?yz over 
the wedge-shaped region bounded by the planes x = 0, x = 1, y=0, z=0, 
and y+z=1. 


Activity 5.7 


(a) Find the mass M and the moment of inertia J about the z-axis of an ob- 
ject of uniform density k that is bounded by the surface 
z= 3(a* +") and the plane z = 1. 


(b) Find the mass M and the moment of inertia J about the z-axis 
of an object of uniform density k that is bounded by the surface 
= 4(2? + y’) and the plane z = 1. 


Activity 5.8 


(a) Find the mass M and the moment of inertia J about the z-axis of a 
solid cylinder of radius a, height A and uniform density k. 


(b) Find the mass M and the moment of inertia J about the z-axis of a 
hollow cylinder of external radius a, height h, thickness t and uniform 
density &. Write down the moment of inertia in terms of M and a as t 
becomes small. 


(c) Find the mass M and the moment of inertia J about the z-axis of a 
solid cone of base radius a, height h and uniform density k. 


Activity 5.9 


(a) Find the mass M and the moment of inertia J about the z-axis of a 
solid sphere of radius a and uniform density k. 


(b) Find the mass M and the moment of inertia J about the z-axis of 
a hollow sphere of inner radius a, thickness t and uniform density k. 
Write down the moment of inertia in terms of M and a as t becomes 
small. 


Outcomes 


After studying this unit you should be able to: 

e evaluate area integrals over regions of the (zx, y)-plane using Cartesian 
or plane polar coordinate systems; 

e use area integrals for evaluating population models in the (a, y)-plane, 
and for obtaining the masses, centres of mass and moments of inertia of 
laminae; 

e evaluate volume integrals over regions of space using Cartesian, cylin- 
drical polar or spherical polar coordinate systems; 

e use volume integrals to evaluate the masses and moments of inertia of 
solids; 

e use area integrals to find surface areas. 


Outcomes 


This is Exercise 3.7. 


This is similar to 
Exercise 3.11 where k = 1. 


Compare with Exercise 3.4. 


Compare with Exercise 3.6. 


Compare with Exercise 3.12. 


Compare with Example 3.3 
and Exercise 3.3. 


Compare with Exercise 3.5. 
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Solutions to the exercises 


Section 1 


1.1 [ evaa= 
Ss 


1.2 We have to evaluate the expression 


y=2 @2=3 
ie (/ xy a) dy. 
y=1 x=0 


Taking the integral over x first, baa xy dx, treating y 
as a constant, we have 


@=3 
=3 
/ wy de = y [30°] 79 = 3. 
x=0 


Now the y-integration gives 


y=2 
9 _ 971,2)9=2 _ 27 
I. 39 dy = 3 [ay |i = 4 
y= 


YA 


region of integration 


av 


Step (b): To find the y-limits we draw in a vertical strip 
at some general position in the region as shown in the 
figure above. The lower point of this strip is then y = «x? 
and the upper limit is y= «+2. 

Step (c): The limits of the gz-integration are xz = a 
and x = b, and these values of x are solutions to the 
simultaneous equations y = x? and y = x + 2, ice. of 
x? —x—2=0, giving x =2 and x =~—1, so that 
a=-—landb=2. 


Z=2 y=2r+2 
Step (d): [uaa = (/ vdy) dz. 
Ss xr=—1 yer" 


vere y=r+2 
Step (e): i y dy = [4y7] ae 
y 
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1.4 Step (a): 
YA 


region of 
integration 


Step (b): The y-limits are y= 0 and y=a—-1. 
Step (c): The z-limits are « = 1 and « =3. 


Sten (a: [ ea i - ( : Ce a av) dé 


ye? =r2—-1 
step (es f (w= y)dy = [xy — 39°) 
y=0 


l| 
8 
"oa 
8 
| 
ee 
WV 
| 
dle 
— 
8 
| 
= 
Na 
i) 


xL2=3 
Step (f): / ($2? — 5) dx = [ex® 1g) = ». 
t=1 


1.5 (a) If we integrate over y first then we fiz x and 
draw in a vertical strip as shown. 


Step (a): 
YA 


Step (b): The y-limits are y= 0 and y=a-1. 
Step (c): The a-limits are x = 1 and x = 2. 


Step (d): [ (2? + y")dA 


xr=2 y=z-1 
= / (/ (x? + y?) av) dx. 
x=1 y=0 


(b) If we integrate over x first (and then over y) we fiz 
y and draw in a horizontal strip. 


Step (a): 
YA 


Step (b): The a-limits are x = y+ 1 and x = 2. 
Step (c): The y-limits are y = 0 and y = 1. 


[ie +y?)dA 


y=1 2=2 
= € (x? +1?) dr) dy. 
y=0 z=ytl 


Lu=2 
xL=2 
Step (e): / (e* + y") de = [30° + oy") a 


Step (d): 


g=1 y=1-2x 
1.6 faa =f (/ (+ y) dy) da 
triangle r= y=0 


a=1 ios 
= / [zy + 54°], -0 dx 


lI 
| 
we 
— 
an 
| 
8 
No 
aa 
IIe) 
——— Q. 
= 
II 
whe 


Solutions to the exercises 


1.8 The region is enclosed by the straight lines x = 1, 
x =2,y=2a2+2 and the parabola y = x?. 


YA 


t=2 y=ar+2 
xv=1 yaa? 


L=2 2 
=} lyst? ax = f (c+2- 2°) dx = Z. 
a 1 


Section 2 


2.1 The total population is the area integral of the sur- 
face density function over the triangular region of the 
plate shown in the figure. 


y 


Integrating first over y, i.e. using vertical strips, the 
lower and upper limits of the y-integral are y = 0 and 
y=a-—a. The strips begin at « = 0 and end at x =a. 
Hence the total number of bacteria is given by the area 
integral 


xL=a y=a-x 2 2 
A (/ (2 — = — *) av) dx 
= = a a 
x=0 y=0 


L=a 2 37 Y=a-2z 
=A fi [w-=P-48| ae 
z=0 a a y=0 
¢ r(a—x) ,(a—2)3 
= a| (24 x) 2 32 ) aa 
= 2Aq?. 


6. 
When A = 10!2m~? and a = 0.01 m the number of bac- 
teria is 8.3 x 10”. 
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2.2 The mass of the lens is 


r=a 2 
fdA = 2nk 1-2 )rar 
disc r=0 a? 
1.2 4 ial 1 2 
=> Qk ar = 442 . = 5mka 


= 2.9 x 10-3 kg, 
for @= 2.5 x 10-7 m and k =3kem—. 


2.3 The area integral is 


xr=a y=Va2—x? 
[utaa=s / udy \ de 
Ss r=—a y=0 


7 i ee 
L2=—a 
a 
=$3 (a — «”) dx 
—a 
= 5f [aa 32°)", = 3 fa’, 


and so yq = $4 as in Example 2.3. 


2.4 The ruler is modelled as a lamina in the (s, y)- 
plane with its centre at the origin. The region of inte- 
gration is shown in the figure. 


YA 


5h 


| 
ble 
a 
nye 
=) 
RY 


Using Cartesian coordinates we have 


a a 
a w=za y=axb ‘ 3 
= a + y) ay | ax 
a=—ta y=—4b 
: 2 2 


a 
=2p f° (02+ db8)de = sh fable? + 0), 


where fab is the total mass M of the ruler. Hence 
I= 4M(a? + 07), and the moment of inertia of the 
ruler is 
0.30 x 0.04 
I=10°? x ———_ 
0° x 7) 


= 9.16 x 10°" kg m?. 


(0.30? + 0.047) 


2.5 Taking the constant surface density f outside the 
area integral we have 


6=n r=a a 
Taise = f (/ r? ar) dé = anf f rdr 
6=—-T r=0 0 


= 5 fa’. 
The mass of the disc is M = fra?, and so we have 
Taise = 4Ma?, as required. 
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2.6 The required mass is the area integral of f on a 
disc of radius b. Noting that f depends on r only, we 
have 


b 
[ taa= an f exp(—r* /a“)r dr 
= —1Aa?|exp(—r?/a?)|o, = na? A(1 — exp(—b?/a?)) 
qx (1.5 x 107-7)? x 1079(1 — exp(—1/1.57)) 


= 2.5 x 107? kg, 
for A= 10-°*kgm~*, a= 1.5 x 10-7 m and b= 0.01 m. 


2.7 Let f be the density of the washer. Then 
b 
dvashex = anf f redr = Qnfltr*]? 
= $m f(b* — a"). 
The mass of the washer is M = fx(b? — a”), and so 


I washer = 3M (b? + a’). 


2.8 The moment of inertia of the magnifying glass is 


a ¥} 4 6 7% 
1=2nk | ie redr = 2nk eeeeaibe 
0 a 4 6a], 


= trka’ = 6.1 x 10-’ kgm’, 
for the given values of k and a. 


2.9 
YA 


oO a oe 


We have zg = 0 by symmetry. Also by symmetry the 
y-coordinates of the centres of mass of the two triangles 
in the positive and negative x-regions are the same and 


are given by 
xu=a y=—2ath 
it y dy } dx, 
x=0 y=0 


where the mass M of the half-triangle is sah f. Thus 


2 2=a h 2 
ve". = y(—2e+4) dx = $h. 


1 
ye = a7F 


Section 3 


3.1 The mass of the block is the volume integral 


m= fava f wry +aav 


The region of integration is shown in the figure. 
z=) 


y=2 


"(esau 


(8a + 3y + dy) ae 


ip (3x + 15) dx = 36. 
«2=0 


3.2 The scalar function f = c+ ar is spherically sym- 
metric so, using Equation (3.6), 


THR 
M =4n f (c+ ar)r? dr = 4x [Zcr? + Lot) ® 
r=0 


= iP (4c+ 30R). 
(The case c = 1 and a = 0 gives the volume of a sphere.) 


3.3 The mass of the sphere of density D is 


r=R 0=T o=n 
M=p | | / r? sin 0 do | dé ) dr. 
r=0 6=0 Co) T 


Using Equation (3.6), M = 47DR?°, and using this re- 
sult in the solution to Example 3.3, we find J = 2MR?. 


3.4 Let the constant density of the cylinder be D. The 
volume integral in cylindrical polar coordinates can be 
carried out in any order so Equation (3.4) becomes 


p=a z=h 
LS an f i Ddz | p°dp. 
p=0 z=0 


The z-integral yields a factor Dh and the p-integral 
yields qa. Hence J = $mDha’*. The mass M of the 
cylinder is given by a similar volume integral but with 
p replacing p° in the integrand. Hence M = tDha? and 
so I = 4Ma?. 


Solutions to the exercises 


3.5 We use spherical polar coordinates. 


Using Equation (3.7) we have, with f = D, 


I=D (r sin 0)?r? sin 0 d¢ dé dr. 
shell 
The function to be integrated does not de- 
pend on azimuthal angle ¢ and so the ¢-integral 
yields a none QT. This leaves the area inte- 


gral 2nD f' Ga nop Be * gad) dr. We can write 


sin? 9 = sn9(1 — cos *0) and so the 6-integral yields 
[— cos @ + } cos? 6]5 = 


l= sep | r dr = 2rD(b° —a’). 


4 . Hence 


The mass of the shell is M = $7D(b? — a*) and so we 
have 
2M(b° — a°) 
~  5(b3 — a3) * 


(Note that this answer gives 2 Mb? in the limit a > 0, 
which is the moment of inertia of a uniform solid sphere 
of radius b as found in Exercise 3.3.) 


3.6 With the axis of the cylinder on the z-axis, and 
since the cylinder is uniform, the moment of inertia 
must be the same as the moment of inertia of the (uni- 
form) washer, see Exercise 2.7, since the projection of 
the cylindrical shell onto the (x, y)-plane occupies the 
same region as the washer. Thus we have 


Ishell = washer = 3M(b? + a) 
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3.7 The region and the projection onto the (, y)-plane 
are shown below. 


The integral over z gives 


z=l-y a4. | 
h(x, y) =| xyz dz = [$27yz"| a . 
z=0 


= 50° y(1—y)”. 
Now following the steps in Procedure 1.1 for evaluating 
the area integral of h(x, y) over S, 


z=1 y=1 
[menaa= [0 (fh sev —wPay) a 
Ss «x=0 y=0 


z=1 = 
=f. (be? Gut Bu + WNIT, ae 
x 
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The projection of B onto the (x,y)-plane is the disc 
ety? <1. 


The column is shown in the first figure above. The z- 
limits are z = 0 and z = 1. The integral over z is 
z=1 
(x,y) = f (z+ 3a — 2) dz 
z=0 
= [$27 + (32 — 2)z] 


z=1 
z=0 


$+ 3¢—-2= 32-3. 


We now evaluate the area integral. 


DA 


j iaga2f ( / Oe ee: ya 


2=—1 =—V1-—22 
1 

a (30 — 8) 2V1— a?) de = — 82. 
sii 


3.9 The mass of the block is 
| ety baled 
B 


-{ - ([. “@y+1) -2)d) iy) 


2 
=} (S04 304 8) de = 3. 
1 


3.10 (a) Use spherical polar coordinates. The density 
function is f(r) = cr?, so using Equation (3.6) the mass 
of the sphere is 


R 
M= an | (cr?)r? dr = $acR°. 
0 


(b) The moment of inertia J is the volume integral of 
the function g(r, 6, ¢) = f(r)d? = (cr?)(rsin@)? (which 
is not spherically symmetric). Hence 


l= / er?(r sin 0)?dV 
sphere 


ef r?(rsin 0)?r? sin 6 dé dé dr 
sphere 


T=R 0=1r o=t 
= ef | | r® sin® 6 dd dé dr 
r=0 6=0 =—T 


_ 8. p7 _ 10 2 
= 97c7TR' = 5 MR’, 


using [> sin’ 0 d0 = + from Solution 3.5 or Example 3.3. 


3.11 The volume is the integral [,, 1dV. 
The region B is illustrated below. 


The projection of B onto the (x,y)-plane is the disc 
xr? +y? <9. 


i 


A vertical column is shown in the first figure above. The 
z-limits are z = $(? + y*) and z = 1. The z-integral is 


z=1 
/ Idz=1- $(a*+y?) =A(z,y). 
z=(«? +y?)/9 


Solutions to the exercises 


Next evaluate f, (1 — (a? +y?)) dA on the region S 
below. 


UA 


@2=3 y=V9—22 
/ / (1 - $x" = $y") dy | dx 
x=-3 y=—V9—a2? 


2=3 
=| (1 42°) 2/9 — 2? - 29-2)? ) de 


=-3 


3.12 Let the base of the cone lie in the (x, y)-plane 
with the axis of the cone on the z-axis, as shown in 
Figure 3.10. Use cylindrical polar coordinates and in- 
tegrate over z first. This represents first summing el- 
ements in the column starting at the base, z = 0, and 
ending at z = h(1 — p/a), the top of the column where 
h is the height of the cone. Thus taking the uniform 
density to be D, the moment of inertia of the cone is 
Dp?dV 


I cone — 


p=a 0=n z=h(1—p/a) 
-p| 7 / p> dz |d0 \dp 
p=0 @=—F z=0 


Integrating over z leaves the area integral over the circu- 
lar base in the (a, y)-plane, which, using Equation (2.4) 


Ieone = and | prr(l = p/a) dp = ip™Dha’. 
0 


The mass of the cone is simply the volume integral of 
D over the region occupied by the cone, which is 


p=a 0=n z=h(1—p/a) 
Moone =D f | pdz dé dp 
p=0 @==7 z=0 


= and | ph(1— p/a) dp = 3Dna°h. 
0 


Hence Ione = $5; Ma’. 
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Section 4 


4.1 


The equation of the cone can easily be found by using 
similar triangles. Specifically, since r = ,/a? + y?, then 
Zz h 


a-r Qa 
Thus z = h —hr/a, or (replacing r by x and y) 


pete ee 


a 
The partial derivatives are therefore 


Oz —hx Oz —hy 
= and a 


On ay/x? +y? Oy anf? + y? 


and the area of the cone is given by the double integral 


h272 h?y? 
1 dA 
Ly + P@+y) | Par +y) 


2 2 
= [y° +h aA. 
g a 


The limits for both integrals can be found as in Ex- 
ample 4.2. However the surface area is much easier to 
compute using polar coordinates, and the integral be- 
comes simply 


/ 2 2 a 27 
G 0 0 


QrvV/a2 + h2 ia 
—-______ | rdr 
0 


a 


I 


A 


A 


I 


QnvV/a2 + h? a? 
a 2 


tava? + h?. 
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UNIT 26 Numerical methods for 
differential equations 


Study guide for Unit 26 


Unit 2 included an introduction to Euler’s method, which is the simplest nu- 
merical method for solving initial-value problems for differential equations. 
Most of this unit is concerned with more advanced numerical methods, which 
may be used to obtain accurate solutions more efficiently. 


Section 1 contains some material on Taylor polynomials, which were dis- 
cussed in Unit 12 of this course. 


Section 2 develops some further numerical methods for differential equations 
which require an understanding of Taylor approximations for functions of 
more than one variable, which were introduced in Unit 12. 


Section 3 involves use of the computer to experiment with these methods. 
It is desirable to carry out this experimentation before studying Section 4. 


Section 4 introduces you to some methods of analysing when the methods 
described earlier in the unit work (and when they do not). 


Section 5 requires further use of the computer, to put the analysis of Sec- 
tion 4 into practice. 


In this unit, numbers will normally be quoted to six-figure accuracy (unless 
circumstances require extra places), but the underlying calculations will have 
been done to the full accuracy of the calculator or computer. 
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Unit 26 Numerical methods for differential equations 


Introduction 


The early units of this course provided an introduction to differential equa- 
tions, and also to systems of differential equations. This unit introduces the 
study of differential equations once again, from a different point of view, by 
considering a fairly general form of first-order differential equation: 


d 


7 = f(x,y). 


Some methods have been given for finding analytic solutions of differential 
equations of this form. In particular, it is possible to write down an analytic 
expression for the general solution in the cases where: 

(a) f(x,y) = g(x)h(y), using the method of separation of variables, 

(b) f(x,y) = h(x) — g(x)y, using the integrating factor method. 


Analytic methods exist for solving a few other special forms of differential 
equations, but there are many differential equations for which it is not pos- 
sible to obtain an analytic solution. For example, a differential equation as 
simple as 

ou =g° 4 y" 

has no analytic expression for the solution. Even where the method of 
separation of variables, or the integrating factor method, can be used, the 
resulting analytic solution may involve integrals which cannot be evaluated 
in terms of expressions involving familiar functions. Such is the case for the 
differential equation 


— =1— gy, 
dx a0 


where the solution involves the integral 
[eG2?) ae. 


In such cases, we must use numerical methods, of which the simplest, Euler’s 
method, has already been introduced. The main aim of this unit is to 
introduce you to a variety of numerical methods. 


Euler’s method provides a means of solving an initial-value problem, and 
so obtaining a particular solution of a differential equation which satisfies 
some given initial condition; it does not provide a general solution. The 
same is true of all numerical methods: they provide particular solutions to 
initial-value problems, not general solutions. 


Before we go on to look at numerical methods, we begin in Section 1 by 
recalling how f(z) may be approximated by an nth-order Taylor polynomial. 
We then go on to look at the accuracy of the nth-order Taylor approximation, 
and introduce some new ideas that will be useful throughout the unit. 


Section 2 recaps Euler’s method for solving initial-value problems involving 
first-order differential equations and goes on to explain that more efficient 
methods exist, in that they can achieve the same or better accuracy for less 
work. Three new methods, known as Runge-Kutta methods, are derived. 
Section 3 provides an opportunity to use the computer algebra package to 
apply the methods introduced in Section 2. 


Section 4 establishes a way of determining how small the step size h would 
need to be in order to achieve a given accuracy for a given initial-value 
problem. A numerical method, such as Euler’s method, gives rise to ap- 
proximations to the exact solution at a discrete set of points throughout the 
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See Units 2, 3, 11, 13. 


Euler’s method was discussed 
in Unit 2. 


Such Taylor polynomials are 
discussed in Unit 12. 


Section 1 Taylor’s Theorem 


interval in question. It is often, though not always, the case that the largest 

error occurs at the end of that interval. Thus the analysis will concentrate 

on achieving a given accuracy at the end of the interval in question. It will 

be seen that, in order to obtain an accurate solution, it is sometimes neces- 

sary to reduce the step size h to a size which is impractical, either because 

it increases the amount of computation to an unacceptable level, or because 

the arithmetic is not done to a sufficient number of decimal places, and the 

resulting rounding errors accumulate to dominate the numerical solution. 

It is for these reasons that numerical methods other than Euler’s method 

need to be considered, so as to obtain a desired accuracy more efficiently. 

These other numerical methods are based on Taylor polynomials, and their 
derivations make use of Taylor approximations for functions of more than These were introduced in 
one variable. Unit 12. 


In Section 5 you will be given the opportunity to use the course’s computer 
algebra package, to investigate the solution of an initial-value problem to a 
given accuracy using the ideas in Section 4. 


The discussions in this unit are based upon three initial-value problems: 


ay 


a 3(2 — 1)? + 20(y — (x — 1)3), y(0) = —1, (0.1) 
ou = 20x(2 — x) — 20y, y(0) = 0, (0.2) 
Y= (20-9), (0) =12, (0.3) 


The first two of these are linear, with analytic solutions that may be obtained 

by the integrating factor method, and the third involves a logistic equation, Logistic equations and their 
with an analytic solution that can be found by separation of variables. It solutions were considered in 
is useful to consider problems for which analytic solutions are available, as Units 2 and 13. 

it enables us to understand how numerical methods work, and in particular 

to observe how errors propagate. In practice, of course, numerical methods 

would be used mainly to find solutions when no analytic solution is available. 


1 Taylor’s Theorem 


You know that a function f(x) can be approximated by Taylor polynomials, 
provided that the values of the function and of the first few of its derivatives 
are known at some point «=a. If the first n derivatives exist and are 
continuous at a, then the nth-order Taylor polynomial about x = a is given 
by 


Pr(x) = f(a) + f'(a)(@— a) + xf" (a)(@ — a)? +++ + Ef (a)(a — a)”. 
*Exercise 1.1 


Let f(x) = e?*. Calculate the Taylor polynomials p;(x), po(a), p3(x) and 
pa(x) for f(x) about x = 0. 
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In Unit 12 we stated that ‘successively higher-order Taylor polynomials 
will give successively better approximations, at least for values of x that 
are reasonably close to a’. This is illustrated in Figure 1.1, which shows the 
graphs of the function f(x) = e?”, together with those of its first four Taylor 
polynomials about 2 = 0. 


P(x) 
Pa4(x) 


ex 


p3(x) 
Pi) 


Figure 1.1 Taylor polynomial approximations to e?” 


You should be able to see that, at any point close to x = 0, as the order 
of the polynomial increases, the approximation improves. Each polynomial 
is obtained by adding one more term to the previous polynomial, and each 
provides a good approximation around x = 0 over a larger interval than the 
previous polynomial. 


In Unit 12 you should have worked through several exercises concerning 
Taylor polynomials about x = 0; but it is important to be confident with 
calculating Taylor polynomials at other points. 


*Exercise 1.2 


Determine the second-order and third-order Taylor polynomials for f(x) = v2 
about « = 1. Evaluate these polynomials at « = 1.44, and compare the an- 
swers with the value of f(x) at x = 1.44. 


Exercise 1.3 


(a) Show that the Taylor polynomial of degree n for f(x) = In x about x = 1 
is 


Pil) =@=—1) = 3-1 + = 1) = t=)" 


(b) Evaluate the third- and fourth-order Taylor polynomials at x = 1.6, and 
compare the answers with In 1.6. 


When using a Taylor polynomial p,,(x) to approximate a function f(x), it is 

often important to know the accuracy of the approximation. The error asso- 

ciated with Taylor polynomial approximation usually arises through limiting 

the degree of the polynomial or the number of derivatives which are used. 

Such an error is called a truncation error, and an indication of accuracy is You will see the reason for the 
given either as an estimate of that error, or as an upper bound on its mag- word truncation on page 47. 
nitude. For Taylor polynomial approximation, the truncation error ¢(z) 

is defined by 


e(#) = pn(x) — f(#). 
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By way of example, the truncation error for the third-order Taylor polyno- 
mial approximating e?” about x = 0 is 


e(z) = 1+ 2x + 2x” + $2° — €**, 
This is plotted in Figure 1.2. 


Figure 1.2 


The very flat behaviour of ¢(#) near x = 0 in the above figure should be 
expected, and illustrates that the graph of the Taylor polynomial is indis- 
tinguishable from that of f(x) = e?” over an interval around x = 0. 


Suppose now that we have obtained p,(a), the Taylor polynomial approx- 
imating some given function f(x) about x =a, and we wish to use this 
polynomial p, to approximate f at a particular value of «. We need some 
idea of what the magnitude of the truncation error is at this value of zx. 
Taylor’s Theorem gives a method of doing this: it will not be proved here, 
but may be stated as follows. 


Theorem 1.1 Taylor’s Theorem 


Let f and its first n+ 1 derivatives exist and be continuous at all 
points between a and z, including a and x themselves. Then, writing 
x =a+h, f(x) can be expressed as 


f(z) = flat h) = f(a) + hf'(a) + gh? f"(a) + 
+ ah” f(a) — e(z), 
where the truncation error, or remainder, ¢(x), takes the form 
e(x) = part? fH (c.) 


for some number c, between a and z. 


(1.1) 


“ean 


The expression (1.1) is often called the nth Taylor expansion of f(z) 
about « = a with remainder. 


The expression 
f(z) = f(ath) = f(a) +hf'(a) + Ah? f"(a) +--+ Gh f(a) + 


is called the Taylor expansion (or Taylor series) of f(x) about a. This 
expression takes the form of an ‘infinite sum’. You should think of it as a 
recipe for producing the Taylor polynomials: to obtain the nth-order poly- 
nomial you simply add the first n terms and chop the rest off (or truncate 
them). 


Section 1 Taylor’s Theorem 


The requirement that the 
n-+1 derivatives of f(x) 
should exist excludes 
functions such as |2| or «3 
over an interval which 
includes 0. 


Notice how writing x =a+h 
(or equivalently, h = x — a) 
allows us to write the 
expression more compactly, 
using powers of h rather than 
powers of the expression 

(a — a). 


You met infinite sums in Unit 
21 in the context of Fourier 
series. 

Hence, when using the 
nth-order polynomial to 
approximate f(z), you have a 
truncation error. 
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The essence of Taylor’s Theorem is that the truncation error term, —¢(x), 
in the nth-order approximation is equal to an expression that is very like 
the last term in the (n+ 1)th-order approximation! The latter term is 


a Ant ¢(+D(q), whereas the truncation error term _ is 
—e(x) _ ame (cy). 


To obtain an exact expression for c, would be hoping for too much: that 
would mean that we had an exact expression for the error, and thus we 
could find an exact value for f(a+h), so that there would be no need for 
approximation! But the theorem does say that c, must lie between a and 2, 
and so if f("+)(z) is a reasonably slowly-varying function, then the negative 


of the (n+ 1)th term, —pme hse (a), is often a very good estimate 


of the truncation error. 


In the next example we use the formula for the truncation error to obtain 
an upper bound for the error in approximating a function using a Taylor 
polynomial. 


Example 1.1 


(a) Give an estimate of the truncation error for the third-order Taylor poly- 
nomial approximating e?” about « = 0. 


(b) Verify that for all ¢ satisfying 0 < c < 0.75 we have |e?| < e!. 


(c) Deduce that, for all x satisfying 0 < x < 0.75, the truncation error of the 
third-order Taylor polynomial approximating e?” about x = 0 satisfies 
|e(a)| < Av*, where A= $e!. 

Solution 

(a) An estimate of the truncation error is provided by the next term of the 
Taylor expansion. From the solution to Exercise 1.1, this is seen to be 


e(a) ~ —3a%. 


(b) Since e?” is always positive we have |e?°| = e?°, and since ¢ < 0.75 and 
the function is increasing we have e2° < e!. It follows that \e2¢| <i? 
as required. 

(c) Taylor’s Theorem, with f(x) = e?”, gives 

e?? = 1429+ 2x7 + 2° —eé(x), 
where 
e(x) = —d24 fe) = —3x4 exp(2cz). (1.2) 


The estimate in part (a) was obtained by evaluating f“ at 0 instead 
of at c,. However, since 0 < x < 0.75, it follows that 0 < c, < 0.75 and 
hence, by part (b), that | exp(2c,)| < e!°. 


Using Equation (1.2) we deduce that, for 0 < x < 0.75, 
|e(x)| < | — Za%e!?| = gate? = Ast, 


where A = 2e15 ~ 2.9878. Hi 


It may seem rather unsatisfactory that the estimate of the truncation error 
in approximating an exponential function is itself given in terms of the expo- 
nential expression e!°, but as long as you are prepared to accept that e < 3, 
then it follows that e!° < 3/3 < 3x 2=6, so that A < 4. Therefore, even 
without any detailed knowledge of the values of the exponential function, 
we know that in the range 0 < x < 0.75, the function 4x* is an upper bound 
for the magnitude of the truncation error. 
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The next term in the Taylor 
series is a good 
approximation to the error 
when the subsequent terms 
are much smaller. However 
care is needed, for example, 
for even functions about 

x = 0, where the odd terms in 
the expansion are all zero. 


In this case, since the 
expansion is about x = 0, 
then h= 2. 


More generally, for the nth-order Taylor approximation, we know that the 
magnitude of the truncation error, — tty Ant! (7+) (c¢,), cannot rise above 
some definite multiple of h”*!, so that if h is small then the error is much 
smaller. In other words, the truncation error in the nth-order approximation 


behaves like h"*+! as h approaches 0. 


The O notation 


This insight that the error in the nth-order approximation ‘behaves like’ 
h”+! for small h is an important one that has many applications in the study 
of numerical (approximate) methods of solution of mathematical problems. 
There is a notation for this: for = a+ h, we write 


e(x) = O(h™*1) ash — 0 


to mean that 
le(x)| < |AR"™™| 


for some constant A and sufficiently small h. Note that the ‘O’ is a capital 
‘Oh’, not zero. We read O(...) as ‘of order ... ,’ so ‘O(h"*+)’ is read as ‘of 
order A” +), 


This notation will be used on several occasions in the following sections to 
describe the truncation errors arising from approximate methods of solving 
differential equations. As we shall always be concerned with the error in 
some interval about some point, we shall not usually state the qualification 
‘ash > 0’. 


You are encouraged to practise using the O notation in the next two exer- 
cises. 


*Exercise 1.4 
(a) Verify that |cosc| <1 for all c. 


(b) Determine the sixth-order Taylor polynomial approximating sin x about 
x = 0. Give an estimate of the truncation error for this approximation. 


(c) Compute an upper bound on the magnitude of the truncation error for 
this approximation for all x satisfying 0 < a < 1. 


Exercise 1.5 


(a) Give an estimate of the truncation error for the third-order Taylor poly- 
nomial approximating f(2) = 2° about x = 1. 


(b) Compute an upper bound on the magnitude of the truncation error for 
this approximation, valid for all x satisfying 1 <a < 1.5. (Note that 
you are not asked to compute the third-order Taylor polynomial itself.) 


As you have seen, the truncation error that appears in Taylor’s Theorem 
arises through limiting the degree of the polynomial approximation. The 
theorem is based on the assumption that all calculations are carried out 
exactly. In practice, numerical calculations, such as those involved in evalu- 
ating a Taylor polynomial, are only carried out to a fixed number of signif- 
icant figures, and thereby involve some rounding error, quite independent 
of any truncation error. When large amounts of calculation are required, 
rounding errors can accumulate in such a way as to dominate a numerical 
solution. This can occur when solving differential equations by numerical 
methods, such as Euler’s method or the methods to be introduced in the 
next section, and so care is sometimes needed in choosing an appropriate 
numerical method. 


Section 1 


Taylor’s Theorem 
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End-of-section Exercises 


Exercise 1.6 


Give an estimate of the truncation error for the approximation sina ~ x for 
small x. What is the magnitude of the error if this approximation is used 
to evaluate sin zg? 


Exercise 1.7 


(a) Determine the third-order Taylor polynomial approximating 
f(x) =x~? about x =1. Give an estimate of the truncation error for 
this approximation. 


(b) Use this polynomial to approximate f(1.05), and compute an upper 
bound on the magnitude of the error for this approximation. 


2 Numerical solution of differential 
equations 


This section begins with a reminder of Euler’s method for solving initial- 
value problems involving first-order differential equations, of the form 


= f(x,y), y(o) = Yo- (2.1) 


Although simple, Euler’s method can be effective and, by making the step 
size h small enough, it is possible to achieve any predetermined accuracy, 
provided that the arithmetic is done to a sufficient number of decimal places. 
However, it is often necessary to make the step size so small that the amount 
of computation reaches an unacceptable level, and, furthermore, rounding 
errors may accumulate to dominate the numerical solution. It is important 
to realize the crucial dilemma involved here. If arithmetic operations could 
be performed exactly, then decreasing the step size would guarantee an 
increase in accuracy, since each individual step could be made as accurate 
as desired. But in practice arithmetic always involves rounding, which is 
a source of errors that are quite separate from those that arise from the 
mathematics of the method itself. There is usually a trade-off between these 
two sources of error. 


There are various ways of alleviating this difficulty, only some of which are 
considered in this unit. Basically, the idea is to approximate the solution 
using polynomials of higher degree, so as to reduce the size of the errors for 
any given step size, and thus to achieve the required accuracy while using 
larger step sizes than those that would be needed using Euler’s method. 


The main approach considered here is to evaluate the slope function f(2, y) 
more than once in each step, in order to accumulate enough information to 
approximate a Taylor polynomial of higher degree. This approach leads to 
a class of Runge-Kutta methods. 
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Fe dips tieca the 
Tap radians is equivalent 


to 1°. 


Euler’s method uses an 
approximating polynomial of 
first degree. 


Runge-Kutta methods were 
first introduced by Carle 
Runge in 1895, and developed 
by Karl Heun in 1900 and 
Wilhelm Kutta in 1901. 


Section 2 Numerical solution of differential equations 


2.1 Euler’s method 


As stated above, this section begins with a reminder of Euler’s method. 
Definitions are then given for the forms of truncation error which are rel- 
evant to numerical methods for solving initial-value problems. These defi- 
nitions provide the motivation for studying further numerical methods for 
such problems. 


It is worth recalling Euler’s method from Unit 2. 


Euler’s method 
To apply Euler’s method to the initial-value problem 
dy 
dx = f(z, Y)s 


proceed as follows. 


y(Zo) = Yo, (2.1) 


(a) Take zp and Yo = yo as starting values, choose a step size h, and 
set r= 0. 


(b) Set 
Lpt+] = Lr + h. (2.2) 


(c) Calculate an approximation Y,+, to y(#,+1), using the iteration 
formula 


Yeq1 = Ye + hf (ar, Ye). (2.3) 


(d) If further approximate values are required, increase r by 1, and 
return to sub-step (b). 


Example 2.1 
Consider the initial-value problem (0.1): 
d 
4 = (e- 1) +20(y—(@- 1%), (0) =-1. 


Use Euler’s method, with step size h = 0.01, to obtain an approximation to 
y(0.02). 


Solution 


From the question, 79 = 0 and Yo = yo = —1l. The step size is given as 
h = 0.01 and so Equation (2.2) with r = 0 gives x; = 0.01. Since 


f(x,y) = 3(e — 1)? + 20(y — (w-1)°), 
Equation (2.3), again with r = 0, gives 
Yi = Yo + hf (zo, Yo) 
= —1+0.01(3 x (—1)? + 20(—1 — (—1)*)) = —0.97. 
For the second step, from Equations (2.2) and (2.3) with r = 1, 
vo = 21 +0.01 = 0.02, 
Yo = Yi + hf(21,V1) 
= —0.97 + 0.01(3 x (—0.99)? + 20(—0.97 — (—0.99)3)) = —0.940 537. 


So, at x = 0.02, Euler’s method, with step size h = 0.01, gives the approxi- 
mation y(0.02) ~ Y2 = —0.940537. 


We refer to (a), (b),(c) and 
(d) as sub-steps here, because 
the whole process of going 
from (x,, Y;) to (@p41, Yr41) 
is best thought of as a single 
step in the method. 


The exact solution value 
y(a,) is sometimes denoted 
by the contracted form y,. To 
distinguish it from the exact 
value, the numerical 
approximation is denoted 

by Y,. 
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The situation at r = 0 may be represented graphically by Figure 2.1. 


Ya 


true solution 
yx) 


_/” tangent L, 
Slope f(%, Yo) 


(Xo, Y, 0) 


& 

Oo 

a 
ay 


Figure 2.1 


The value of the slope function f (20, Yo) is the slope at xo of the solution of 
Equation (2.1) that we are trying to find, namely the solution with y(ao) = 
yo = Yo. This is also the slope of the line Z in Figure 2.1, drawn through 
the points (xo, Yo) and (#1, Y;). Now L has the equation 


pi(x) = Yo + (x — x0) f(o, Yo), (2.4) 


and this is just the Taylor polynomial of first order about x9, approximating 
the required solution y(a) of Equation (2.1). (You can check this by noting 
that pi(a%o) = Yo and p{(xo) = f(o, Yo).) The Taylor polynomial of first 
order is also called the tangent approximation, and indeed L in Figure 2.1 
is a tangent at xo to the solution y(z). 


According to Taylor’s Theorem, the error in approximating y(x1) by 
Y, = pi(x1) = Yo + hf (xo, Yo) can be expressed as 


e(a1) = Yi — y(x1) = —gh?y"(co), (2.5) 


where 21 = 2% +h and y"(co) is the second derivative of the true solution 
at some point cg between xo and 2}. 


Thus, although we do not usually know the exact value of y’(co), we see 
that ¢(x1) = O(h?), so that the approximation improves quite rapidly as we 
decrease the step size h. The error is a truncation error, since (as we have 
seen) it involves truncating the higher-order terms in a Taylor expansion; it 
is also local, as it occurs in performing just one step. 


More generally, at the (r + 1)th step, we are starting from a value Y, that 
is already approximate, and trying to solve the initial-value problem 


Y= $29), ula) =¥. 

This is a different initial-value problem from the one we started with at 
step 1, as we are now starting from a value Y,. that is not quite the true 
value of y(x,). Let us represent by %,(x) the (true) solution of this (new) 


initial-value problem. 
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As you saw in Unit 12. 


We represent this function by 
Yr rather than just y because, 
at each step, there is a new 
initial-value problem to solve, 
and we need a notation that 
distinguishes them. 


Section 2 Numerical solution of differential equations 


We now perform the (r+ 1)th step of Euler’s method, by setting Y,., = 
Y, + hf (x,y, Y;), and we have introduced another error, as Y;.41 is not exactly 
Gr(@p41). We may use Taylor’s Theorem exactly as we did for step 1, to 
obtain 


~ Lp2au 
€(@r41) = Yep — Gr(@rq1) = —=git U;-(Cr), 
where “,41 = x, +h and c; lies somewhere between x, and 2,41. 


After several steps of the calculation, using Euler’s method, we have used a 
tangent approximation to calculate each step in the solution, making a local 
truncation error each time. However, it is not the local truncation errors, 
Y, — §r—1(x,), that are really important from a practical point of view: 
we really need an estimate for the global error, Y; — y(#,), the difference 
between the approximate solution and the exact solution after r steps. 


To see the difference between local (truncation) errors and global errors, 
consider Figure 2.2, which shows the steps in the solution of a typical initial- 
value problem by Euler’s method. 


va local 
error in 
local Ys 


error in SS 
i 


Y. Jo(x) 
| om _ 3 global 
local y, (x) error in 
error in a 
true 
global solution 
error in 
global i, y@) 
error in 
Y, 
local 
| (and global) | 
| error in Y; 
1 Yq =YQX) 
> 
Xo xy Xo X3 X4 x 


Figure 2.2 


You can see the family of curves 7%, 2 and y3 and the tangent approxima- 
tions used in the method. The point to emphasize here is that the global 
error is not the sum of the local errors. 


Now Euler’s method is an example of a one-step method, where the ap- 
proximation Y;4 is calculated using just the approximation at the previous 
step Y; rather than, for example, using Y; and Y,_,. For one-step methods, 
the following definition of the local truncation error is applicable. 
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Definition 


Given a one-step numerical method for solving an initial-value problem, 
dy/dx = f(x,y,), y(%o) = yo, the local truncation error, in the step 
from x, to #,4+1, is the difference between the numerical approximation 
Y,41 and the value at 2,1 of the solution %,(x) of the initial-value 
problem 


d 
atau), — ler) = ¥. 
For Euler’s method, the local truncation error is e(a,41) = —5h? 9! (cr), 


where #/’(c,) is the second derivative, at some point c, between x, and 
p41, of the solution of the initial-value problem 


d 
af (ay), — yles) = ¥r. 


Local truncation errors, in themselves, are of little practical importance, but 
they are worth analysing as they are the theoretical key to understanding 
how global errors behave. 


Definition 


For a numerical method for solving an initial-value problem of the 
form dy/dx = f(x,y), y(ao) = yo, the global error, at the point 
x = xn, is the difference, Yy — y(ay), between the numerical approxi- 
mation Yy and the value of the exact solution y(xy’) of the initial-value 
problem at that point. 


We have seen that the local truncation error in Euler’s method is 
e(Xr41) = —Zh? 9! (cr) = O(h?). We are interested in determining how the 
global error behaves at some fixed point b = xy as the step size is reduced, 
where 
b— XO 

re 
In Unit 2, we observed that for Euler’s method the global error at 6 is 
proportional to h as the step size tends to zero, so that 


Yn — y(b) ~ Ch = O(h) 


for some constant C. In Section 4 we shall state a theorem that the global 
errors in a numerical method will always be of order one less than the order 
of the local truncation error, for any differential equation in which the so- 
lution is sufficiently differentiable. The result should not be that surprising 
(although it is devilishly difficult to prove), since the accumulation of N 
local truncation errors of O(h?), where N is proportional to 1/h, suggests 
that the order of the global error will be one lower. If we know how the 
global errors vary with the step size h, then we can use this information to 
control the growth of global errors. 


Ne 


For this reason we analyse numerical methods by using Taylor series expan- 
sions to determine the local truncation error for the method. If the local 
truncation error is O(h?+"), then we define the method to be of order p 
since it is our expectation that the global errors will be O(h?). 


Hence Euler’s method is a first-order method since its local truncation 
errors are O(h?), and we therefore expect the global errors to be O(h). 
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*Exercise 2.1 


Consider the differential equation 


dy 
oo (2x + 1)y. 


(a) Verify that the general solution of this differential equation is 
y = Ae*(*+), where A is an arbitrary constant. 


(b) Use Euler’s method, with step size h = 0.05, to obtain approximations to 
y(0.05) and y(0.1), given that y(x) satisfies the initial condition y(0) = 1. 


(c) Determine the global error at x = 0.1, to six decimal places. 


When the exact solution of the differential equation (2.1) is not known, it 
may still be possible to estimate the local truncation error, but it is much 
more difficult to estimate the global error, though this will be discussed in 
Section 4. However, it has been seen that the global error results from 
accumulation of local errors, and so, if local errors can be controlled, then 
the global error will also be kept under control. 


As may be seen from Equation (2.4), Euler’s method is based upon the 
first-order Taylor polynomial about x, of a local solution of the differen- 
tial equation (2.1). Its local truncation error is O(h”), corresponding to the 
truncation error of the first-order Taylor polynomial approximation. It is 
natural to consider whether an improvement can be obtained based upon 
Taylor polynomials of higher degree. This is the subject of the next subsec- 
tion. 


2.2 Improvements on Euler’s method 


Euler-midpoint method 


Euler’s method involves using Equation (2.3), which would have zero local 
truncation error if only the slope f(x,y) remained constant at the value 
f(a,, Y,) throughout the interval [z,, 2,41]. It does not do so, of course; 
but it seems natural to assume that the slope at a point halfway between 
x, and 2x,4, would be a better approximation to the average slope than 
f(xy, Y;), the slope at the left-hand end of the interval. However, to calculate 
the slope at the halfway point, we need a value for y as well as the value 
5 (tr + 41) = xp + 5h (which we shall call x,,1) for 2; and we cannot have 
an exact value for y, as that requires a knowledge of the function we are 
trying to approximate! The best we can do is to find the value of y taken by 
the tangent approximation to y, at the point z,., L. Let us call this y-value 


Yq It is found by incrementing Y, by 5hf(zx;, Y;) (instead of hf (zx,, Y;)), 
to obtain 


Using this value means that we evaluate the slope at the point (x,., 1, ban L ), 
to obtain f(x,., 1, bane 1 ). Finally, we calculate Y,+41 using this slope value: 


Yp41 =Y,+ Af (p41,¥,42)- 
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Figure 2.3 


This method, illustrated in Figure 2.3, is the Euler-midpoint method. It 
involves two evaluations of f: first, f(a,, Y;) is evaluated, then this infor- 
mation is used in order to calculate Yds then F@p425Y44) is evaluated. 
It is useful to denote these two function evaluations by F), and F2,, and 
we then have the following procedure. 


Euler-midpoint method 

To apply the Euler-midpoint method to the initial-value problem 
d 
af ley), — y(t) =, 

proceed as follows. 


(a) Take x and Yo = yo as starting values, choose a step size h, and 
set r= 0. 


Calculate Fi, = f(xr, Y;). 
Set Uppl = Lr + sh and Yai 
Calculate Fo. = F(@pya5¥p44): 
Set 2,41 = @ +h and 

Yr = Yp t+ hF op. (2.6) 


Y,41 is the approximation to y(a,4+1). 


b 
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e 
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(f) If further approximate values are required, increase r by 1 and 
return to sub-step (b). 
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Example 2.2 
Consider again the initial-value problem (0.1): 
d 
ee 3(2 — 1)? + 20(y — (a — 1)3), y(0) = -1. The exact solution is 
dx = 3 
y(a) = (x —1)%. 


Use the Euler-midpoint method, with step size h = 0.02, to find an ap- 
proximation to y(0.02). Compare this approximation with that obtained in 
Example 2.1 using Euler’s method and step size 0.01. 


Solution 
Starting with zp = 0, Yo= yo = —1: 
Fo = f(0,-1) = 3; 
t1 = 0.01, Yi = —1+0.01 x 3 = —0.97; 
Fo9= f(w1,Y1) = f (0.01, —0.97) 


= 3(—0.99)? + 20(—0.97 — (—0.99)3) = 2.946 28: 
and from Equation (2.6): 
Y, = Yo + hFyo = —1 + 0.02(2.946 28) = —0.941 074. 


So, at « = 0.02, the Euler-midpoint method with step size h = 0.02 gives the Euler’s method, using step 
approximation y(0.02) ~ —0.941074. Since the correct value is —0.941192, size 0.01, gave 
the global error is 0.000 118, a considerable improvement on Euler’s method y(0.02) ~ —0.940 537 (see 


; : Example 2.1), with a global 
with half the step size. ll error of 0.000 655. 


The most numerically complex part of a step-by-step approximation method 
for an initial-value problem tends to be the evaluation of the function ff; 
thus, using Euler’s method to estimate y(0.02) with step size 0.01 requires 
roughly the same amount of calculation as the Euler-midpoint method with 
step size 0.02, namely two evaluations of the function. Thus the advantage 
of the Euler-midpoint method for this example is clear: greater accuracy 
has been achieved with the same amount of calculation. 


Exercise 2.2 


Consider again the initial-value problem of Exercise 2.1: 


dy 
= (2a + 1)y, y(0)} = 1. 


Use the Euler-midpoint method, with step size h = 0.1 to find an approxima- 
tion to y(0.1), and compare the global error with the global error obtained 
using Euler’s method with step size h = 0.05. 


Euler-trapezoidal method 


Another reasonably obvious way to improve on Euler’s method would be 
to evaluate the slope at both the points x, and 2,41 and use the mean of 
the two values. However, in order to evaluate the slope at 7,41, we need 
to have a corresponding value of y which, ideally, would be the value Y;,4+1 
that is being sought. The only approximation available is that given by 
Equation (2.3) (Euler’s method itself). Let us call this value Yg (where E 
stands for Euler) in this context. Thus, the slope we want to use is the 
mean of the slopes f(x,,Y;) at (zr, Y-) and f(ar41, Ye) at (vr41, Ya). The 
iteration formula that is obtained in this way is 


Yi = Y, ar sh(f (ar, ¥,) =P F Bes Ye) 
where Yg = Y, + hf (ay, Y;). 
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This is the iteration formula for the Euler-trapezoidal method, and again 
requires two function evaluations at each step. One step of the method is 
illustrated in Figure 2.4 
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Figure 2.4 


The procedure is very similar to that for the Euler-midpoint method. 


Euler-trapezoidal method 

To apply the Euler-trapezoidal method to the initial-value problem 
Y= Fey), (00) = wo, 

proceed as follows. 


(a) Take zp and Yo = yo as starting values, choose a step size h, and 
set r= 0. 


(b) Calculate Fi, = f(r, Y;). 

(c) Set tpy14 = 2, +h and Ye = Y, + hF\>. 
(d) Calculate Fo, = f(tr+1, Yq). 

(e) Set 


Yp41 =Y,+ 5h(F ip + Fo) (2.7) 
Y;41 is the approximation to y(a;41). 


(f) If further approximate values are required, increase r by 1 and 
return to sub-step (b). 


Example 2.3 


Consider once again the initial-value problem (0.1): 


ou 23-1 GHG), sya, 


Use the Euler-trapezoidal method, with step size h = 0.02, to find approxi- 
mations to y(0.02) and y(0.04). 
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Solution 

As before, x9 = 0, Yo= —1. Thus, Fio = f(zo, Yo) = 3, x1 = 0.02 and 
Yp = —1+ 0.02(3) = —0.94. 

Then Fo9 = f(#1, Ye) = 2.90504, so that (from Equation (2.7)) 
Y, = —1+0.01(3 + 2.905 04) = —0.940 950. 


So, at x = 0.02, the Euler-trapezoidal method, with step size h = 0.02, gives 
the approximation 


y(0.02) ~ Y; = —0.940 950. The error here is 0.000 242, 
which in this case is about 
For the second step, we need to calculate twice as large as the 
_ = = corresponding error using the 
Fia = f(a, Yi) = f (0.02, —0.940 950) = 2.886 048. sree cae ieee ca 
Now, x2 = 0.04 and nevertheless, it is an 
improvement over Euler’s 
Ye = ¥, +hf(a1, Yi) = —0.940 950 + 0.02(2.886 048) = —0.883 229. method. 


Next, Foi = f(x2, Ye) = 2.794947, so that Equation (2.7) gives finally: 
Y2 = —0.940 950 + 0.01(2.886 048 + 2.794947) = —0.884 140. 


So, at « = 0.04, the Euler-trapezoidal method, with step size h = 0.02, gives 
the approximation 


y(0.04) ~ Y> = —0.884140. I 


Note in Example 2.3 that the values of F),, and F2, are all similar in value 
and the values of Y; and Yp are all similar in value. This is a good check, 
in hand calculations, that we are not making arithmetic errors. 


*Exercise 2.3 


Consider again the initial-value problem of Exercises 2.1 and 2.2: 


dy 
a (2x + 1)y, yO} = 1. 


Use the Euler-trapezoidal method, with step size h = 0.1, to find an approx- 
imation to y(0.1), and compare the global error with the global errors ob- 
tained using Euler’s method with step size h = 0.05 and the Euler-midpoint 
method with step size h = 0.1. 


It is no accident that in general the Euler-midpoint and Euler-trapezoidal 
methods give considerably better approximations than Euler’s method. It 
turns out (though we shall not prove this) that the local truncation error 
for these methods is O(h?) (as opposed to O(h?) for Euler’s method) and 
so we expect the global errors to be O(h?). 


In fact, the Euler-midpoint and Euler-trapezoidal methods are just two of 
a whole class of second-order iteration methods for initial-value problems. 
The next subsection considers this class and a similar class of fourth-order 
methods. 
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2.3 Runge-Kutta methods 


The boxed descriptions of the Euler-midpoint and Euler-trapezoidal meth- 
ods have been set out so as to display the strong correspondence between 
the two methods. The only differences are in sub-steps (c), (d) and (e) of 
the two methods, and even here the calculations are similar. 


In sub-step (c) we set 2, ia equal to 2, + 5h for the Euler-midpoint method 
and x,+41 equal to x, +h for the Euler-trapezoidal method. Then in each 
case we calculate a new Y-value by adding an appropriate multiple of F),, 
to Y,. 


In sub-step (d) we calculate the slope, F2,, at this new point. 


In sub-step (e) we calculate Y,41 by starting from Y,, and adding h times 
fF), for the Euler-midpoint method and h times the average of F,, and F>,- 
for the Euler-trapezoidal method. 


These are special cases of the following more general sub-steps, depending 
on a parameter a, where 0 <a<l. 


(c) Set trp4q = tp + ah and Yriq = Y- + ahF yp. 
(d) Calculate 255 = Ff (tria; Yrta)> 
(e) Set 


1 il 
Vout = Yr $A | Ll = — | Piet Ee | 
2a 2a 


Y,41 is the approximation to y(a,4+1). 
*Exercise 2.4 


Which choices of parameter are needed in order to convert these general 
sub-steps into sub-steps (c), (d) and (e) of the Euler-midpoint and the Euler- 
trapezoidal methods? 


In general, any value of a with 0 < a@< 1 may be chosen, and will give a 
second-order approximation method with a local truncation error 
e(x,) = O(h?) and consequently an expected global error O(h?). These 
methods are known as two-stage Runge-Kutta methods. The Euler- 
trapezoidal method (with a = 1) will usually be taken, in this course, as 
representative of such methods. 


Exercise 2.5 


(a) Extend the work of Exercise 2.3 by determining an approximate value for 
y at x = 0.2, using the Euler-trapezoidal method with step size h = 0.1. 


(b) Determine the global error at x = 0.1 and x = 0.2. 


The Runge-Kutta approach can be continued, to produce approximation 
methods of higher than second order. An n-stage Runge-Kutta method 
requires n evaluations of the slope function, F),, For, F3r,.-.,Fny, each 
evaluated at a point that depends on the previous evaluations. Finally, Y;+1 
is obtained from Y, by adding h times a suitably weighted average of the 
F\,,.-.,Fn,. The weightings are chosen so that (considered as a function 
of h) Y;41 agrees with y in as many terms as possible of the corresponding 
Taylor series. 


The most commonly used Runge-Kutta methods are four-stage methods, 
which are of fourth order. These require four values, Fi, Fo,, F377, Fr, of 
the slope function f(x,y), evaluated at points (x,y) with x = x,, x, + Boh, 
Ly + Bgh, x, + h, for suitable values of the parameters (5, (3. 
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Note that, to avoid confusion 
between Y,4. and Y,4 1 in 
sub-step (c), we used E 
instead of r+ a for the 
Euler-trapezoidal method. 


Section 2 Numerical solution of differential equations 


The following very popular Runge-Kutta method forms the basis of many 
computer packages, including the standard numerical method incorporated 


in the computer algebra package for this course. 


Classical fourth-order Runge-Kutta method 
To apply the classical fourth-order Runge-Kutta method to the initial- 
value problem 


dy 
do: =~ fi@,y), y(xo) = Y0; 
proceed as follows. 


(a) Take x and Yo = yo as starting values, choose a step size h, and 
set r= 0. 


(b) Calculate an approximation to the derivative at x,, two approxi- 
mations at x, + sh, and approximations to the derivative and the 
solution y(a) at 2,41 = 2, +h, using the formulae 

Fiy = f(&r, Yr), 
Foy = f(t + gh, ¥, + ghFi 1), 
F 3 = f(ap+ 5h, Y,+ ghPo,), (2.8) 
Fag = ftp i Yee hls) 
Yrui = Yn t+ Gh(Fir + 2Foy + 2F3r + Fay). 
Y,41 is the approximation to y(x,41). 


(c) If further approximate values are required, increase r by 1, and 
return to sub-step (b). 


Example 2.4 
Consider the initial-value problem 
d 
Fe = Be 1)? + 20(y- (w- 18), (0) = -1. 


Use the classical fourth-order Runge-Kutta method, with step size h = 0.04, 
to obtain an approximate value for y at 7 = 0.04. 


Solution 
The given initial condition gives Yo = yo = —1 at x = 0. Using each of 
Equations (2.8) in turn, with h = 0.04: 
Fy,o = f (#0, Yo) = 3 x (—1)? + 20(-1 — (-1)’) =3, 
Foo = f(xo + 5h, Yo + ZhFio) = f (0.02, —0.94) 
= 3 x (—0.98)? + 20(—0.94 — (—0.98)?) = 2.905 04, 
F3,9 = f (ao + 5h, Yo + $hF2,0) = f (0.02, —0.941 899) 
= 3 x (—0.98)? + 20(—0.941 899 — (—0.98)°) = 2.867 056, 
Fo = f(xo + h, Yo + hF3,0) = f (0.04, —0.885 318) 
= 3 x (—0.96)? + 20(—0.885 318 — (—0.96)*) = 2.753 165, 
Yi = Yot % x 0.04(Fio + 2Fy9 + 2F 3,9 + Fin) 


0.04 
=-1l+ =a 8 +2 x 2.90504 + 2 x 2.867 056 + 2.753 165) 


= —0.884 684. 


So, at « = 0.04, the classical fourth-order Runge-Kutta method with step 
size h = 0.04 gives the approximation y(0.04) ~ Y; = —0.884684. 


You are not expected to 
memorize these Runge-Kutta 
formulae. 


In this method, F\, 
approximates the slope at 2,; 
fF, approximates the slope 
at 2, +h; while Fo, and F3,, 
are two different 
approximations to the slope 
at @, + sh. Finally, the 
overall slope is the weighted 
mean value 

4( Fir - 2F > + 263 > 5 Fae) 
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As might have been expected, this fourth-order method, using a step size 
h = 0.04, gives a much better approximation (global error 0.000052) to the 
exact value of y(0.04) = —0.884 736, than did the Euler-trapezoidal method, 
in Example 2.3, using a step size h = 0.02 (global error 0.000596). The 
two methods required roughly the same amount of calculation, since the 
fourth-order method, given by Equations (2.8), required four evaluations of 
the function f(x,y) to complete a single step, while the Euler-trapezoidal 
method, given by Equation (2.7), required two evaluations of f(x,y) on each 
of two steps. In this example, the advantage of using a fourth-order method 
has been clearly exhibited, by the reduction in the size of the global error, 
for the same amount of calculation. 


*Exercise 2.6 

(a) Use the classical fourth-order Runge-Kutta method, with step size h = 

0.2, to obtain an approximate value for y at x = 0.2, for the initial-value 
problem 

dy _ 

dx 

(b) Compare the result, at x = 0.2, with that obtained in Exercise 2.5, using 

the Euler-trapezoidal method. 


(22 + 1)y, y(0) = 1. 


End-of-section Exercise 


Exercise 2.7 


Consider the differential equation 


dy 
—* = 10(42 — y). 
Tn O(4x — y) 


(a) Verify that the general solution of this differential equation is 
y = 42 —0.4+ Ae~!°", where A is an arbitrary constant. 


(b) Use Euler’s method, with step size h = 0.025, to obtain an approxi- 
mation to y(0.1), given the initial condition y(0) = —4. Determine the 
global error at x = 0.1. 


(c) Use the Euler-trapezoidal method, with step size h = 0.05, to obtain an 
approximation to y(0.1), given the initial condition y(0) = —4. Deter- 
mine the global error at x = 0.1. 

(d) Use the classical fourth-order Runge-Kutta method, with step size h = 
0.1, to obtain an approximation to y(0.1), given the initial condition 
y(0) = —4. Compare the result, at « = 0.1, with those obtained in 
parts (b) and (c). 
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3 Numerical experimentation 


Section 2 has provided an introduction to second-order and fourth-order 
Runge-Kutta methods, and to their errors, in particular the local trunca- 
tion error. Some hand calculations were carried out over one or two steps. 
However, these numerical methods are of limited use without a computer. 
In this section, you are asked to make use of your computer, using each of 
the numerical methods discussed in Section 2, to obtain approximate solu- 
tions to the first three initial-value problems (0.1), (0.2), (0.3), stated in the 
Introduction: 


a = 3(2— 1)? + 20(y—(2—-1)*), -y(0) = —-1, (3.1) 
ou =202(2—2)—20y,  y(0) =0, (3.2) 
ou =y(20—y), — y(0) = 12. (3.3) 


As mentioned in the Introduction, these problems have analytic solutions, 
which are useful when trying to understand how numerical methods work, 
and how the global errors of each method behave. The solution of prob- 
lems (3.1), (3.2) and (3.3) are given below: 

(3.1) y(x) =(«—1)°; 

(3.2)  y(x) = 2(2.1— x) — 0.105(1 — e~?"); 

(33) y(x) = 60/(3 + 2e777), 

In practice, of course, numerical methods would be used mainly to obtain 
approximate solutions when no analytic solution is available. In order to do 
the second of the activities below, you will need to know that we measure 
the efficiency of a numerical method, used to obtain a solution of specified 
accuracy, by the number of function evaluations required to obtain that level 
of accuracy. (The greater the number of function evaluations, the lower the 
efficiency.) 


Use your computer to complete the following activities. 


Activity 3.1 
Consider the initial-value problem (3.1) over the interval 0 < x < 0.2. Use: 
(a) Euler’s method; 

(b) the Euler-trapezoidal method; 

(c) the classical fourth-order Runga—Kutta method; 


to obtain approximate solutions to this problem, using each of the step sizes 
h = 0.04, 0.02, 0.01, 0.005, 0.0025. 


Observe, for each method, how the global error, in particular at the end of 
the interval at x = 0.2, is reduced as the step size h is reduced. Attempt to 
deduce in what way the global error depends on the step size, and how this 
dependency relates to the order of the method. Compare the global errors 
obtained using the three methods for the same amount of calculation. 


Euler’s method can be 
considered as a first-order 
Runge-Kutta method. 


These analytic solutions may 
be obtained using the 
methods of Unit 2. 


We shall use the idea of 
efficiency again later in the 
unit. 


We will refer to the results 
from these activities in 
Section 4. 
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Activity 3.2 
Consider the initial-value problem (3.2) over the interval 0 < x < 2. Use: 
(a) Euler’s method; 

(b) the Euler-trapezoidal method; 

(c) the classical fourth-order Runge-Kutta method; 


to obtain approximate solutions to this problem, using each of the step sizes 
h = 0.2, 0.1, 0.05, 0.025, 0.0125. 


Observe, for each method, how the global error, in particular at the end of 
the interval at x = 2, behaves as the step size h is reduced. Attempt to 
deduce in what way the global error depends on the step size, and how this 
dependency relates to the order of the method. Compare the global errors 
obtained using the three methods and comment on the relative efficiency of 
the three methods for obtaining: 


(i) two-decimal-place accuracy; 
(ii) four-decimal-place accuracy. 


Activity 3.3 
Consider the initial-value problem (3.3) over the interval 0 < x < 0.6. Use: 
(a) Euler’s method; 


(b) the Euler-trapezoidal method; 
(c) the classical fourth-order Runge-Kutta method; 


to obtain approximate solutions to this problem, using each of the step sizes 
h = 0.2, 0.15, 0.12, 0.1, 0.075, 0.06, 0.05, 0.025, 0.0125. 


For each method, compare these approximate solutions with a graph of the 
exact solution, and note their general behaviour. Observe and comment on 
the behaviour of the global error, at the end of the interval at « = 0.6, as 
the step size h becomes smaller. Compare the global errors obtained using 
the three methods. 


Activities 3.1 and 3.2 should have confirmed that, for sufficiently small step 
sizes h, Euler’s method is O(h), the Euler-trapezoidal method is O(h?) and 
the classical Runge-Kutta method is O(h*). However, you will also have 
seen how, when f is not small enough, you can sometimes obtain an approx- 
imate solution that bears no resemblance to the true solution. This provides 
a warning that numerical methods should not be applied indiscriminately 
without further analysis of the plausibility of the solutions obtained. The 
reasons why such inaccurate solutions arise are given in Section 4. 
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4 Analysis of numerical methods 


In Section 2, development of second-order and fourth-order Runge-Kutta 
methods was based, principally, on discussion of the local truncation error. 
However, as was pointed out there, in practice it is the global error that is 
more important. The activities in Section 3 should have given you a feeling 
for the ways in which the global error can behave, depending upon the 
order of the method and the step size which is used. Subsection 4.1 looks at 
the strange behaviour that you may have noticed when the step size is not 
small enough, and introduces the important concept of absolute instability 
to give some explanation of that behaviour. When the step size is small 
enough, however, it would appear that the global error is approximately 
proportional to some power of that step size. Subsection 4.2 presents a 
theorem that provides a reason why this should be so, and Subsection 4.3 
provides a method of choosing a step size that gives the degree of accuracy 
that is actually required in practice. 


4.1 Ill-conditioning and instability 


You may have noticed in performing the activities in Section 3, that for 
some of the problems and some of the numerical methods, the answers were 
absurd for certain values of the step size h. However, if h was made small 
enough, the methods eventually gave reasonable results. 


For initial-value problem (0.1) there is an inherent reason for this: the prob- 

lem is extremely ill-conditioned. The concept of 
ill-conditioning was 
introduced in Unit 9. 


Definition 

Suppose that small changes are made to the data for a problem. The 

problem is absolutely ill-conditioned if it is possible for the abso- There is also a concept of 
lute change in the solution to be significantly larger than the absolute relative all-conditioning that 


we do not discuss in this 
course. 


change in the data. A problem that is not absolutely ill-conditioned is 
said to be absolutely well-conditioned. 


The general solution of the differential equation 


dy 

dx 
is y(x) = (a — 1)3 + Ae?°”, and the particular solution satisfying the ini- 
tial condition y(0) = —1 is y(x) = (2 — 1)3. Now the exponential function 
70” srows enormously faster than the polynomial function (x — 1)? once 
exceeds 0.1 or so, and all the numerical methods in this unit proceed by 
attempting to solve a new initial-value problem at each step, consisting of 
the same differential equation with a new initial condition. Thus, a term 
Ae?” (with A # 0) will inevitably creep into the function that the method 
is trying to find, since A = 0 only for the initial condition y(0) = —1. It 
will quickly dominate unless h is small enough to keep it very strictly under 
control. 


3(a — 1)? + 20(y — (x — 1)3) (4.1) 


The situation is not much improved even if the given initial condition is 
(say) y(0) = —0.95. 
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*Exercise 4.1 


Consider the initial-value problem 


7 = 3(@ — 1)? + 20(y—(e-1)*), —_ y(0) = —0.95. (4.2) 


(a) Verify that the analytic solution to this problem is 
y(x) = (2 — 1)? + 0.05e7%7, 
and evaluate this solution at x = 0.2. 


(b) Determine the change to the analytic solution at x = 0.2, if a small 
change € = 0.005 is made to the initial condition, so that y(0) = —0.945. 


So the initial-value problem (0.1) is absolutely ill-conditioned with respect 
to small changes in y(0) over the interval [0, 0.2]. 


In general, whatever the initial condition may be, any initial-value problem 
involving Equation (4.1) is absolutely ill-conditioned over the interval [0, 0.2], 
or indeed over any larger interval starting at + = 0. The reason is that the 
solutions are fast-growing functions, so that small errors inevitably grow as 
rapidly as the solutions themselves. 


For such absolutely ill-conditioned problems, it is usually necessary to use 
a very small step size to achieve a reasonable accuracy. However, even well- 
conditioned problems can require careful attention to step size, as otherwise 
the numerical method can generate an iteration formula that is itself ill- 
conditioned! This is a phenomenon known as induced instability. 


In investigating ill-conditioning and induced instability, we shall only look 
at what happens if the right-hand side of the initial condition is changed 
from Yo to Yo +e, and we shall say that the method suffers from induced 
instability if the solution changes by significantly more than e. 


Example 4.1 

Consider the initial-value problem 
dy 
~=-4 =], 4. 
i y, (0) (4.3) 


(a) Show that this problem is absolutely well-conditioned over the interval 
from + =0 to « =3. 


(b) Show that Euler’s method, with step size h = 1, when applied to this 
problem leads to an absolutely ill-conditioned iteration formula and to 
an absurd estimate of y(3). 


Solution 


(a) The general solution of this differential equation is y = Ae~*”, so the 
analytic solution of (4.3) is y =e *”. Suppose that the initial condition 
is perturbed so that 7(0) = 1+ ¢; then the new solution is 


g=(ltee @ =e “+ ee =yt+ee™, 


so that at any point b the solution is perturbed by ce~*, and this is less 


than ¢ if 6 is positive. Thus the problem is absolutely well-conditioned 
over any interval from xz = 0 to x = a for positive a, and in particular 
this is true if a = 3. 
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Induced instability is where 
errors in the data may be 
magnified by the method 
chosen (rather than by the 
problem itself). 


Strictly speaking, the problem 
is absolutely well-conditioned 
‘with respect to small changes 
in the initial condition’. 


Section 4 Analysis of numerical methods 


(b) Euler’s method involves the iteration formula 
Your =; + hf (ar, ¥;) = ¥; +h(—4Y,) =—3Y, (if h = 1). 


The solution of this iteration problem with Yo = 1 is Y, = (—3)". Sup- 
pose we change the initial condition to Yg = 1+ ¢. The solution of 


Yri1=—3Y, (with Yo=1+ 6) 

is Y, = (—3)"(1+.¢). Thus an error in Yo of € has led to a change in 
Ywy of e(—3)% and so the iteration problem is absolutely ill-conditioned. 
The true solution of the initial-value problem is y(3) = 0.000006 144, 
while Euler’s method gives Y3 = —27, a hopeless estimate! ll 


The real problem here is that Euler’s method is based on the tangent ap- 

proximation to the function being sought, and if the second derivative of this 

function is large then h must be small in order for the tangent approximation 

to be any good. In the case of Example 4.1, the function we are trying to es- 

timate is e~*”, whose second derivative is 16e~“*. Thus at « = 0 the second 

derivative is 16, so a step size of 1 will estimate the function very poorly. 

That is to say, Euler’s method suffers from induced instability when applied From Section 1, the error in 
to initial-value problem (4.3) with h = 1. However, if we reduce h to 0.1 the — the first step is 

iteration formula in Example 4.1(b) would be Y,+1 = 0.6Y, and the problem e(h) = —xh?y""(cp). With 


2 iy 
of using this formula with Yo = 1 is then absolutely well-conditioned. h = 1 and y"(0) = #6 
magnitude of the error in the 


You should have found that induced instability occurred in the activities in first step could be as high 
Section 3. Problems (3.2) and (3.3) are both absolutely well-conditioned, *8 ®- 

over any interval and in particular over the intervals [0,2] and [0,0.6] that 

were used. However, all three numerical methods give rise to iteration for- 

mulae that are absolutely ill-conditioned, for the number of steps required, 

when h is too large. 


The following definition applies to a numerical method, rather than to an 
initial-value problem which it is intended to solve. 


Definition 


When a numerical method is applied to a well-conditioned initial-value 
problem, it gives rise to an iteration problem. If that iteration problem 
is absolutely ill-conditioned, for a given step size and large numbers 
N of steps, the method is said to be absolutely unstable. If the 
iteration problem is absolutely well-conditioned, for a given step size, 
for all values of NV, the method is absolutely stable. 


In fact we do not need to know the solution of the iteration problem in 
order to judge whether it is absolutely ill-conditioned. We only need to 
look at an error < in Y; to see whether it leads to a larger or smaller error 
in Y,41. If it is smaller, for all r, we deduce that the iteration problem is 
absolutely well-conditioned, and the method does not suffer from induced 
instability. If the error in Y;4, is larger than the error in Y;. for some values 
of r then we deduce that (for sufficiently large N) the iteration problem 
may be absolutely ill-conditioned and the method may suffer from induced 
instability. Our aim in analysing a particular well-conditioned problem is to 
choose a step size so that an error in Y;, leads to a smaller error in Y;41, for 
all values of r. 
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For a problem whose differential equation is dy/dx = Ay for some negative 
A, where the exact solution, y = Ae*”, tends to zero as x increases, the 
corresponding iteration formula is Y,,; = (1+ Ah)Y,, and so we require 
—1<1+ Ah <1 for absolute stability, that is, 


<2 5) 20. (4.4) 


*Exercise 4.2 


For what step sizes is Euler’s method absolutely stable, for the initial-value 
problem 
dy 


dz 


For a more general initial-value problem, the calculation of Y,4, from Y, 
might be more complicated. 


Example 4.2 

Consider the following initial-value problem: 
dy 
—=(274-4 0) =1. 
= (ray, (0) 


Under what condition is Euler’s method absolutely stable for this problem 
on the interval 0 < x < 1? 


Solution 
Here, the iteration formula for Euler’s method is 
Yr4i =Y,+ hf (zr, Y;) 
= Y, + h(2z, — 4)Y, 
= (1+ A(2z, — 4))Y,. 


In this case, then, an error in Y, will diminish if —1 < 1+ Ah(2z,—4) < 1, so 
that h(2x,—4) must lie in the interval between —2 and 0. On the interval 
0 <2 <1, for positive h, h(2z, — 4) lies between —4h and —2h. So Euler’s 
method is absolutely stable ifh<0.5. 


All the initial-value problems studied in this unit take the general form 


a f(x,y), y(xo) = Yo; 


and (as we saw in Section 2) Euler’s method for this general problem, on 
the interval [x9, xy], produces the iteration formula 


Yp41 = Y¥, + hf (ar, ¥p). 
Now, if Y; is replaced by Y; +, then Y;+1 is replaced by 
Y, +e+hf (tr, Y, +6), 
and (from Unit 12) the difference between f(x,,Y;) and f(x,,Y, +) is 


; 0 ; 
approximately ¢ x OT. Y,); that is, 


Oy 


COC eat 25h (tr Ye) 
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This problem is absolutely 
well-conditioned only for 
O0<2<2. 


Section 4 Analysis of numerical methods 


Thus, Y;+1 is replaced by (approximately) 


¥; te+hf (ay, Ys) + nes an, Y,). 


That is to say, the error ¢ in the value of Y, becomes (approximately) an 
0 
error of € (1 + nF (ny, ¥,)) in the value of Y;14. 
7] 
If € is small (which we hope it is!), then this estimate of the error in the next 
step is reliable, and so the requirement that an initial error in Yo should be 


diminished rather than increased with each step is expressed by the formula 


=1< 14 ASE (2y,¥5) <1 (r=0).<.,iV-—1) 


or equivalently 


-2< hE (a, Ys) <0 (f= O0,c0551V — 1). (4.5) 


One immediate consequence is that if 0f/Oy > 0, then Euler’s method is If 0f/dy > 0, it can be shown 
unstable for all step sizes. If Of /Oy < 0, however, then there will be a range that, over a sufficiently large 


of values of h for which Euler’s method is absolutely stable. interval, the initial-value 
problem is absolutely 


Both expressions (4.4) and (4.5) indicate that a multiple of h that can be _ ill-conditioned. 
calculated from the original differential equation should remain within the 

interval (—2,0) during the calculation. This interval is known as the inter- 

val of absolute stability for Euler’s method. 


*Exercise 4.3 


Euler’s method is to be used to solve the logistic equation 


dy y 
2 ani (1 a | 
Go 1000 


with the initial condition y(0) = 2000. Given that under this condition y is a 
decreasing function of x, tending to the equilibrium value 1000, determine a 
bound on the value of h that will guarantee that Euler’s method is absolutely 
stable for this problem. 


It turns out (though we shall not prove this) that each of the numerical 
methods developed in Section 2 has an interval of absolute stability, which 
can be used in exactly the same way as above in order to find a value of h 
that guarantees absolute stability. These intervals are given in Table 4.1. 


Table 4.1 Intervals of absolute stability 


Method Interval of absolute stability 
Euler’s method (—2,0) 
Euler-midpoint method (—2,0) 
Euler-trapezoidal method (—2,0) 

classical fourth-order Runge-Kutta method (—2.78, 0) 
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Absolute stability of numerical methods 
For the general initial-value problem 

= Fey), vlao) =, 
a numerical method with step size h is absolutely stable on the interval 
[to, en] if h(Of/Oy)(x,, Y-) remains within the method’s interval of 
absolute stability for all points (2,,Y,), r=0,...,N—1. 


*Exercise 4.4 


Consider the initial-value problem (3.2): 
a 20x(2 — x) — 20y, y(0) =0. 
dx 


Determine under what conditions the Euler-trapezoidal method is absolutely 
stable for this problem. Use this result to explain what happened, for h > 
0.1, in Activity 3.2, when the Euler-trapezoidal method was applied to the 
initial-value problem. 


*Exercise 4.5 
Consider the initial-value problem (3.3): 


Y= y(20-y), (0) = 12. 
Determine conditions under which the classical fourth-order Runge-Kutta 
method is absolutely stable for this problem. Use this result to explain 
what happened, for h > 0.1, in Activity 3.3, when the classical fourth-order 
Runge-Kutta method was applied to the initial-value problem. 


4.2 Global error and convergence 


In the development of Section 2, a numerical method was described as being 
of order p if the local truncation error was O(h?+'). Thus, Euler’s method 
is a method of order 1 (with local truncation error O(h)), and the other 
methods developed in Section 2 have order p > 1. These facts ensure that, 
if the step size h is reduced sufficiently, then the local truncation error tends 
to zero. However, knowing that each local truncation error tends to zero is 
not very useful in itself. What is important, in practice, is the global error at 
a particular point, and it is necessary to examine how the local truncation 
errors accumulate to form the global error. 


If we wish to solve the initial-value problem 


Pre i (a, Y); y(o) = Yo, (4.6) 


over some interval [a, b] in the domain of interest, it is not very informative 
to know the local truncation error on each step of size h, or to know that 
the local truncation error on each step tends to zero as the step size h is 
reduced. As the step size is reduced, the number of steps needed to cover 
the interval [a,b] increases, and it is not always clear what might be the 
effect of an accumulation of an increasing number of local truncation errors, 
even if each individual error is reduced. 
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If Of /Oy > 0 then there is no 
step size that gives absolute 
stability. 


Section 4 Analysis of numerical methods 


In Section 3, the numerical solutions of each of the three initial-value prob- 

lems (3.1), (3.2) and (3.3) were compared at a single value of the independent 

variable x. In each case, and for each method, it was found that, as the step 

size h was reduced to sufficiently small values, the numerical solution corre- 

sponding to the grid point at that fixed value of x appeared to converge to In practice, if the step size 
the value of the true analytic solution at that point. Thus, even though the were made too small, then the 
number of steps was necessarily increasing as the step size h was reduced, it !0bal neoeA would begin to 
appeared that the global error at that point was tending to zero. If caleula- aida a: ame cae 
tions are carried out exactly, then it is a desirable property of any numerical the increasing number of 
method that the global error, at any given value of the independent variable, calculations. 

and for any initial-value problem of the general form (4.6), should tend to 

zero as the step size h is reduced. Taking some particular value x of the 

independent variable (say x = 0.2) and computing the approximations to 

y at that point using smaller and smaller step sizes, should result in these 

approximations getting closer and closer to the true solution at that point. 

Figure 4.1 illustrates how a sequence of numerical solutions might converge 

to the true solution. 


Figure 4.1 


For a given numerical method, consider the global error at a fixed value of 
the independent variable x, and the way in which it changes as h is reduced. 
In order that the value of x should remain fixed, it is necessary to vary the 
number of steps N which are needed to reach x. In fact, N is related to h 
by the equation 


Nh=2— 20. 
The global error at x, 

Yn _ y(2), 
depends upon h, not only because h appears as a parameter in the iteration 
formula for Y;, but also because the number of steps, N, depends upon h. 


If the global error at x tends to zero as h — 0, with N = (x — 29)/h, then 
the numerical method is said to be convergent at x. A method that gives 
convergence at a particular point 6 will also (usually) be convergent at any 
point between x9 and b, and in general it will be possible to find some 
interval, x9 < x < b, throughout which convergence is guaranteed. This 
leads to the following definition of convergence of a numerical method. 
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Definition 
A numerical method is convergent, for a given initial-value problem 
of the form dy/dx = f(x,y), y(xo) = yo, over some interval [29, b] if, 
for all points x in the interval, as h — 0, and N = (a — 20)/h, then 
Yn — y(2). 


If the method is to give useful information about the true solution of the 
initial-value problem, then this property is essential. 


For one-step methods the following theorem (which we do not prove) not 


only establishes a criterion for convergence, but also gives an indication of 


the rate of convergence. 


Theorem 4.1 Convergence Theorem 
Consider an initial-value problem of the form 


ae f(x,y), y(o) = V0; 


on an interval [9,6], with a well-behaved function f(x,y). A one-step 
method is convergent if, and only if, the method is of order p for some 
integer p > 1, ie. its local truncation error is O(h?+'). The global error 
at a fixed point x, for sufficiently small values of h, is then of the form 


Yn — y(x) ~ CRP, 


where Nh = x — Xo, and C is a constant that does not depend on h. 


The Convergence Theorem does not provide a bound on the error, since 
Cis an unknown constant, but it indicates that, when the step size h is 
small enough, if A is further divided by two, say, then the error in the 
approximation to y(x) should be reduced by a factor of 2?, even though 
it is necessary to take twice as many steps. This means that, when high 
accuracy is required, this is more efficiently obtained (requires fewer function 
evaluations) using a higher-order method. When less accuracy is required, 
it may be more efficiently obtained using a simpler, lower-order, method. 


Example 4.3 


Use the Convergence Theorem to establish that, for an initial-value problem 
of the general form dy/dx = f(x,y), y(xo) = yo, on an interval [zo, 6], with 
well-behaved function f(x,y), Euler’s method is convergent, and give the 
form of its global error at a fixed point x, for sufficiently small values of the 
step size h. 


In particular, consider the initial-value problem (3.2): 


ou = 202(2 — x) — 20y, y(0) =0. 


Use the results of Activity 3.2(a) to estimate the form of the global error at 
a fixed point x, for sufficiently small values of the step size h. 


Solution 

Since its local truncation error is O(h?), Euler’s method is a first-order 
method. Therefore p = 1 and by Theorem 4.1 the method is convergent. Its 
global error, at a fixed point x, takes the form 


Yn — y(x) ~ Ch 


for sufficiently small values of h, where Nh = x — xo, and C is a constant 
which does not depend on h. 
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The function f(x,y) is 
‘well-behaved’ in this context 
if it can be differentiated 
p+1 times. If it cannot, it 
would be better to use a 
lower-order method where 
this property does hold. 


If you look back at the results 
of your Section 3 activities, 
you should see that this 
property seems to hold. 


Section 4 Analysis of numerical methods 


In the case of the initial-value problem (3.2), the results of Activity 3.2(a) 
indicate that the global error at « = 2 takes the values in Table 4.2. 


Table 4.2 
h Global error at x = 2 
0.2 5609.67 
oe Since Of /Oy = —20 the 
0.05 0.0025 method is only absolutely 
0.025 0.001 25 stable if h < 0.1. 
0.0125 0.000 625 


For fh < 0.05, the global error satisfies, to six decimal places, 
= 0.05 h = Ch, where C takes the value 0.05. 


Exercise 4.6 


Use the Convergence Theorem to establish that, for an initial-value problem 
of the general form dy/dx = f(x,y), y(Zo) = yo, with well-behaved function 
f(x,y), the classical fourth-order Runge-Kutta method is convergent, and 
give the form of its global error at a fixed point x, for sufficiently small 
values of the step size h. 


Exercise 4.7 
Consider the initial-value problem (3.3): 


dy 
de U29—y), (0) 
Use the results of Activity 3.3(c) to estimate the form of the global error 
at x = 0.6, for sufficiently small values of the step size h, when the classical 
fourth-order Runge-Kutta method is used to solve the problem. 


4.3 Determination of step size 


Convergence is a very important property of a numerical method, as it guar- 
antees that, if the step size h is made small enough, and if the calculations are 
carried out to a sufficient number of decimal places, then any predetermined 
accuracy can be obtained in the solution of an initial-value problem. The 
methods developed in Section 2 are one-step methods, with orders p = 1,2 
and 4 and are therefore convergent for any initial-value problem of the gen- 
eral form (4.6) with a well-behaved function f(x,y). This is reassuring, 
but the global error formula in the Convergence Theorem contains an un- 
known constant C’, and gives no indication, when the exact solution of the 
problem is not known, as to just how small the step size h needs to be in 
order to achieve a given accuracy. Finding a suitable step size to achieve a 
predetermined accuracy is the topic of this subsection. 


Consider again the results of Activity 3.2(a) for the initial-value problem 


ou = 20x(2 — x) — 20y, y(0) = 0. (4.7) 
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To obtain approximations to y(2) using Euler’s method for the step sizes 
h = 0.2, 0.1, 0.05, 0.025, 0.0125, the corresponding number of steps required 
are N = 10, 20,40, 80,160, so as to maintain the relationship 


Nh=2x— 20 = 2. 


The results obtained are shown in Table 4.3. 


Table 4.3 

h N aN Yn 

0.2 10 2 5609.76 

0.1 20 2 0.2 

0.05 40 2 0.0975 
0.025 80 2 0.096 25 
0.0125 160 2 0.095 625 


The result for h = 0.2 certainly gives little confidence, though without prior 
knowledge of the nature of the solution, the most obvious indication that 
something is wrong is that the solution over the range « = 0 to x = 2 ap- 
pears to be oscillating at every step, with ever increasing amplitude (as in 
Figures 4.2 and 4.3, which show the situations using two different scales). 


yA 
104 e Y,4 You can deduce from 
11 | Exercise 4.4 that the 
fo 6000 aa . 
a ee ° condition 0 < h < 0.1 is 
pg eS #684 ' needed for absolute stability. 
0 0.5% 4d ae ; Thus the erratic behaviour at 
vot ' h =0.1 and the wild 
ot 2000 | ' behaviour at h = 0.2 are not 
10; an o surprising. 
vi @@@ eee Ol 
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Figure 4.2 Results for h = 0.2 Figure 4.3 Results for h = 0.2 
(large scale) 
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Si ecltam te 154 
For h = 0.1, the oscillations in the solution are quite small and are not 
growing (Figure 4.4). However, they are not decaying either, and the rather | one 
crude solution gives little more than a rough idea of the nature of the true : ios rm al e 
solution. The fact that the oscillations are neither growing nor decaying Lr = ‘ 
suggests that h = 0.1 is just on the limit of absolute stability (as we know 97 o. a 
that it is), and it would be expected that a smaller value of the step size h } oe 
should be used. c)|UCU® r, 
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Figure 4.4 Results for h = 0.1 
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Figure 4.5 Results for h = 0.05 and h = 0.025 
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The results obtained with h = 0.05 and h = 0.025 both look quite sensible, 
showing no visible oscillation (Figure 4.5). If the analytic solution were not 
known, how would it be possible to decide upon the accuracy of these two 
results? A first observation would be to note that the values for « = 2 differ 
by only 0.0975 — 0.096 25 = 0.00125. They are therefore both, probably, 
correct to two decimal places. Suppose that the result was required correct 
to three decimal places; how much smaller would the step size h need to 
be? Suppose that the result was required correct to six decimal places; how 
much smaller would the step size h need to be? 


Using the Convergence Theorem to analyse the results of Euler’s method 
(p = 1) at ry = x = 2, we have 


Yn — y(2) ~ Ch. 


So, how small must h be, in order that we may assume that the global 
error is proportional to h?? In this case, it would certainly be far from true 
for h = 0.2 (N = 10). It would be unwise to assume any proportionality 
for h = 0.1 (N = 20). It would, however, be reasonable to look for an 
approximate proportionality for h < 0.05. To do this, we plot a graph of Yy In general we would need to 


against h, as shown in Figures 4.6 and 4.7. plot Yy against h?. 
YyA 
0.274 e 
0.18- 
Yn 0.16 - 
0.098 + 
0.14- 
0.12- 
0.096 + 
0.1- 
ee ° 
0.094 T y T = 
0 0.025 0.05 b 0 0.05 0.1 h 


Figure 4.6 Figure 4.7 


In order to confirm the proportionality, we plot the results for at least 
three different values of the step size h. In this case, the results for h = 
0.0125, 0.025, 0.05 have been plotted. They lie remarkably close to a straight 
line, thus confirming that the values of Yy — y(2) are proportional to h for 
this range of values of h. If the result for h = 0.1 is included, the corre- 
sponding point does not lie on the straight line (Figure 4.7), thus showing 
that this value of h is too large. In many practical cases, it is unlikely that 
such a good straight-line fit will be obtained for such relatively large step 
sizes as in Figure 4.6, but when a reasonable straight-line fit is obtained by 
plotting Yy against h?, it may be assumed that 


Yn ~ y(x) + Ch? (4.8) 


for the corresponding range of values of h. 
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In the approximate formula (4.8), the values of the step size h may be 
chosen, and the corresponding values Yy of the numerical solution may be 
calculated. However, the constant C and the true solution y(x) are, in 
general, unknown. In the particular case of Euler’s method applied to the 
initial-value problem (4.7), 


Yn ~ y(2) + Ch, 


and values of Yy are known for certain values of h. If this were an exact 
identity, then, in Figure 4.6, the slope of the straight line would be C, and 
its intercept with the y-axis would be y(2). 


It is tempting to try to calculate the true solution y(2) in this way. Using the 
tabulated results for the smallest two available step sizes, namely h = 0.025 
and h = 0.0125: 


ce = 0.09625 ~ y(2) + C x 0.025, 


Yieo = 0.095625 ~ y(2) + C x 0.0125. (4.9) 


Multiplying the second equation by 2, and subtracting the first, the intercept 
with the y-axis is given approximately by 


y(2) ~ 2Yi6o0 — Yao = 2 x 0.095 625 — 0.096 25 = 0.095. 


Because of the good straight-line fit, this gives a remarkably accurate solu- 
tion in this case. (In fact, y(2) = 0.095 + 0.105e~*°.) However, in general, 
because of the approximations involved, a result obtained in this way would 
still contain some significant error. In this case, if the results for h = 0.1 
and h = 0.05 had been used, there would certainly have been a large error. 
What has been done is to eliminate a term Ch?, but this leaves some term 
O(h?++), which should be small compared to Ch? if h is sufficiently small, 
but is generally non-zero. The disadvantage of this way of estimating the 
true solution at x is that we do not know how accurate it is. 


However, there is a more reliable way of using Equations (4.9). They contain 
two unknowns, the constant C and the true solution y(2). In the analysis 
above, the constant C' was eliminated in order to estimate the true solution 
y(2). It is in general more useful to eliminate the true solution y(2) in order 
to estimate the slope C' of the straight line in Figure 4.6. Subtracting one 
equation from the other, 


C(0.025 — 0.0125) ~ Ygo — Yieo = 0.096 25 — 0.095 625 = 0.000 625, 


so that 
0.000 625 
~ —— = 0.05. 
a 0.0125 


This may not be a particularly accurate value, but it is to be expected that, 
for values of h < 0.05, the global error at x = 2 is approximately 


Ch ~ 0.05h. 


If the value of y(2) were required to three decimal places, then it should be 
sufficient to choose a new value of h satisfying 


0.05h < 0.5 x 107°, 


so that h < 0.01, and to repeat the calculation using Euler’s method with 
that step size. In order to confirm the accuracy of the result, it would be 
sensible to repeat the process with a value of h half the size again, to check 
that the two results differ by less than 0.5 x 107°. 
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If the value of y(2) were required to six decimal places, then it should be 
sufficient to choose a new value of h satisfying 


0.05h < 0.5 x 10-°, 


so that h < 0.00001, and to repeat the calculation using Euler’s method 
with that step size. This, however, would require 200000 steps, and would 
take a relatively large amount of calculation; it may therefore suffer from 
the build up of rounding errors. 


Example 4.4 
Analyse the results of Activity 3.2(b) for the initial-value problem (3.2), 
dy 


— = 20x(2 — x) — 20y, y(0) = 0, 
dx 


using the Euler-trapezoidal method, in order to determine what step size h 
would be needed in order to determine y(2): 


(a) correct to three decimal places; 
(b) correct to six decimal places. 


Compare the efficiency of this method with that of Euler’s method for this 
problem. 


Solution 


The results obtained for the step sizes h = 0.2, 0.1, 0.05, 0.025, 0.0125 (N = 
10, 20, 40, 80, 160) may be tabulated as in Table 4.4. 


Table 4.4 

h N IN Yn 

0.2 10 2 830078.24 

0.1 20 2 0.00 

0.05 40 2 0.0925 
0.025 80 2 0.094 583 
0.0125 160 2 0.094 911 


The result for h = 0.2 gives little confidence, particularly when compared 
with the results for smaller values of h. The solution over the range x = 0 to 
x = 2 does not oscillate, but increases exponentially. However, a quick look 
at the differential equation indicates that, for large values of y, the slope 
function f(,y) should be negative. 


For h = 0.1 the solution behaves more reasonably, but still differs signifi- 
cantly from the results for smaller values of h. 


The results obtained with h = 0.05 and h = 0.025 look more sensible, and 
their values for x = 2 differ by only 0.094583 — 0.0925 = 0.002 083, suggest- 
ing that they are both, probably, correct to two decimal places. 


Recall that the efficiency is 
given by the product of the 
number of steps x the 
number of function 
evaluations per step, the more 
efficient method being the one 
with the smaller product. 


Exercise 4.4 showed that we 
need h < 0.1 for absolute 
stability, so the poor results 
for h = 0.2 and 0.1 are to be 
expected. 
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Since the Euler-trapezoidal method is of order two, it is expected that, if h 
is small enough, 


Yn — y(2) ~ Ch?. 


This is certainly not true for h = 0.2 (N = 10), and is unlikely to be reliable 
for h = 0.1 (N = 20) (see the note above). It might, however, be a reasonable 
approximation for h < 0.05, as the method is absolutely stable for these 
values of h. To test the approximate proportionality, we plot a graph of 
Yy against h?, for the three smallest values of h used in Activity 3.2(b) 
(Figure 4.8) and draw the line through the two points for which h has the 
smallest values, since this is the best we can do. While the third point 
is not particularly close to this straight line, it does suggest a reasonable 
proportionality between the global error at 2 = 2 and h?, so that for h < 0.05 
we can use 


Yn _ y(2) = Ci. 
Using the tabulated results for the two smallest values h = 0.025 and h = 
0.0125, 


Ygq0 = 0.094583 ~ y(2) + C x 0.025? (4.10) 
Yieo = 0.094911 ~ y(2) + C x 0.01252. ; 
We now estimate the constant C by subtracting one of Equations (4.10) 


from the other: 
C(0.0257 _ 0.01257) ~ Yg9 — Yigo = 0.094583 — 0.094911 = —0.000 328, 


so that C ~ —0.000 328/0.000 468 75 ~ —0.700. While this may not be a 
particularly accurate value, it is to be expected that, for values of h < 0.05, 
the global error at x = 2 is approximately 


Ch2 ~ —0.700h?. 


(a) If the value of y(2) is required to three decimal places, then it should 
be sufficient to choose a new value of h satisfying 


0.700h? < 0.5 x 1079, 


so that h? < 0.00071, and h < 0.0267. In order to have a convenient 
integer number N of steps, it would be appropriate to choose h = 0.025 
or h = 0.02. Given that the Euler-trapezoidal method requires twice 
as many function evaluations per step as Euler’s method, it is only 
marginally more efficient for three-decimal-place accuracy than Euler’s 
method, which needs a step size of h = 0.01 for this same accuracy. 


— 
= 


If the value of y(2) is required to six decimal places, then it should be 
sufficient to choose a new value of h satisfying 


0.700h? < 0.5 x 107°, 


so that h? < 0.00000071, and h < 0.00085. In order to have a con- 
venient integer number N of steps, it would be appropriate to choose 
h = 0.0005. This is 50 times bigger than the corresponding step size 
using Euler’s method, and reduces the number of steps required from 
200000 to 4000. Thus, the Euler-trapezoidal method appears to be a 
more efficient method for obtaining accuracy to six decimal places, in 
this case. 
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Section 4 Analysis of numerical methods 


The approach based on estimating C has a further advantage over the direct 
estimation of y(xz) from equations such as (4.9) or (4.10). When the appro- 
priate step size h has been determined, and the calculation is repeated using 
that step size, not only is y(a) determined to within the specified accuracy, 
but it is likely that an accurate solution has been obtained over the whole 
interval from x = xo up to the particular value of « where the analysis was 
carried out. 


Procedure 4.1 Determination of step size 

When using a numerical method of order p to solve the initial-value 

problem 
dy _ 
a 

from x = x9 to x = 8, proceed as follows. 


f(z, u); y(Zo) = YO, 


(a) Choose at least three different values of the step size h, say, 
ho = (b — x0)/No, hy = (b — x0)/M1, hg = (b = x0) /No. 

(b) Use the numerical method to obtain approximate solutions over the 
interval [xo, b], using each of those step sizes. 


(c) Check that the solutions behave in a similar way. On a graph 
of Yy against h?, check that the three points (hb, Yn,), (hi, Yn), 
(hb, Yn) lie close to the straight line through the two points in- 
volving the smallest values of h. If not, choose a smaller step size, 
discard the largest step size, and return to (b). 


(d) When a reasonable straight-line fit is obtained, then 
Yn ~ y(b) + ChP 
and choosing the smallest two step sizes (hy and hg say) 
Yn, ~ y(b) + Chi, 
Yn, ~ y(b) + Ché. 
The difference 
Yn, — Yn, & C(hE — hd) 


gives an approximate value for the slope C. 


(e) To achieve n-decimal-place accuracy in the estimate Yy for y(b) it 
is necessary to choose an appropriate step size h so that 


Pp 
|Ch?| <0.5x 107", so that h < \/0.5 x 10°" /|C}. 


*Exercise 4.8 


Analyse the results of Activity 3.1(a) for the initial-value problem (3.1), 
d 
4 =e - 1) +20(y—(@- 1%), (0) = -1, 


using Euler’s method, in order to determine what step size h would be 
needed in order to determine y(0.2): 


(a) correct to three decimal places; 


(b) correct to six decimal places. 


Halving the step size is a 
good strategy here. It is not 
sensible, for example, to use 
consecutive integers for No, 
Ny and No. 
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Exercise 4.9 


Analyse the results of Activity 3.1(b) for the initial-value problem (3.1), 
using the Euler-trapezoidal method, in order to determine what step size h 
would be needed in order to determine y(0.2): 

(a) correct to three decimal places; 

(b) correct to six decimal places. 


Compare the efficiency of this method with that of Euler’s method (Exer- 
cise 4.8) for this problem. 


End-of-section Exercises 


Exercise 4.10 
Consider the initial-value problem (3.3): 


Y—y(20-y), — y(0) = 12. 

ze 

Determine conditions under which the Euler-trapezoidal method is abso- 
lutely stable for this problem. Analyse the results of Activity 3.3(b) for 
the initial-value problem, using the Euler-trapezoidal method, explaining 
the behaviour of the results. Estimate what step size h would be needed in 
order to determine y(0.6) correct to six decimal places. 


Exercise 4.11 
The classical fourth-order Runge-Kutta method is to be used to solve the 
initial-value problem 

dy 

dx + x2’ 


for 0 < a < 10. Determine a bound on the values of A which will guarantee 
that the classical fourth-order Runge-Kutta method is absolutely stable. 


5 Practical computation 


In this final section you are given the opportunity to put into practice the 
analysis of Section 4, so as to obtain the solution of an initial-value problem 
to a given, pre-determined accuracy. 


Use your computer to complete the following activity. 
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Outcomes 


Activity 5.1 
Consider the initial-value problem (3.2) 


dy 
ao Ox(2 — x) — 20y, y(0) = 0, 


over the interval 0 < x < 0.2. Determine under what conditions each of: Previous questions concerning 
, initial-value problem (3.2 

(a) Euler’s method; have condieed the hem 

(b) the Euler-trapezoidal method; over the interval 0 < x < 2. 

In this case, you are only 

asked about the smaller 

is absolutely stable for this problem. For each method, use Procedure 4.1, interval to x = 0.2. 

with an initial step size hg = 0.02, to estimate the step size required to 

determine y(0.2) correct to six decimal places, and use each method to obtain 

the value of y(0.2) correct to six decimal places. Compare the efficiencies of 

the methods for obtaining six-decimal-place accuracy. 


(c) the classical fourth-order Runge-Kutta method; 


In this unit, a process has been discussed by which it is possible to determine 
a fixed step size h for any given problem, so that a given method should 
provide the solution to a specified accuracy. In many practical problems, 
it is more efficient to vary the step size throughout the interval of interest, 
and there exist many general-purpose computer packages, for the numerical 
solution of initial-value problems, which are designed to change the step 
size for the problem as they advance through the interval. The criterion 
for choosing an appropriate step size is similar to that given here, and is 
applied to almost every step. However, the step size is calculated using an 
estimate of the local truncation error, rather than the global error, and so 
cannot guarantee the results will have the desired accuracy. Nevertheless, 
such general-purpose packages are very reliable. 


Outcomes 


After studying this unit, you should be able to: 

e understand the concept of a truncation error; 

e understand the nature of, and distinguish between, local truncation error 
and global error, for numerical methods for differential equations; 

e set up the iteration formulae arising from the Euler-trapezoidal method 
for solving an initial-value problem, and carry out one or two steps of 
the method by hand; 

e set up the iteration formulae arising from the classical fourth-order 
Runge-Kutta method for solving an initial-value problem, and carry 
out one step of the method by hand; 

e use the computer to apply each of the above methods with a large num- 
ber of steps; 

e understand the concept of convergence of a numerical method for differ- 
ential equations and the relationship between the order of a one-step 
method and the order of its local truncation error; 

e use the Convergence Theorem to determine what step size is appropriate 
to obtain a pre-determined accuracy, when using a one-step method; 

e understand the concepts of absolute ill-conditioning of an initial-value 
problem, and absolute stability of a numerical method; 

e determine conditions on the step size under which a one-step numerical 
method will be absolutely stable for a given initial-value problem. 
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Solutions to the exercises 


Section 1 


1,1 With f(z) =e", we have f’(x) = 2e””, 
f(x) = 4e?”, f’" (x) = 8e?* and f(x) = 16e?", and 


so f(0)=1, (0) =2, #0) =4, #0) =8 and 
f(0) = 16. Thus, 

pi(z) = =1 So 22, 

p2(a) = pi(x) + $a? = 14 2a + 227, 


(x) 
p3(z) = po(x) + 8a3 = 14 29 +22? + f2°, 
(x) =1+4+29+ 22? + 42° + 24 


8 
! 
= p3(x) + Gra? 
1.2 With f(x) = 22, we have f'(2) = Ly-3, 
f(a) =—4a78, f"(a) = 3078, and so f(1) = 
= =-7, f’"(1) = 3. Thus, 

po(x) = 1+ A Da aesty, 

p3(x) = 5 (a 1) a(x 1)? 4 g(x 1)°. 
With « = 1.44, the value of «—1 is 0.44. Then 
p2(1.44) = 1.1958 and p3(1.44) = 1.201124. This may 
be compared with f (1.44) = V1.44= 1.2. At «= 1.44, 
the second-order Taylor polynomial matches the func- 
tion f(a) = x2 to two decimal places as does the third- 


order polynomial (although the error in p3(1.44) is only 
about one-quarter of that in po(1.44)). 


1.3 (a) With f(z) = 


ne we have f’(x) = +, 


f(a) = = f(a) cs fm a ) = (-1y71& (n—1)! “Dl 
At z= 1, the values are ie Inl = 0, fil) =1 
FM) =A, FNL) = yee FMA) = (—)H(n — 1) 


Hence, the nth-order Taylor polynomial approximating 
f(x) =Inz about x = 1 is 
pn(a) = (e — 1) — 3(@—1)? + 3(@— 1) 


pie oe eee 


as required. 
(b) Thus, p3(x) = (x — 1) — 4(2 —- 1)? + U(x 
that p3(1.6) = 0.492, while 

palz) = @—1)— ge — 1) + f@=- 1) —7@-1), 
so that p4(1.6) = 0.4596. Now, In1.6 = 0.4700, so at 
x = 1.6 both polynomials match the function to just 


one decimal place (although the error in p4(1.6) is less 
than half that in p3(1.6)). 


1.4 (a) We know that —1 < cosc <1 for all c, and 
hence | cosc| < 1. 


(b) With f(z) =sinz, we have ce 


Ves 
f(x) = —sina, f(x) = —cosa, f' A ailie 
f(z) = cosa, f(x) = —sinz, f(x) = — cosz. 
At x = 0, the values are f(0) = 0, aS y= 1, 
f"(0) =0, f'"(0) = -1, Ff (0) =0, FOO) = 


f©O) =0, f™(0) = -1. 
Hence, the sixth-order Taylor polynomial approximat- 
ing f(x) = sinx about x = 0 is 

pe(x) = a2 — ax° + we. 
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An estimate of the truncation error is provided by the 
next term of the Taylor expansion, so that 


e(x) ~ saa" 
That is to say, e(x) = O(27). 


(c) Taylor’s Theorem, with f(x) = sin x, gives 


sing = x£— n° + we —e(x), 
where 
e(x) = aha’ f (ex) = eget" C08 ce. 


The estimate in part (b) was obtained by evaluating 
f® at 0 instead of at c,;. However, by part (a), we 
know that |cosc,| < 1. Tene le(x)| < sqglel’ for 


all x, and in particular |e(x)| < ayg if O< a2 <1. 


1.5 (a) With f(z) = 2°, we have f(z) = 52%, 
f(x) = 2023, f(x) = 60x?, f(x) = 1202. 
The truncation error for the third-order Taylor poly- 
nomial approximating f(x) = x° about x = 1 is given 
y 
e(z) a —phi fd), 
where h = a—1. So e(a) = 
e(x) = O(h*). 
(b) Taylor’s Theorem, with f(x) = 2°, gives 
e(a) = —qh* FO (ca), 
whereh=ax—1,andl<c.<a<1.5. 


Therefore | f()(c,)| = |120c,| < 180, and 


le(x)| = —dht f (ex) <7.5h* for 1 <2 < 1.5, 


—5(x — 1), and 


where h = x2 — 1. 


1.6 The approximation sinz ~ x uses the first 
or second-order Taylor polynomial approximating 
f(x) =sinz about x =0. Since the term in 2? dis- 
appears, it is appropriate to consider the second-order 
polynomial in order to estimate the truncation error. 
An estimate of the truncation error is provided by the 
next term of the Taylor expansion, so, making use of 
Solution 1.4(b), 


en) aoa. 


So |e (385) |= | (x3)"] = 0-000000886 and the ap- 
proximation is accurate to almost six decimal places. 


1.7 (a) With f(x) = x~?, we have f’(x) = —2273, 
f'(z) = 6a-*, f'" (2) = —24e-, ¢ (c) = 1202-*. 
At « =1, the values are f(1) = 1, f’(1) = —2, 
f"(1) =6, f"(1) = -24, f (1) = 120. 
Hence, the third-order Taylor polynomial approximat- 
ing f(z) = x~? about z = 1 is 

p3(x) = 1— 2(@ — 1) + 3(a@ — 1)? — 4(2 — 1). 
An estimate of the truncation error is provided by the 
next term of the Taylor expansion, so that 


e(a) ~ —5(a —1)*. 


(b) Writing the Taylor polynomial in terms of 
h=a-1, 

p3(1 +h) = 1—2h + 3h? — 473. 
With x = 1.05, the value of h = x —1 is 0.05. Then 
p3(1.05) = 0.907. 
Taylor’s Theorem, with f(x) = x~?, gives 

e(a) = —gh*f (cx), 
where h=ax2—1, andl <c, < 1.05. 
Therefore | f“(c,)| = |120c;°| < 120, and 

le(2)| = |- gah" F (cx)| < 5%, 
and with h = 0.05, |e(x)| < 0.000031 25. 
(The actual value of f(1.05) is 0.90702948, and so 
the actual truncation error is —0.00002948, which is 
slightly smaller in magnitude than the error bound. The 
error estimate, from part (a), is 

e(x) ~ —5(x — 1)* = —0.000031 25, 
which, in this case, has the same magnitude as the error 
bound, and is larger than the actual truncation error.) 


Section 2 


2.1 (a) If y= Ae**), then 
y! (x) = A(Qa + 1)e?@t+) = (2a + 1)y. 
Thus, y = Ae*‘*+) is a solution of the differential equa- 
tion for any value of the constant A, and as it is a linear 
first-order differential equation, this must be the general 
solution. 
(b) We have x = 0, Yo = yo = 1 and 
f(ar,Y;-) = (2a, +1)Y;. The step size is given as 
h = 0.05. Therefore x; = 7 +h =0+0.05 = 0.05, and 
For the second step, 72 = 71 + h = 0.05 + 0.05 = 0.1, 
and 

Yo = Yi +hf(a1,¥1) = 1.05 + 0.05(1.1 x 1.05) 

= 1.10775. 

So Euler’s method, with step size 0.05, gives the ap- 
proximations 

y(0.05) ~ Y; = 1.05, 


y(0.1) © Yo = 1.10775. 


(c) The exact solution of the given initial-value prob- 
lem is y(x) = e**+), which (to six decimal places) 
takes the value y(0.1) = 1.116 278. 

The global error at x = 0.1 is given by 


Y2 — y(0.1) = 1.107 75 — 1.116278 = —0.008 528. 


2.2 Once again, z = 0 and Y=y=1. Now 
Fi = (229 + 1)¥o => 1; then 
x, = 0.05, Yy = 1.05, Foo = (20, + 1)¥y = 1.155, 
Ly = 0.1, 
Y; = Yo + 0.1(Fyo) = 1.1155. 
Thus, the Euler-midpoint method gives y(0.1) ~ 
1.1155, with global error 1.1155 — 1.116278 = 
—0.000778. This is considerably smaller than the 


global error for two steps of Euler’s method, which 
was —0.008 528. 


Solutions to the exercises 


2.3 For the Euler-trapezoidal method zx = 0, 
Yo = yo = 1 and Fi» =1, as in Solution 2.2, and 
Ye = Yo +0.1= 1.1; so 

Foo = f(0-1,1.1) = 1.2 x 1.1 = 1.32, 

Yi = Yo + $(0.1)(1 + 1.32) = 1.116. 
The Euler-trapezoidal method gives y(0.1) ~ 1.116, 
with global error —0.000278. This is considerably 
smaller than the global error for two steps of Euler’s 
method. It is also smaller than the global error for one 
step of the Euler-midpoint method. 


2.4 The Euler-midpoint method uses a = 4 while the 
Euler-trapezoidal method uses a = 1. 


2.5 (a) From Exercise 2.3, 2; = 0.1, Y; = 1.116 
and h= 0.1; thus Fy = (2a, + 1)Y, = 1.3392, 
wt = 0.2, Ye = ¥, + 0.1(Fii) = 1.24992, and 
Foy = (242 + 1)¥p = 1.749888. This leads 
to Yo = ¥Y, + 0.05(Fi1 + Foi) = 1.270454. 
Thus, the Euler-trapezoidal method _ gives 
y(0.2) ~ Yo = 1.270454. 


(b) The global error at « = 0.1 is —0.000278 (from 
Exercise 2.3), while the global error at x = 0.2 is 
Yq — e924 = 1.270 454 — 1.271249 = —0.000 795 to six 
decimal places. 


2.6 (a) XO 0, Yo Yo 1, h 0.2. 
F,,0 = f (x0, Yo) = (240 + 1)¥o = 1, 
Yor shF\ 0 = 1.1, 
Foo = f(xo + 3h, Yo + $hF10) 
= (2x 0.141) x 1.1 = 1.32, 
Yor thF 2,0 = 1.132, 
F3,9 = f(ao + 5h, Yo + sh F2,0) 
= (2x 0.14 1) x 1.132 = 1.3584, 
Yo + AF3,9 = 1.27168, 
F4,0 = f(xo + h, Yo + hF3,0) 
= (2x 0.2+ 1) x 1.27168 = 1.780352, 
Yi = Yo + gh(Fio + 2F2,0 + 2F3,0 + Fao) = 1.271 238. 
So, at x = 0.2, the classical fourth-order Runge-Kutta 


method, with step size h = 0.2, gives the approximation 
y(0.2) ~ Yy = 1.271 238. 


(b) The global error at x = 0.2 is approximately 
—0.000011, compared with the global error of 
—0.000 795, at the same point, which was obtained in 
Exercise 2.5, using the Euler-trapezoidal method and 
the same amount of calculation. 


2.7 (a) If y=4a—0.4+ Ae! then 

d 

“Y _ 4 10Ae~1, 
dx 
Substituting the given solution into the right-hand side 
of the differential equation, 

10(4x — (42 — 0.4 + Ae~"*)) = 4-10Ae7 1" 
which matches the left-hand side, and so 
y = 4a — 0.44 Ae~!” is a solution of the differential 
equation for any value of the constant A. Since the dif- 
ferential equation is linear and first-order, this is also 
the general solution. 
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(b) 2 =0, % =yo=-4,h 
f (0, Yo) = 10(42°9 = Yo) = AO, 
Y, =Yot+ h f(xo, Yo) = —4+4+ 0.025 x 40 = —3, 
x1 = 0.025, 
f(a1,¥1) = 10(421 = Yj) = 31, 
Yo =¥, +h f(ai, Yi) = —3 + 0.025 x 31 = —2.225, 
x2 = 0.05, 
f (x2, Y2) = 10(4x2 — Yo) = 24.25, 
¥3 = Y2+ h f (x2, Y2) 

= —2.225 + 0.025 x 24.25 = —1.61875, 
x3 = 0.075, 
f(s, Y3) = 10(4a3 — Y3) = 19.1875, 
Y4 = Y3 + h f(s, Y3) 

= —1.61875 + 0.025 x 19.1875 = —1.139 063, 
w4 = 0.1. 
So, at « = 0.1, Euler’s method, with step size h = 0.025, 
gives the approximation y(0.1) ~ Y4 = —1.139 063. 
The exact solution of the given problem is 
y(x) = 4x — 0.4 — 3.6e~ 1°", so that 
y(0.1) = —1.324 366. 
The global error at x = 0.1 is given by Y4 — y(0.1), 
where y(0.1) is the value of the exact solution of the 
original problem. So the global error at 7 = 0.1 is 


Y4 — (—1.324 366) = —1.139 063 — (—1.324 366) 
= 0.185 303. 


(c) XO 0, Yo Yo —4, h 0.05, 
Fo = f(@o, Yo) = 10(429 — Yo) = 40, 
x1 = 0.05, 
Ye = Yot hFio = —44+0.05 x 40 = —2, 
Fyo = f(v1, Ye) = 10(4 x 0.05 — (—2)) = 22, 
Yi = Yo+ $h(Fio + F290) 
= —4 + 0.025(40 + 22) = —2.45, 
Fia —_ f(a1,¥1) = 10(421 a Y,) = 26.5, 
2 >= 0.1, 
Ye=Yit+hFi1 
= —2.45 + 0.05 x 26.5 = —1.125, 
Fo = f(x2, Yp) = 10(4 x 0.1 — (—1.125)) = 15.25, 
Yo=Yi,+ sh(Fy 1 + Fo1) 
= —2.45 + 0.025(26.5 + 15.25) = —1.406 25. 
So, at x = 0.1, the Euler-trapezoidal method, 
with step size h = 0.05, gives the approximation 
y(0.1) & Yz = —1.406 25. 
The global error at x = 0.1 is given by Y2 — y(0.1), 
where y(0.1) is the value of the exact solution of the 
original problem. So the global error at 7 = 0.1 is 


Y, — (—1.324 366) = —1.406 25 — (—1.324 366) 
= —0.081 884. 


(d) w% =0, Yo= yo = —4, h=0.1. 
Fro => f (20, Yo) => 10(429 = Yo) => AO, 
Yor th Fi o = —44+ 0.05 x 40 = —2, 
Foo = f(2o aE sh, Y% a sh F\0) 

= 10(4 x 0.05 — (—2)) = 22, 

Yo + $h Foo = —4+ 0.05 x 22 = —2.9, 
F3,.9 = f(xo + $h, Yo + $h Foo) 

= 10(4 x 0.05 — (—2.9)) = 31, 

Yo ate h F309 =-44+0.1x31l= —0.9, 


0.025. 
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Fao = f(to +h, Yo + h F3,0) 

= 10(4 x 0.1 — (—0.9)) = 13, 
Yi = Yo + gh(Fio + 2F2,0 + 2F3,0 + Fao) = —1.35. 
So, at x = 0.1, the classical fourth-order Runge-Kutta 
method, with step size h = 0.1, gives the approximation 
y(0.1) ~ —1.35. 
The global error at « = 0.1 is 


Y, — (—1.324366) = —1.35 — (—1.324 366) 
= —0.025 634, 


compared with the global error of —0.081884, at 
the same point, obtained using the Euler-trapezoidal 
method, and the global error of 0.185 303 obtained us- 
ing Euler’s method. With the step sizes given, each 
of the three methods required the same amount of cal- 
culation, and the classical fourth-order Runge-Kutta 
method produced a more accurate result than either of 
the other methods. 


Section 4 


4.1 (a) Differentiating the given function: 

y' (x) = 3(a@ — 1)? + e?°* = 3(2 — 1)? 4 (ug) 
= 3(a — 1)? + 20(y — (x — 1)3). 

Also, y(0) = (—1)? + 0.05 = —0.95, as required. 


Then y(0.2) = —0.512 + 0.05e* = 2.217 908 to six deci- 
mal places. 


(b) The general solution (as discussed in the text) is 
y(x) = (2 — 1)? + Ae?°*, so that y(0) = —1+ A. Thus, 
if y(0) = —0.945, then A = 1 — 0.945 = 0.055. Thus the 
new analytic solution, evaluated at # = 0.2, is —0.512 + 
0.055e* = 2.490 898. The change in the analytic solu- 
tion at « = 0.2 is thus 2.490 898 — 2.217 908 = 0.272 990, 
more than 54 times the change to the initial condition. 
From the definition of absolute ill-conditioning, we con- 
clude that the problem is absolutely ill-conditioned. 


4.2 Here, Euler’s method involves the iteration for- 
mula 

Y,41 = Y, t+ hf (a,, Y,) = Y; + h(-10Y,) = (1 — 10A)Y,.. 
Thus an error in Y, will diminish if -1 <1—10h <1 
and will grow otherwise. Thus, for absolute stability, 
we require 1 — 10h to lie in this interval (equivalently, 
10h must lie in the interval between 0 and 2). Thus, 
the method is absolutely stable if 0 < h < 0.2. 


4.3 f(x,y) = 10y (1— 745), and so of = 10- §, 
which varies from step to step. However, we are told 
that, for this problem, y lies between 1000 and 2000, 


and so —30 < ae < —10. Euler’s method will be abso- 
lutely stable if —2 < nse < 0 throughout the interval. 


Since of <0, this means that we need h < 2/ Ee for 


the largest possible value of Ear and soh < = = = 


4.4 f(x,y) = 20x(2— x) — 20y, and so a = —20. The 
Euler-trapezoidal method is absolutely stable if —2 < 
h$£ <0. So, in this case, —2 < —20h < 0, or in other 
words, 0 < h < 0.1 for absolute stability. (Since Of /Oy 
is constant, the absolute stability criterion does not de- 
pend on x and so the result holds for the whole of the z- 
interval [0,0o).) This explains some of the results of Ac- 
tivity 3.2(b), where the Euler-trapezoidal method was 
applied to the initial-value problem (3.2). For h = 0.2, 
the method is absolutely unstable, and the numerical 
results grew exponentially. For h = 0.1, the errors were 
growing gradually because the step size is just on the 
limit of absolute stability. 


4.5 f(x,y) = y(20—y), and so of = 20 — 2y. 
The exact solution of this problem increases from 
y(0) = 12 to a limit value of y = 20 as x increases 
without limit. 
So y lies between 12 and _— 20, and 
20 < a < —4, The classical fourth-order 
Runge-Kutta method will be absolutely stable 
if —2.78 < h§£ <0 throughout the interval. 


Since of <0, this means that h < 2.78/ Ea for the 


largest possible value of Ea and soh < — = 0.139. 


(Again, as Of /Oy does not depend on a, the result holds 
for the whole of the z-interval [0, 0o).) 


This explains some of the results of Activity 3.3(c), 
where the classical fourth-order Runge-Kutta method 
was applied to the initial-value problem (3.3). For 
h = 0.2, and for h = 0.15, the method is absolutely un- 
stable, and cannot settle down to a limit value of y = 20. 
In one case (h = 0.15) it settles down to another, spu- 
rious, value around y = 15.2, while in the other it os- 
cillates around that value. For h = 0.12, the method 
is absolutely stable, but large errors on the early steps 
are only decaying very slowly, and the solution is tak- 
ing much too long in its approach to the limit value of 
y = 20. 


4.6 Since a fourth-order Runge-Kutta method is of or- 
der p = 4, by Theorem 4.1 the method is convergent. Its 
global error, at a fixed point x, takes the form 


Yn — y(x) ~ Cht 
for sufficiently small values of h, where Nh = x — 20, 
and C' is a constant which does not depend on h. 


4.7 In the case of initial-value problem (3.3), the re- 
sults of Activity 3.3(c) indicate that the global error at 
x = 0.6 takes the following values for h < 0.05: 


h global error 
0.05 —0.000 017 


0.025 —0.000001 
0.0125 —0.000 000 


These results are consistent with the global error being 
Ch‘, although more accuracy and possibly smaller step 
sizes would be required to confirm this. 


Solutions to the exercises 


4.8 The results obtained in Activity 3.1(a), for 
the step sizes h = 0.04, 0.02, 0.01, 0.005, 0.0025 
(N = 5, 10, 20, 40, 80) are as follows. 


h N LN Yn 


0.04 5 0.2 —0.410 226 
0.02 10 0.2 —0.432371 
0.01 20 0.2 —0.458681 
0.005 40 0.2 —0.480371 
0.0025 80 0.2 —0.494640 


The results all appear to be fairly consistent, but dif- 
fer in the second decimal place, suggesting that the last 
three, with h < 0.01, may be correct to one decimal 
place. Since Euler’s method is of order one, it is ex- 
pected that, if h is small enough, 


Yn — y(0.2) ~ Ch. 


Yy4 
—0.35 T T > 
0 0.02 0.04 / 

-0.475 

e 
e 
—-0.45 7 
‘e 
-0.5 7 


Plotting a graph of Yy against h, the straight line 
through the two points involving the smallest values 
of h does not fit all of the points well, but does sug- 
gest a reasonable proportionality between the global 
error at « = 0.2 and A, at least for h < 0.01. So 
Yn ~ y(0.2) + Ch. Using the two smallest tabulated 
values, h = 0.005 and h = 0.0025, 


Y49 = —0.480 371 ~ y(0.2) + C x 0.005, 
Ygo0 = —0.494 640 ~ y(0.2) + C x 0.0025. 
Subtracting Ygo from Y4o: 
Yao — Ygo = —0.480 371 — (—0.494 64) 
~ C(0.005 — 0.0025), 


so that C ~ 2014269 — 5.7076. 
This may not be an accurate value, but it is expected 
that, for values of h < 0.01, the global error at x = 0.2 


is approximately Ch ~ 5.7h. 


(a) If the value of y(0.2) is required to three dec- 
imal places, then it should be sufficient to choose 
a value of h satisfying 5.7h < 0.5 x 107%, so that 
h < 25x10°" — (.0000876. In order to have a conve- 
nient integer number N of steps, it would be appropri- 
ate to choose h = 0.000 08, giving 2500 steps. 


(b) If the value of y(0.2) is required to six dec- 
imal places, then it should be sufficient to choose 
a value of h satisfying 5.7h < 0.5 x 10~®, so that 
h< eel = 0.000000 0876. In order to have a con- 
venient integer number JN of steps, it would be appropri- 
ate to choose h = 0.000 000 08, giving 2.5 million steps! 
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4.9 The results obtained in Activity 3.1(b), for 
the step sizes h = 0.04,0.02,0.01, 0.005, 0.0025 
(N = 5,10, 20, 40, 80) are as follows. 


h N IN Yn 


0.04 5 0.2 —0.442 282 
0.02 10 0.2 —0.487 972 
0.01 20 0.2 —0.505 062 
0.005 40 0.2 —0.510153 
0.0025 80 0.2 —0.511525 


While the result for h = 0.04 does not look so good, 
the others behave more reasonably, and agree to one 
decimal place. The results for h < 0.01 agree to two 
decimal places. Since the Euler-trapezoidal method is 
of order two, it is expected that, if h is small enough, 


Yn — y(0.2) ~ Ch?. 


YyA 
0.5 > 
0 10+ 
-0.505 4 ‘ 
0.514 


Plotting a graph of Yy against h?, for the three smallest 
values of h, the straight line through the smallest two 
values of h is quite a good fit, and suggests a reasonable 
proportionality between the global error at « = 0.2 and 
h?, at least for h < 0.01. So Yy ~ y(0.2) + Ch?. Using 
the tabulated values for h = 0.005 and h = 0.0025, 


Yin = —0.510153 ~ y(0.2) + C x 0.0057, 
Ygo = —0.511525 ~ y(0.2) + C x 0.00252. 
Subtracting Ygo from Y4o: 
Yio — Yeo = —0.510 153 — (—0.511 525) 
~ C(0.0057 — 0.00257), 


~ _0.001372_ 
This may not be an accurate value, but it is expected 
that, for values of h < 0.01, the global error at x = 0.2 


is approximately Ch? ~ 73h?. 


(a) If the value of y(0.2) is required to three dec- 
imal places, then it should be sufficient to choose 
a value of h satisfying 73h? < 0.5 x 107%, so that 
is ui aa = 0.000 0068, and h < 0.0026. This sug- 
gests that the result obtained with h = 0.0025 is already 
correct to three decimal places (as is indeed the case). 
(b) If the value of y(0.2) is required to six dec- 
imal places, then it should be sufficient to choose 
a value of h satisfying 73h? < 0.5 x 107°, so that 
he < o.5x10 °° = 0.000 000 0068, and h < 0.000083. In 
order to have a convenient integer number N of steps, 
it would be appropriate to choose h = 0.000 08. 
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Using Euler’s method (Exercise 4.8), the step size 
h = 0.000 08 gave only three-decimal-place accuracy; by 
doubling the number of function evaluations, the Euler- 
trapezoidal method gives six-decimal-place accuracy for 
h = 0.000 08. 


4.10 f(x,y) = y(20 —y), and so of = 20-2y. The 
exact solution of this problem increases from y(0) = 12 
to a limit value of y = 20 as x increases without limit. 
So y lies between 12 and 20, and —20 < $f < —4. The 
Euler-trapezoidal method will be absolutely stable if 
—2< hoe < 0 throughout the interval. Since a <0, 


this means that h < 2/ Ea for the largest possible 


value of 5, and soh < 4 =0.1. (As Of/dy does 
not depend on 2, this result holds for the whole of the 
x-interval [0, 00).) 

This explains some of the results of Activity 3.3(b), 
where the Euler-trapezoidal method was applied to the 
initial-value problem (3.3). For h = 0.2, this method is 
absolutely unstable, and the numerical results diverge 
rapidly. For h = 0.15, and for h = 0.12, the method is 
still absolutely unstable, and cannot settle down to a 
limit value of y = 20. In one case (h = 0.12) it settles 
down to another, spurious, value of y = 12.8056, while 
in the other it oscillates. For h = 0.1, the step size is 
just on the limit of absolute stability, but with large er- 
rors on the early steps, the solution is taking much too 
long in its approach to the limit value of y = 20. The 
results obtained, at x = 0.6, for h < 0.1, are as follows. 


h N IN Yn 


0.075 8 0.6 19.885 335 
0.06 10 0.6 19.990 009 
0.05 12 0.6 19.997 899 
0.025 24 0.6 19.999 845 
0.0125 48 0.6 19.999 906 


The results after the first two behave reasonably, and 
agree to two decimal places. Since the Euler-trapezoidal 
method is of order two, it is expected that, if A is small 
enough, 

Yn — y(0.6) ~ Ch?. 


YyA 

20- Se, 
19.999 
19.998 ‘ 
19.997 


T T T oS 
0 0.001 0.002 0.003” 


Plotting a graph of Yy against h?, for the three smallest 
values of h, the straight-line fit through the two smaller 
values is quite a poor fit to the third value, and sug- 
gests that the step size may not be small enough for 


the global error to be proportional to h?, at least for 
h = 0.05. Assuming that the proportionality is accept- 
able for h < 0.025, and using the tabulated values for 
h = 0.025 and h = 0.0125, 


Yo4 = 19.999 845 ~ y(0.6) + C x 0.0252, 
Yig = 19.999906 ~ y(0.6) + C x 0.01257. 
Subtracting Y4g from Y24: 
You — Yag = 19.999 845 — 19.999 906 
~ C(0.0257 — 0.01257), 


so that C ~ ~OSMOG ~ —0.130 133. 

This may not be an accurate value, but it is expected 
that, for values of h < 0.025, the global error at « = 0.6 
is approximately Ch? ~ —0.13h?. 

If the value of y(0.6) is required to six decimal places, 
then it may be sufficient to choose a value of h satisfy- 
ing 0.13h? < 0.5 x 10~®, so that 


h? < 25x10" — 9.900003 84, and h < 0.00196. 


In order to have a convenient integer number N of 
steps, it would be appropriate to choose h = 0.0016, 
or h = 0.0012. In view of the uncertainty as to the pro- 
portionality of the global error to h?, for h < 0.025, it 
would be well to confirm the accuracy of the result by 
using two such values of h, and checking that the two 
results differ by less than 0.5 x 107°. 


4.11 f(x,y) = —xy+ zgz, and so ae = —z, which 
varies from step to step. However, the problem is 
to be solved over the interval 0 <x < 10. Therefore 
—-10 < oh <0, and the classical fourth-order 
Runge-Kutta method will be absolutely stable if 
—2.78 < nse <0 throughout the interval. Since 


2 <0, this means that h < 2.78/ | 3 for the largest 


possible value of 2|, and soh < 278 = 0.278. 


Solutions to the exercises 
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UNIT 27 Rotating bodies and angular 
momentum 


Study guide for Unit 27 


This unit draws together many aspects of the mechanics that you have met 
earlier in the course. It makes use of ideas from Units 5, 6, 8, 14, 19, 
20 and 25. In particular, it picks up the study of torque and the rotational 
motion of particles from Unit 20, and generalizes these concepts to extended 
bodies. (As you may recall, you studied extended bodies in equilibrium in 
Unit 5, and considered their moments of inertia in Unit 25.) The important 
prerequisite knowledge is Unit 20, and especially Section 4 of that unit. (An 
understanding of the methods of computing multiple integrals in Unit 25 is 
not needed here.) 


Section 1 is based on a video sequence. Through examples, the video pro- 
vides an introduction to the central ideas in the unit, and so it is important 
that you view the video when you begin studying the unit. The material in 
the unit needs to be studied in the order in which it appears. 


The sections are of similar lengths, with the exception of Section 1 which is 
rather shorter than the others. 
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Introduction 


When an ice skater is performing a spin, if she brings her arms in and folds 
them across her chest, her rate of rotation will increase. Why is this? Take 
another example. Suppose that two cylindrical objects have equal size and 
mass but one is hollow and the other is solid. If they are released together 
from the top of a slope, will they roll down at the same rate? If not, which 
cylinder will reach the bottom of the slope first? 


To answer such questions, we need to bring together a number of ideas that 
have been introduced earlier in the course. In the early mechanics units, such 
as Units 6, 7 and 8, we modelled moving objects as particles. However, this 
approach is inadequate for dealing with the questions above, because we 
are now concerned with extended bodies, i.e. objects that have size, and 
we are interested in aspects of their motion where that size is important. 
In Unit 19, you saw that the motion of an extended body can often be 
modelled by the motion of a representative particle located at the centre of 
mass of the body. But, in the case of the spinning skater, the centre of mass 
may well be more or less stationary — it is the skater’s rotation about the 
centre of mass that is of interest. For the rolling cylinders, it is perhaps less 
obvious that the particle model is inappropriate, but again, rotation about 
the centre of mass is a crucial part of the motion. 


In this unit we deal with the motion of extended bodies, and in particular 
with their rotational motion. In Unit 5, we considered such bodies when 
stationary: you learned that for a rigid body in equilibrium, the sum of all 
the external forces must be zero, and that the sum of the external torques 
must be zero. In Unit 20, you saw that if a non-zero torque is applied to a 
particle, then this changes the rotational motion of the particle. Now, we 
combine these ideas and consider the motion of an extended body subject to 
a non-zero torque. 


The video sequence in Section 1 shows a variety of examples of motion 
involving the rotation of an extended body. Several of these examples come 
from sports, and a number are modelled in later sections. In Section 1 we 
take an overview of the unit and freely apply principles that are not formally 
established until Section 4. Section 2 begins by reviewing concepts from 
earlier units, and then goes on to develop a theoretical basis for modelling the 
motion of extended bodies. Section 3 looks at the rotation of extended bodies 
about an axis that is fixed, such as the spinning ice skater. In Section 4 we 
explore situations where rotational motion is combined with other types of 
motion. For example, consider a diver in flight after leaving a high diving 
board (Figure 0.1). From Unit 19 we would expect the diver’s centre of mass 
to follow a parabolic trajectory (if we ignore air resistance), but the diver’s 
rotation about her centre of mass is also a major factor in the success of the 
dive. 


90 


An extended body has one or 
more of length, breadth and 
depth. 


A rigid body is an extended 
body whose shape does not 
change. 


. 
\ 
N 


Figure 0.1 


Section 1 Rotating bodies 


1 Rotating bodies 


Rotation is an important aspect of motion in many situations, notably in 
several sports, such as ice skating, diving and tossing the caber. The video 
associated with this unit shows a number of these sporting situations. Un- 
derstanding such motion involves various mechanical concepts that you have 
met earlier in the course: these include torque (Unit 5), angular momentum 
(Unit 20), and moment of inertia (Unit 25). 


To get an idea of some of the factors involved in analysing rotational motion, 

consider someone pushing a roundabout in a playground so as to make it <—— 
move (see Figure 1.1). Initially the roundabout is stationary, but when it is 

pushed, it rotates with increasing rotational speed. Even after the person 

stops pushing, the roundabout will continue to rotate. 


While the roundabout is being pushed, the total force on it is zero: the 
force supplied by the pusher is balanced by a force exerted by the support 
at the centre of the roundabout. The roundabout ‘as a whole’ is not going 
anywhere, i.e. its centre of mass is not moving. However, although the two 
forces shown in Figure 1.1 are equal in magnitude and opposite in direction, 
they have different lines of action. As a result, there is a torque on the Figure 1.1 
roundabout. This torque initiates the rotation of the roundabout and gives 
it angular momentum. In Unit 20, you saw that, for a particle, if there is 
no torque being applied, then the angular momentum is constant. As you 
will see later, this result can be generalized to extended bodies. This means 
that, even when the pushing stops, the roundabout will maintain its angular 
momentum and will continue to rotate; indeed, in the absence of resistive 
forces, it would go on rotating for ever without the need for further pushing 
(but in practice resistive forces are always present). 


Later in this unit we shall develop quantitative models of rotational mo- 
tion. But at this stage you should obtain an overview of rotational motion 
by watching the video for the unit — concentrating mainly on the qualita- 
tive aspects of the motion. In the various examples in the video, consider 
questions such as the following. 


e Is the total torque that is acting on the moving object zero? 

e If it is not, what torque is being applied to the object? 

e If the rotational speed of an object is changing, why is this? 

e Is the moment of inertia of a rotating object (about the axis of rotation) 
fixed, or is it changing? 

e If the moment of inertia is changing (for example, because a diver or 
skater is changing body shape), is it increasing or decreasing? 


Watch the video for this unit now. 


Some key points from the video are summarized below. 

e The motion of an extended body can be treated in two parts: the motion 
of an equivalent particle located at the centre of mass, and rotation about 
the centre of mass. This result will be established in Section 4. 

e A torque applied to an extended body that is initially stationary will 
initiate rotation and supply angular momentum. 

e Once an extended body has angular momentum, that momentum will 
remain constant provided that no further torque is applied to the body. 

e The component / of the angular momentum along the axis of rotation 
of an extended body that is rotating about a fixed axis is the product 
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of the angular speed w and the moment of inertia J about that axis, i.e. 
([SIe, (1.1) 


This scalar equation is sufficient for the needs of this section. 

e An ice skater can vary their speed of rotation during a spin by changing 
body shape. This is in accord with Equation (1.1) since, although the 
angular momentum / is constant, the moment of inertia is changing. 
When modelling rigid bodies the moment of inertia is a constant, but 
the human body is flexible and its moment of inertia can change. 


In the following examples and exercises we shall carry out similar analyses 
of some of the other sporting situations that you saw in the video, thus 
exploring further the relationships between angular momentum, moment of 
inertia and rotational motion. 


Example 1.1 


(a) A diver is executing a simple dive in which the diver’s body shape 
remains constant, as illustrated in Figure 1.2 (top). The diver starts in 
a handstand position. The subsequent motion can be divided into two 
phases: firstly, rotation about the point O while the diver remains in 
contact with the diving board; secondly, motion in flight after the diver 
lets go of the board, but before she enters the water. 


(i) In the first phase, how is the diver’s angular momentum about O 
changing? 


(ii) In the second phase, what would you expect to happen to the angu- 
lar momentum about the diver’s centre of mass? Assume that resistive 
forces are negligible. 


(b 


wa 


Suppose that the diver goes into a tuck position (see Figure 1.2 (bot- 
tom)) in the second phase. What aspect of the motion will be different 
from that in part (a)? 


Solution 


(a) (i) In the first phase, the diver’s weight provides a torque which will 
act to increase the angular momentum about O. During this phase of 
the motion, the angular momentum (and angular speed) about O are 
increasing. 


(ii) In the second phase, the only force on the diver is her weight, which 
acts through her centre of mass. This means there is no torque about 
the centre of mass, and consequently the angular momentum about the 
centre of mass will be constant. 


(b) In the situation in part (a), the diver’s body shape and, hence, moment 
of inertia remain constant throughout the dive, so the angular speed of 
rotation about the diver’s centre of mass does not change after she has 
let go of the board. However, if the diver adopts a tuck position after 
letting go of the board, this will reduce her moment of inertia, and will 
increase her angular speed of rotation about her centre of mass. lH 


In Example 1.2 and Exercise 1.1 below, we shall make use of the idea implicit 
in Example 1.1(a)(ii): that angular momentum about the centre of mass is 
constant for an (effectively rigid) extended body in flight (assuming that the 
body is subject only to gravity, i.e. that resistive forces are negligible). This 
result will be established in Section 4. 
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You will see later, in 
Subsection 3.1, that this 
scalar equation can be 
obtained from a vector 
equation by resolving in the 
direction of the (fixed) axis of 
rotation. 
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Figure 1.2 


Example 1.2 


Figure 1.3 shows a gymnast, rotating anticlockwise around a bar 3m above 
the ground, at the point of letting go of the bar and dismounting. Assume 
that the gymnast does not change body shape so that he can be modelled 
as a rigid rod of length 2.4m. Also assume that his centre of mass is at his 
midpoint, i.e. a distance R = 1.2m from O, while he is contact with the bar. 
Just before he lets go of the bar, his centre of mass is moving in a circle at 
a speed of 4ms~!. At the moment of release, his body makes an angle of = 
with the vertical. 


(a) What is the gymnast’s angular speed about his centre of mass just after 
he releases the bar? 

(b) If the gymnast is to land successfully, i.e. on his feet with his body in 

a vertical position, what angle must he rotate through while in the air? 

How long will it take him to rotate through this angle? 

(c) Consider the vertical movement of an equivalent particle located at the 

centre of mass of the gymnast. What is the vertical component of the 

velocity of the centre of mass just after the gymnast releases the bar? 

Through what distance will the gymnast’s centre of mass fall during the 

time calculated in part (b)? 

(d) Will he complete a dismount successfully using this approach? If not, 

what can he do to achieve a successful dismount? 


Solution 


(a) Just after releasing the bar, the gymnast’s hands are stationary, and 
his centre of mass has the same velocity (say, u) as immediately before 
leaving the bar. So, relative to the centre of mass, his hands have 
velocity —u. At that moment, the gymnast is rotating about his centre 
of mass with angular speed |u|/R in the direction in which he was 
circling the bar before letting go. Since Ju) = 4ms~! and R= 1.2m, 
the angular speed of rotation is 4/1.2 = 35 rad s~!. 

At the time of release, the gymnast’s body makes an angle of 3 with the 
vertical, so the gymnast must rotate through 27 — 2 = % to achieve a 
vertical landing. At the angular speed calculated in part (a), this will 
take = +34 = 5°. 

At the moment of release, the gymnast’s centre of mass has an up- 
ward vertical component of velocity of 4cos § = 2\/3ms—!. Now, taking 
into account the constant downward acceleration of magnitude g, and 
substituting vp = 2/3ms—!, ag = —g and t= 58 into the constant- 
acceleration equation x = uot + aot”, we find that the vertical compo- 
nent of position will increase in 7/2 seconds by 


1 2 
2/35 9(5) = 
Therefore, in the time it would take for the gymnast to attain a vertical 


body position for landing, his centre of mass will have fallen through a 
distance of about 6.66 m. 


6.66 m. 


The gymnast cannot complete a dismount successfully in this way. His 
centre of mass starts at 3 — 1.2cos | = 2.4m above the ground. But, as 
he would have to fall through 6.66m before his body was vertical, he 
would hit the ground before he had completed the necessary rotation. 


If the gymnast were to adjust his body position while in the air, so as 
to reduce his moment of inertia, he could increase his angular speed of 
rotation about his centre of mass. This might allow him to complete 
the necessary rotation before reaching the ground. MH 


Section 1 Rotating bodies 


“4> 


Figure 1.3 


Figure 1.4 Motion relative to 
the centre of mass 


To determine motion relative 
to the centre of mass, add —u 
to the velocities throughout 
the body, as shown in 

Figure 1.4, and thus take a 
point of view in which the 
centre of mass is ‘fixed’. 


The constant-acceleration 
equation was derived in 


Unit 6. 
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*Exercise 1.1 


Suppose that the gymnast in Example 1.2 adjusts his body position while 
in the air so as to achieve a successful dismount, landing on his feet in a 
vertical position. When he lands, his body is extended with his centre of 
mass at a height of 1.2m above the ground. 


(a) How long is he in flight between letting go of the bar and landing? 


(b) Assume that he is able to adjust his body position instantaneously, so 
that he is in a tuck position (Figure 1.5) for all the time that he is in 
flight. What is the ratio of the moments of inertia of his body in the 
tuck and extended positions? 


End-of-section Exercise Figure 1.5 


Exercise 1.2 


Tossing the caber can be divided into five phases (see Figure 1.6). For the toss to be successful, 


(i) The competitor runs forward with the caber held in a vertical position, the caber must land with the 
and then stops end originally held by the 
: competitor pointing away 
(ii) The caber rotates forwards about the competitor’s hands, which are from him. 


stationary. 

(iii) He pushes upwards on the bottom of the caber, and releases it. 

(iv) After the competitor releases the caber, it is in flight prior to hitting the 
ground. 


(v) The end of the caber strikes the ground, but the motion of the caber 
continues until the caber falls down flat. 


(i) (ii) (iti) (iv) (v) 


Figure 1.6 

(a) Discuss each of these phases qualitatively. Which aspects of the motion 
of the caber change from phase to phase, and which stay the same? In 
particular, what happens to the rotational motion of the caber in each 
phase? (Assume that all the motion is in two dimensions.) 


(b) Why is it helpful to have a caber that is tapered, with the thinner end 
being held by the competitor? 
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2 Angular momentum 


In Unit 20 we obtained the torque law for a particle, 
i=T, 


where I is the particle’s angular momentum and I is the torque applied to 
the particle (each taken about the same point). In this section, you will 
see that this result can be extended to a system of particles; in that case, 
l is the total angular momentum of all the particles in the system, and [ 
is the total torque exerted by all the external forces on the particles in the 
system. These results can be applied to extended bodies by modelling them 
as systems of particles. 


This section starts by reviewing a number of ideas that you have met earlier: 
in Subsection 2.1 we review Newton’s third law of motion, and in Subsec- 
tion 2.2 we review angular momentum and the torque law for a particle. 
Then in Subsection 2.3, we extend the torque law to a system of particles. 


2.1 Newton’s third law of motion revisited 


In order to extend the results of Unit 20 from particles to extended bodies 
we need to look again at Newton’s third law, which deals with the interaction 
between particles. In the Introduction to Unit 5, Newton’s third law was 
stated as follows: 


Law III To every action (i.e. force) by one body on another there is always 
opposed an equal reaction (i.e. force) — i.e. the actions of two bodies 
upon each other are always equal in magnitude and opposite in direction. 


In symbols this can be expressed by considering two particles, particle 1 and 
particle 2. Let Iy2 be the force exerted on particle 1 by particle 2 and let 
Iz, be the force exerted on particle 2 by particle 1. Then the statement of 
Newton’s third law above can be written as Iyg = —Ig;. Alternatively, 


Tyo +11 = 0. (2.1) 


Thus the sum of the forces is zero. Recall that these forces between the 
particles in a system were called internal forces in Unit 19. 


Exercise 2.1 considers how pairs of inter-particle forces that satisfy Equa- 
tion (2.1) might be represented diagrammatically. 
*Exercise 2.1 


Figure 2.1 shows examples of two forces of equal magnitude acting on par- 
ticles A and B. For each pair of forces state whether Equation (2.1) is 
satisfied. 


(a) (b) (c) (d) 


Figure 2.1 


Section 2 Angular momentum 
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What we didn’t mention in Unit 5 was that Newton’s third law also states 
that the pair of equal and opposite forces should have the same line of action 
(this was because the concept of line of action had yet to be introduced in 
Unit 5). Try the following exercise to see what this means. 


*Exercise 2.2 


Look back at Figure 2.1 and find an example of a pair of forces that satisfy 
Equation (2.1), but where the forces do not have the same line of action. 


So there are pairs of forces that satisfy Equation (2.1), but where the forces 
do not act in the same straight line. We therefore need a mathematical 
condition to test whether the forces are acting in the same straight line, and 
hence whether Newton’s third law is applicable. We shall now develop such 
a condition. 


Figure 2.2 illustrates a situation where Newton’s third law applies: the force 
Tj2 exerted on particle 1 by particle 2 is equal and opposite to the force Ig; 
exerted on particle 2 by particle 1, with Iyg and Ig; having the same line 
of action. Let r; and rg be the position vectors of particle 1 and particle 2 
respectively. The vectors Iy2 and r; — ro have the same direction, and so 
their cross product must be 0, i.e. 


(ri = r2) xX Te = 0. 
By Equation (2.1) we have Iy2 = —Iy;, so this can be rewritten as 


(ry —ro) X Tig =11 X The — re X Tie 


=r, X hoetre X In) = O. (2,2) 


Let Tyo = 11 X The be the torque about O exerted on particle 1 by the 
force from particle 2, and similarly let [91 = rg x In, be the torque about O 
exerted on particle 2 by the force from particle 1. Then, from Equation (2.2), 
we have 


Tyo + To, =0, 


i.e. the sum of the inter-particle torques is zero when equal and opposite 
inter-particle forces have the same line of action. In other words, when 
Newton’s third law applies, the sum of the inter-particle torques is zero. 
Conversely, if the sum of the inter-particle torques is not zero then the line 
of action of the forces is not the same (by reversing the above argument). 
Newton’s third law can, therefore, be expressed in terms of the properties 
of the forces and torques between two interacting particles, as follows. 


Newton’s third law restated 


The force I,2 exerted on particle 1 by particle 2 is equal in magnitude 
but opposite in direction to the force Ig; exerted on particle 2 by par- 
ticle 1, with both forces acting along the line joining the two particles. 
An equivalent condition in symbols is 


Tygot+1n =0 and Py2+To1 = 9, 


where Tyg = ry X Tyo and Tg] = re X Ini, with ry, and rg being the 
position vectors of particles 1 and 2, respectively, relative to the origin. 


Almost all inter-particle forces conform to Newton’s third law. The gravi- 
tational and electrostatic forces between particles obey this law, as do the 
forces in model springs or model rods joining two particles. All the systems 
that you will meet in this course conform to Newton’s third law. 
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r, 
particle 2 


O 7 I, 


Figure 2.2 


Recall from Unit 4 that the 
cross product of parallel 
vectors is zero. 


Recall from Unit 5 that a 
force F whose point of action 
has position vector r exerts a 
torque [ = r X F about the 
origin O. 


These equations state that 
the sum of the inter-particle 
forces is zero, and the sum of 
the torques exerted (about 
the origin) by those forces is 
also zero. 


In electromagnetism there is a 
type of inter-particle force 
that does not obey Newton’s 
third law, but this exception 
need not concern you here. 


Section 2 Angular momentum 


2.2 The torque law for a particle 


Recall, from Unit 20, the definition of angular momentum for a particle, 
which is as follows: for a particle of mass m that has linear momentum mr 
and position vector r relative to an origin O, its angular momentum Ll about 
O is 

l=rxmr, (2.3) 


i.e. the angular momentum is the cross product of the particle’s position 
vector and its linear momentum. 


Since the position vector is part of the definition, the angular momentum 
is dependent upon the choice of origin (which is not the case for linear 
momentum). So the angular momentum will usually not be the same relative 
to different choices of origin. 


*Exercise 2.3 


A particle of mass 20 has position vector r = 3 cos(2t)i + 4 sin(2t)j + 5k with 
origin O (working in SI units), where i, j and k are Cartesian unit vectors. 
What is the angular momentum of the particle about O at time t = 0? 


Exercise 2.4 


A particle of mass m moves anticlockwise in a circle of radius R at constant 
speed v. The circle has its centre at the origin O and lies in the (2, y)-plane. 
Let i, j and k be the Cartesian unit vectors. 


(a) What is the angular velocity w of the particle? 


(b) What is the angular momentum l of the particle about O? This result is also derived in 
Unit 20. 
(Hint: Work from the definition of angular momentum, and assume . 
that the particle has position R(cos(wt)i + sin(wt)j) for suitable w.) 
(c) What is the moment of inertia J of the particle about an axis through 
O in the k-direction? 
(d) Show that 1 = Iw. 
In Unit 20 we showed that, if a particle is subject to a torque, then the rate 
of change of the particle’s angular momentum J about a fixed point is equal 
to the applied torque TI about that point, i.e. 1 =I. The derivation of this 
important result from Unit 20, known as the torque law for a particle, is 
repeated below. Using Equation (2.3), we find 
d d 
—l= —(r X mr 
A ae 
= (t X mr) + (r X mfr) Since f and mf are parallel 
=p ay ak (2.4) vectors, r X mr = 0. 


Now, by Newton’s second law, F = mr, where F is the total force on the 
particle. Substituting for mt in Equation (2.4), we have 


i=rxF. 


But the total torque on the particle (relative to the chosen origin) is 
r X F=T[. So we obtain the torque law for a particle: 


i=T. (2.5) 


An important special case of this law is when the total external torque is 
zero. In this case Equation (2.5) becomes l = 0, and so l is a constant vector. 
This is called the law of conservation of angular momentum for a particle. 
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Exercise 2.5 


Consider any particle moving at constant velocity. By Newton’s first law the 
total force acting on the particle must be zero, so the total torque acting on 
the particle will also be zero. So, by the torque law, the angular momentum 
of the particle about any point will be constant. 


Now construct an alternative explanation of the conservation of angular 
momentum, arguing directly from definition (2.3). 


Exercise 2.6 
(a) If i, j and k are Cartesian unit vectors and r = xi+ yj, show that 
rx r= (cy —ya)k. 
(b) Suppose that a particle of mass m is moving in the (2,y)-plane. By 


expressing x and y in terms of plane polar coordinates r and 0, show 
that the angular momentum I of the particle about the origin O is 


l= mr76k. (2.6) 


Exercise 2.6(b) provides an expression for the angular momentum about the 
origin of any particle moving in the (z,y)-plane. It generalizes the result 
obtained in Exercise 2.4 for the angular momentum of a particle travelling 
in a circle at constant speed. In Exercise 2.4 the particle followed a circle 
whose centre was at the origin. The next example concerns motion in a circle 
whose centre is not the origin (indeed, the circle is not in the (x, y)-plane). 


Example 2.1 
A particle of mass m moves with a constant angular velocity w = wk in a 
circular path of radius R, centred on a fixed point (0,0,h). At t = 0, the 


particle is at the point (R,0,h). Let i, j and k be Cartesian unit vectors in 
the x-, y- and z-directions, and let O be the origin. 


(a) Express the particle’s position vector r as a function of t. 
(b) (i) Calculate the particle’s velocity r by differentiation. 


(ii) Recall from Unit 20 that a particle executing circular motion with 
angular velocity w has velocity r= w x r. Verify that this is consistent 
with your result in part (b)(i). 

(c) Calculate the angular momentum of the particle about O. 


(d) Show that the torque about O acting to sustain the motion of the par- 
ticle is TF = —mwhr. 


Solution 
(a) The angular velocity is in the k-direction, so the particle must be moving 
parallel to the (x, y)-plane. The plane of motion is z = h. The particle 


is travelling with constant angular velocity wk in a circle of radius R, 
and is at x = R, y= 0 when t = 0. Therefore, its position vector is 


r = Reos(wt)i+ Rsin(wt)j + hk. (2.7) 
(b) (i) Differentiating Equation (2.7) gives the particle’s velocity 
r = —Rwsin(wt)i+ Rwcos(wt)j. (2.8) 


(ii) Using r from Equation (2.7) and w = wk, we substitute into 
r=w Xr and obtain 


rt = wk x (Reos(wt)i+ Rsin(wt)j + hk) 
= Rw cos(wt)j — Rwsin(wt)i, 


which is consistent with the result in part (b)(i). 
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This result is also derived in 
Unit 20. 


In Unit 20, you saw that the 
angular velocity is 
perpendicular to the plane of 
motion. 


See Unit 20. 


(c) By definition (Equation (2.3)), the angular momentum of the particle 
about Ois! =r X mr. On substituting for r and r from Equations (2.7) 
and (2.8), respectively, we obtain 


l= (Reos(wt)i+ Rsin(wt)j + hk) x m(—Rwsin(wt)i + Rw cos(wt)j) 
= m(R?w cos? (wt)k + R?wsin?(wt)k — hRw sin(wt)j — hRw cos(wt)i) 


= mR?wk — mhRu(sin(wt)j + cos(wt)i). (2.9) 


(d) From the torque law for a particle, we have I = 1. Now, by differenti- 
ating Equation (2.9) we get 


i = —mhRw*(cos(wt)j — sin(wt)i). (2.10) 
Comparing this with Equation (2.8), we see that 

l= —mhor, 
and hence! = —mhwr. 


To sum up: in both Exercise 2.4 and Example 2.1 we looked at a particle 
moving at constant speed in a circle. In Exercise 2.4 you saw that, relative 
to the centre of the circle, angular momentum is constant and the total 
torque acting on the particle is zero. In Example 2.1, we considered angular 
momentum and torque relative to a point on the axis of rotation but not 
at the centre of the circle. Relative to that point, the angular momentum 
is not constant (although its component in the direction of the angular 
velocity is constant); consequently, there must be a non-zero total torque on 
the particle about that point if such motion is to be sustained. 


*Exercise 2.7 


For a particle moving as described in Example 2.1, calculate the accelera- 
tion r. Use Newton’s second law to find the total force F acting on the par- 
ticle. Then calculate the total torque T on the particle by using Tl =r x F, 
and show that you obtain the same result as in Example 2.1(d). 


2.3 The torque law for an n-particle system 


We now move on to consider angular momentum and torque for systems 
involving more than one particle. First, we look at systems that have two 
particles, then we go on to examine a general system containing an arbitrary 
number of particles. 


Two-particle systems 


Consider a two-particle system, as illustrated in Figure 2.3, to which New- 
ton’s third law applies. Particle 1, at position r, relative to a fixed origin O, 
may be acted on by any number of external forces, but we shall consider 
only the resultant of all these external forces, F;. The only other force on 
particle 1 is the internal force Iy2g exerted on it by particle 2. The total 
external force on particle 2, at position rg, is F2, and the only other force 
on particle 2 is the internal force Ip; exerted on it by particle 1. Let the 
angular momentum of particle 1 relative to O be l,, and that of particle 2 
relative to O be lo. 


Applying the torque law for a particle (Equation (2.5)) to particle 1 gives 
i =r. X (Fitde) =m x FitTV, 


where Tj is the torque about O acting on particle 1 by the internal force 
from particle 2. Similarly, for particle 2, we have 


iy = 12 X (Fo +1o1) =re X Fo+ Ta, 


Section 2 Angular momentum 


Equation (2.9) shows that the 
component of J in the 
k-direction is constant. 


F 


particle 1 
i 


N 
My 
% 


N ‘ 
\_ particle 2 


Figure 2.3 
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where Ig; is the torque about O acting on particle 2 by the internal force 
from particle 1. Adding these two equations, we obtain 


iti =r. xX Fitre X Fo+ Tita. 
Newton’s third law implies that [32 + Ig; = 0, so this reduces to 
lth=r, xX Fi +172 X Fo. (2.11) 


In Equation (2.11), the right-hand side represents the total torque exerted 
on the two-particle system by the external forces, while the left-hand side 
gives the rate of change with time of the total angular momentum of the 
system. Thus Equation (2.11) extends the torque law to a system of two 
particles. The torque law for a two-particle system can then be stated as 
follows. 


For a two-particle system, the rate of change of the total angular mo- 
mentum of the particles in the system is equal to the total torque exerted 
on the system by external forces (where angular momentum and torque 
are determined relative to the same fixed point). 


*Exercise 2.8 


Figure 2.4 is a schematic representation of a type of children’s playground 
roundabout. Two children sit on seats at A and B, and the roundabout is 
set in motion by pushing at C. It rotates horizontally about a fixed spindle 
at O. The distances AO, BO and CO are a, 6} and c, respectively. The 
mass of the child and seat at A is m1, and the mass of the child and seat at 
B is mg. The positions of the seats are balanced so that mia = m2b. The 
mass of the rest of the roundabout is negligible. 


Figure 2.4 


(a) Suppose that the roundabout is rotating anticlockwise at an angular 
speed w. Model each ‘child plus seat’ as a particle, and show that 
the total angular momentum of the roundabout about O is Tw, where 
I = mya? + mob? and w = wk, with k being a unit vector pointing ver- 
tically upwards. 


— 
z 


Suppose that an adult pushes the roundabout so as to apply a force of 
constant magnitude F' at C, in a horizontal direction at right angles to 
OC. Assuming resistive forces are negligible, show that 


Iw= cF. 
(c) If the distance AO is 1m, BO is 0.75m and CO is 1.5m, and mj, is 
45kg, m2 is 60kg and F is 315N, then how long will the adult need 


to push in order to get the roundabout rotating at 0.5 revolutions per 
second when the roundabout has started from rest? 
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There are safety skids under 
each seat, but we shall 
assume that these are not 
touching the ground. 


The next example concerns a two-particle system executing a more compli- 
cated motion. 


Example 2.2 


Consider two particles of masses m; and mg, connected by a model spring 
and resting on a smooth horizontal table, as shown in Figure 2.5. The system 
is in motion: the two particles are rotating at the same angular speed about 
the centre of mass of the system, and simultaneously they are oscillating as 
the spring extends and contracts. The total external force on the system is 
zero: the weight of each particle is balanced by the normal reaction from 
the table, and we assume that no other forces are acting. The centre of 
mass is stationary initially. Therefore it remains stationary throughout the 
motion because the acceleration of the centre of mass is zero (since the total 
external force is zero). 


Take the origin O to be at the centre of mass, and suppose that particle A has 
polar coordinates (71,0) and particle B has polar coordinates (r2,@— 7). Let 
x be the distance between the two particles, and suppose that k is a unit 
vector pointing vertically upwards. Use the torque law for a two-particle 
system to show that the quantity 224 is constant. Use this equation to 
describe the motion qualitatively. 


Solution 


The only external forces acting on the system are the weights of the particles 
and the normal reactions of the table balancing each weight. These normal 
reactions have the same points of action as the weights; consequently, not 
only is the total external force on the system zero, but the total external 
torque on the system is also zero. (The only other force acting on each 
particle is that from the spring, and this is an internal force.) It follows 
from the torque law that, as the total external torque is zero, the angular 
momentum I of the system is a constant. 


From Equation (2.6), the angular momentum of particle A about O is 
mirz0k, and that of particle B is mors0k. So the total angular momen- 
tum L of the system is 


b= myr20k + mark = (myr? + mgr3)Ok. (2.12) 
But l is a constant, as noted above, and therefore 

(mir? + mgr3)6 = c, (2.13) 
where c is a constant. 
Because O is at the centre of mass of the two-particle system, 

M1T1 = More. (2.14) 


Now, x =71 +12, so we can substitute for 71 in Equation (2.14) to obtain 
mi(a — 12) = mgrg. Then solving for rg gives 
myx 


r= ————_.. 2.15 
2 my + mg ( ) 
Substituting this into Equation (2.14) gives r; in terms of x: 
Mg 
iS ————. 2.16 
5 my, + mg ( ) 


Section 2 Angular momentum 


Figure 2.5 


This was shown in Unit 19. 
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Substituting from Equations (2.15) and (2.16) into Equation (2.13) yields 


maz maz? 
c= {my 5 +mg 5 0 
(m4 + m2) (m4 + m2) 
2 2 
_ mim; + M2M{Z 2 
(m, + m2)? 
my ms, y 
x70. 


my, + Mg 


Since the masses m , and mz are constant, we can deduce that «74 must be 
constant. 


As the system rotates the spring extends and compresses as the particles 
oscillate in and out. The rotational motion of the particles is connected to 
these oscillations since x24 is a constant. When the spring is extended (x is 
larger) the angular speed @ decreases, and vice versa. I 


Exercise 2.9 


A binary star system consists of two stars of masses m1; and m2. Model each 
star as a particle, and assume that all the forces exerted on the system, other 
than the gravitational attraction between the two stars, can be ignored. 
Assume also that the distance d between the stars is constant, and that 
the common centre of mass of the two stars is fixed. Let the total angular 
momentum of the binary system have magnitude /. Express the period of 
rotation of the system in terms of m1, mg, d and I. 


n-particle systems 


You have seen above that the torque law for a two-particle system has the 
same form as that for a single particle. This is because the sum of the internal 
torques between the two particles is zero. The situation is analogous for a 
system of more than two particles. Therefore we can generalize the torque 
law to any number of particles. 


Consider a system of n particles, which we shall call particles 1,2,3,...,n, 
to which Newton’s third law applies. Particle 1 may be acted on by various 
external forces, but we shall denote the resultant of all the external forces 
on particle 1 by F,. In general, for 7 = 1,2,...,n, F; denotes the resultant 
of all the external forces on particle 7. As well as being subject to forces 
external to the system, particle 1 may be acted on by internal forces exerted 
by each of the other particles in the system: denote by Ij2 the force exerted 
on particle 1 by particle 2, by Iy3 the force on particle 1 from particle 3, and 
so on. In general, let I;; denote the force on particle i exerted by particle 
j (for ¢ and 7 between 1 and n, with i#j). For i1=1,2,...,n, let the 
position of particle 7 be r; (relative to a fixed origin O), and let the angular 
momentum of particle 7 relative to O be I. 


The torque law for a particle when applied to particle 1 gives 
iy =ry X (Fithet+hs+lat-:-+hhn). (2.17) 


If T;; is the torque exerted on particle 7 by the internal force from particle j, 
then Ty; =r; X I,;, and Equation (2.17) becomes 


bry X Fi t+ Tie t+ligt+ Tie t-:- +l in. (2.18) 
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This is reminiscent of the 
spinning ice skater holding 
her arms in or out, whom you 
saw in the video. 


Similarly, the torque law for a particle when applied to particle 2 gives 


lb =r x (Fo + Toy + To3 + Toa +--+ + Inn) 
=re X Fo + Vo +To3+Poat+---+ Pon. (2.19) 


For particle 7, we get 


=r; x (Fit li+te+lz+---+In) 
=r XF)+Tn+Piet+Tigt+---+TPin. (2.20) 


Now, to obtain the total angular momentum of the system, we can sum 
versions of Equation (2.20) for each of 1 = 1,2,...,n. When we do this, 
all the internal torques can be ‘paired up’: thus the term [42 from Equa- 
tion (2.18) can be paired with the term Ig; from Equation (2.19); the term 
T\3 from Equation (2.18) can be paired with the term T'3; from the equiva- 
lent equation for particle 3; and generally, the term I; from the equation for 
particle 7 (where i 4 j) can be paired with the term I';; from the equation 
for particle 7. Each pair will sum to 0, and so the total of all the internal 
torques for the n particles comprising the system will be O. If l is the total 
angular momentum of the system (where 1 = 1, +1, +.---+1,) then, from 
Equation (2.20) (for i = 1,2,...,n), we have 


b=r, X Fy tro X Fot-:-+rp X Fh. (2.21) 


Here, r; X F, is the torque exerted on particle 1 by the external forces acting 
on that particle, rg x F2 is the torque exerted on particle 2 by the external 
forces acting on it, and so on. Therefore the total external torque on the 
system is 


T=r, X Fi tre X Fot+-:-:-4+ry, X Fp. 
So, Equation (2.21) can be written as 
a 


Thus we have shown that the rate of change of the total angular momentum 
of an n-particle system is equal to the total external torque acting on the 
system. This extends the torque law to an n-particle system. 


Torque law for an n-particle system 


Consider a system of n particles. Let r; be the position vector (relative 
to a fixed origin O) of particle i and F; be the total external force on 


particle 2 for 17 = 1,2,...,n. The total external torque on the system 
about O is 
nm 
P=) 5 XF, (2.22) 
i=1 


The rate of change of the total angular momentum I of the system 
about O equals the total external torque acting on the system, i.e. 


i=T. (2.23) 


In particular, when the total external torque about O is zero, the total 
angular momentum vector about O is conserved, i.e. constant. 


Section 2 Angular momentum 


Note that the sum does not 
contain a term T;;. 


From Newton’s third law, we 
have r;; + Tr; =0 (for a # J). 
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End-of-section Exercises 


Exercise 2.10 


Suppose that all the external forces on a system of particles are applied at 
the same fixed point X. What can you deduce about the angular momentum 
of the system? 


Exercise 2.11 


Throughout this exercise, torque and angular momentum are measured 
about the origin O; also, i, j and k are Cartesian unit vectors, with i and j 
in horizontal directions and k pointing vertically upwards. 


(a) 
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Consider a particle following a circular path parallel to the (a, y)-plane, 
whose position at time t is Re, + hk. Here e, = cos(wt)i+ sin(wt)j is a 
unit vector pointing horizontally from the z-axis towards the particle, 
and R, h and w are positive constants. Use Equation (2.9) to deduce 
that the angular momentum I of the particle is 


1 = mR?wk — mRhwe,. (2.24) 


Consider a rigid body modelled as a system of n particles that are 
arranged in a vertical straight line as in Figure 2.6. Each of the particles 
is moving anticlockwise with constant angular speed w in a circle of 
radius R, at a fixed height parallel to the (x, y)-plane. 


(i) Use Equation (2.24) to deduce that the angular momentum I of the 
system is 


l= MR?wk — Awe,, 
where JM is the mass of the body and A > 0 is a constant. 


(ii) Hence show that the vector 
i = — Awe, (2.25) 


has a direction normal to e, in the (x, y)-plane (and tangential to the 
circle followed by the body). Deduce that the body must be subject to 
a non-zero torque in the tangential direction. 


Consider a skater whose centre of mass is moving with constant angular 
speed w in a circle parallel to the (x, y)-plane. 


(i) By analysing the motion of an equivalent particle located at the 
skater’s centre of mass, deduce the direction of the total external force 
F on the skater. 


(ii) Suppose that the skater tries to follow the circle while remaining 
perfectly vertical. Use Equation (2.25) to show that this is impossible. 
What must the skater do if she is to follow such a circle? (Model the 
skater as a one-dimensional rigid system of particles, as discussed in 
part (b). Assume that the only forces on the skater are her weight and 
the force exerted by the ice on her skates.) 


You met this use of e, in 
Unit 20. 


The particle is executing the 
same motion as that in 
Example 2.1. 


Figure 2.6 
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3 Rigid-body rotation about a fixed axis 


In this section we model a rigid body as an n-particle system where all 
the inter-particle distances remain constant. To simplify matters, we shall 
consider rigid bodies that are rotating about a fixed axis. For such a body, 
the rotational motion can be expressed in a very convenient way by using 
the moment of inertia. This is done in Subsection 3.1. 


Unit 25 showed how to use multiple integrals to calculate the moments of 
inertia of complicated shapes. In this unit we model systems using simple 
geometric shapes, and we shall give a table of moments of inertia for these 
in Subsection 3.1. This table covers only moments of inertia about an axis 
through the centre of mass of the body. You may want to find moments of 
inertia about other axes, and this is covered in Subsection 3.2. The kinetic 
energy of a rotating rigid body can also be expressed in terms of its moment 
of inertia, and we consider that in Subsection 3.3. 


3.1 Angular momentum and moments of inertia 


In this section we confine our attention to motion in which a rigid body 
is rotating about a fixed axis. For simplicity, we shall choose a frame of 
reference in which the z-axis is the axis of rotation. 


Now, in order to apply the torque law 1 =T to a rotating rigid body, we 
need to find an expression for the angular momentum of the body (relative 
to a point on the axis of rotation). Suppose that the body is composed 
of particles, A, B, C and so on. Those particles which lie on the axis of 
rotation, like C and D in Figure 3.1, do not move. On the other hand, 
particles like A and B do move, but their distances from the z-axis remain 
constant, and so they travel in circles centred on a point on the z-axis, and 
parallel to the (x, y)-plane. Let the angular velocity of the body (and of each 
of its constituent particles) be w = wk. First consider particle A, which has 
mass m, and position vector r4. From Unit 20, particle A has velocity 
r4 = wk x ry. Therefore its angular momentum is 


lg =r, X Mara =r, X mMgu(k X ra). (3.1) 
If r4 = rgit+ yaj + zak, we have 
k X rg =k xX (agit yaj + zak) = taj — yai. 
Then, on substituting for r4 and k x r4 in Equation (3.1), we obtain 
Ly = (wait yajt+ zak) X mgw(xaj — yai) 
= maw(—vazai — yazajt+ 4k + yak). (3.2) 


Let d, be the perpendicular distance of particle A from the axis of rotation. 
Then d*, = x7, + y4, and Equation (3.2) simplifies to 

Ly = mgw(—a@4zai — yazajt+ dk). 
Suppose that the rigid body consists of n particles, where the ith particle 
(for 1 = 1,2,...,n) has mass m; and position vector rj = xji+ yj + zk. 
The total angular momentum lI of the body will be the sum of the angular 
momenta of all these particles, i.e. 


n 
l= w)> m,(—xzi — yz jt d?k). 
i=1 
This angular momentum has non-zero components perpendicular to the axis 
of rotation (in the i- and j-directions). However, in many applications it is 


Rigid bodies were introduced 
in Unit 5. 


Moments of inertia were 
introduced in Unit 25. 


N<Y 


x 


Figure 3.1 


We choose x-, y- and z-axes 
that are fixed in space, and 
an origin O that is fixed and 
on the axis of rotation. Here 
k is a unit vector in the 
z-direction. 
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only the component in the direction of the axis of rotation that is needed. 
With our choice of axes, this component is in the z-direction, and is 


n 
l,=w y mid?. 
i=l 


This result is very important. For any particular rigid body, the quantity 
baa mid? =] is aconstant, since both m,; and d; are constant for all 7. It 
depends on the distribution of mass about the axis of rotation and, as you 
saw in Unit 25, it is called the moment of inertia. Hence, for a rigid body 
spinning about a fixed axis, the component of the angular momentum in the 
direction of the axis can be conveniently expressed in terms of its moment 
of inertia. 


Angular momentum of a rigid body rotating with fixed axis 


Suppose that a rigid body is rotating about a fixed axis with angular 
velocity w. Let be the angular momentum of the body about a point 
O on the axis, and let 1, be the component vector of | in the direction 
of the axis. Then 


l, = Iw, (3.3) 


where J is the moment of inertia of the body about the axis of rotation. 


The angular velocity w can be expressed in terms of the angle 6 through 
which the body has rotated about its axis of rotation (see Figure 3.2), thus 
w = 6k, where k is a unit vector along the axis of rotation. If we look at 
just the k-components, then the torque law yields 


. d d a 7 
So in this situation the torque law leads to the following important and 


elegant result. 


Equation of rotational motion 


Suppose that a rigid body is rotating about a fixed axis, and that its 
angular displacement (from some fixed line normal to the axis) is 0. 
Then 


I@=T,, (3.4) 


where I’, is the component of the total external torque on the body in 
the direction of the axis of rotation. 


The moments of inertia of a number of common regular geometric shapes are 
given in Table 3.1. In each case we assume that the rigid body is continuous 
and of uniform density, and we shall only consider objects of this type. The 
moments of inertia given in the table have been found by integration, as 
discussed in Unit 25. You may use these moments of inertia when doing the 
exercises in this unit. 
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We have established this 
result with the z-axis as the 
axis of rotation. However, for 
any rigid body rotating about 
a fixed axis, we could choose 
axes such that the z-axis is 
the axis of rotation, so there 
is no loss of generality in our 
argument. 


SY 


x 


Figure 3.2 


The objects are therefore 
homogeneous rigid bodies, as 
defined in Unit 19. 


Section 3 Rigid-body rotation about a fixed axis 


Table 3.1 Moments of inertia of homogeneous rigid bodies 


Object Axis Dimensions Moment of inertia Figure 
solid axis of radius R 3M R? Figure 3.3, 
cylinder cylinder axis AB 
solid normal to radius R 4M R? + 5M ae Figure 3.3, 
cylinder axis of length h axis CD 
cylinder 
hollow axis of inner radius a 5M (R? +a?) Figure 3.4, 
cylinder cylinder outer radius R axis AB 
hollow normal to inner radius a 4M(R? +07) + 55Mh? Figure 3.4, 
cylinder axis of outer radius R axis CD 
cylinder length h 
solid cuboid normal to faces normal to —j M(a? +b?) Figure 3.5, 
one pair of axis have sides of axis AB 
faces lengths a and b 
thin straight normal to length h pM Ae 
rod rod 
solid sphere through radius R 2M R? 
centre 
R? —@ 
hollow sphere through inner radius a 2M 
; R3 — a3 
centre outer radius R 
thin spherical through radius R 2M R? 
shell centre 


In each case, the mass of the object is M and the axis passes through its 
centre of mass G. 


A “ = ee \ B A 
G 
kK h >| 
D D B 
Figure 3.3 Figure 3.4 Figure 3.5 


The moment of inertia of the ‘thin straight rod’ in Table 3.1 is calculated 
using the assumption that all its particles lie on a straight line. While this 
will never be absolutely true for a three-dimensional object, we sometimes 
use such limiting cases as convenient models. Similarly, a ‘thin spherical 
shell’ is an object whose particles are confined to the surface of a sphere. 
The moment of inertia of a thin spherical shell is, in fact, the limit of that 
for a hollow sphere as a — R, but that limit is not obvious, so this case is 
given separately in the table. 


The next example illustrates the use of the table to find the moment of 
inertia of a ‘thin disc’, which is another example of a two-dimensional model 
of a three-dimensional object. 


107 


Unit 27 Rotating bodies and angular momentum 


Example 3.1 


Consider a uniform solid circular disc of mass M and radius R, and negligible 
thickness. What is its moment of inertia about an axis normal to the disc 
and through its centre? 


Solution 


The distribution of the mass of the disc relative to the specified axis is the 
same as for a solid cylinder rotating about its own axis. From Table 3.1, the 
moment of inertia in this case is 5M R?. of 


To find the moment of inertia of a compound object formed from several 
simple shapes joined together, we find the moment of inertia of each com- 
ponent part separately, and then sum these. We use this approach in the 
next example. 


Example 3.2 


A playground roundabout can be modelled as a uniform solid circular disc 
of radius 1.2m and mass 240 kg. The disc is horizontal and rotates about a 
vertical axis through its centre, making 0.5 revolutions per second. A man 
of mass 80kg is standing stationary 0.2m from the centre O of the disc. 
Suppose the man moves towards the edge of the disc, stopping when he 
is 1m away from the centre. Assume that the only external force on the 
roundabout acts at the point O. At what rate will the disc be rotating when 
he is in this new position? 


Solution 


Since the only external force acts at O, the total external torque about O is 
zero, and so we can use the conservation of angular momentum about the 
axis of rotation through O. To do this, we need to know the moment of 
inertia of the combined ‘man-plus-roundabout’ system for each of the two 
positions of the man. Now, the moment of inertia of the roundabout about 
the axis through O is 


5 MR? = § x 240(1.2) = 172.8kg m?. 
If we model the man as a particle of mass m located at a distance r from O, 


then his moment of inertia is mr?. So when he is 0.2m from the centre of 
the disc, the moment of inertia of the combined system is 


Ty = 172.8 + 80(0.2)? = 176 ke m?. 


With the man 1m from the centre of the disc, the moment of inertia of the 
combined system is 


Ip = 172.8 + 80(1)? = 252.8kgm?. 


When the man is nearer to the centre of the disc, the angular speed w is 0.5 
revolutions per second, i.e. w) = mrads~!. Suppose that the angular speed 
is wg after the man has moved closer to the edge of the disc. Conservation 
of angular momentum gives 


hw, = Inwe, 


hence 
176 
wo = ——-7~2.19rads7!. 
252.8 
Therefore, after the man has moved closer to the edge of the roundabout, 
the roundabout rotates more slowly, at about 2.19 radians per second, i.e. 


at about 0.35 revolutions per second. Hi 
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Example 3.3 


A bucket used to draw water from a well has mass m and is attached to a 
light inextensible rope which is wound round a heavy wheel (see Figure 3.6). 
The wheel is a uniform solid disc, with centre O, radius R and mass M. The 
distance from O to the surface of the water in the well is h. Suppose that the 
bucket is released from rest at a point X, level with O, and allowed to fall 
down the well, causing the wheel to rotate. Model the bucket as a particle 
and the rope as a model string, and assume that the force supporting the 
wheel acts at the point O. 


(a) If J’ denotes the tension in the rope, and z the distance that the bucket 
has travelled down the well in time t, write down the equation of motion 
for the bucket in terms of m, T and z. 


(b) What is the torque acting on the wheel about its centre? 


(c) Suppose that the wheel has rotated through an angle @ while the bucket 
has been falling. What is the relationship between z and 6? 


(d) Write down the equation of rotational motion for the wheel. 


(e) Find an expression for the acceleration Z of the bucket by eliminating T 
and @ from the equations of motion obtained in parts (a) and (d), and 
by using the result from part (c). 


(f) Hence find the time taken for the bucket to descend the well. 
Solution 


Choose Cartesian unit vectors with k pointing vertically downwards, j in 
the direction of the axis of rotation of the wheel and i horizontal, as shown 
in Figure 3.6. The origin O is at the centre of the wheel. 


(a) The forces acting on the bucket are the tension force in the string, —Tk, 
and the force due to gravity, mgk. So, by Newton’s second law, 


mzk = mgk — Tk. 
Resolving in the k-direction gives the equation of motion: 
mz = mg — T. (3.5) 


(b) The force exerted on the wheel by the rope is Tk, acting at the point 
X whose position relative to O is —Ri (see Figure 3.7). Therefore the 
torque acting on the wheel about its centre is (—Ri) x Tk = RTj. 


(c) If the bucket has fallen a distance z, then the quantity of rope that has 
unwound from the wheel as the bucket falls must also be of length z. 
As the bucket falls, the wheel turns through an angle 6, and so the 
part of the perimeter of the wheel that has moved past the point X in 
Figure 3.8 has length R@. Hence z = R@. 


(d) The wheel is a disc turning about an axis through its centre and normal 
to its plane. It has moment of inertia 3M R? about the axis of rotation. 
Then, from Equation (3.4), the equation of rotational motion of the 
wheel (in the j-direction) is 


I6=Ta, 

where [ = 5M R? and, from part (b), [4 = RT. So we obtain 
iM R6 = RT, 

or equivalently, 


M R6 = 2T. (3.6) 


me! 


Figure 3.7 


Figure 3.8 
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(e) From part (c) we have z = RO, and, since R is constant, 7 = RO. On 
substituting in Equation (3.6), we find 


Mz =2T. (3.7) 


Now from Equation (3.5), T = mg — m2. So substituting for T in Equa- 
tion (3.7) yields 
Mz = 2(mg — m2). 
Hence 
22mg 
— M+2m° 
(f) The expression for Z in Equation (3.8) is a constant, so using the con- 
stant acceleration formula s = uot + Fat? with s=h, v9 = 0 and ag 
given by Equation (3.8) we have 
mg 2 
h= ——1t 
M+2m 


Rearranging this gives the time for the bucket to reach the surface of 
the water as \/h(M +2m)/mg. 


z (3.8) 


*Exercise 3.1 


A roundabout of mass 250 kg is modelled as a uniform solid disc of radius 
1.2m, which turns in a horizontal plane about a vertical axis through its 
centre O. It is being pushed with a force F, using a handle at X as in 
Figure 3.9. This force, which has constant magnitude 100 N, is applied at a 
distance of 1.5m from O, and is horizontal and normal to OX. A force R 
resists the rotational motion. It has magnitude cw, where c is a constant 
and w is the angular speed of the roundabout; its point of action is 0.1m 
from O, and its direction is opposite to the velocity of that point on the 
roundabout. 


(a) Obtain a differential equation in terms of w for the rotational motion of Figure 3.9 
the roundabout. 


(b) If the pushing starts at time ¢ = 0 with the roundabout at rest, find w 
as a function of t. 


(c) If c= 10, what is the maximum possible angular speed that the round- 
about could reach according to this model? Do you think that this could 
be achieved in practice? 


3.2 The parallel-axes theorem 


The moments of inertia of various objects about their centres of mass were 
given in Table 3.1. To find the moments of inertia about some other axis, 
we can use the parallel-axes theorem. 


Theorem 3.1. Parallel-axes theorem 


Suppose [4p is the moment of inertia of a rigid body of mass M about 
a line AB (see Figure 3.10). Let EF be a line through the centre of 
mass of the body and parallel to AB, let the distance between the lines 
AB and EF be D, and let Igr be the moment of inertia of the body 
about EF. Then , eS 


Iyp = Ipp + MD?. (3.9) Figure 3.10 
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Proof of the parallel-axes theorem 


Figure 3.11 shows a rigid body of mass M, with the centre of mass O taken 
as the origin. Suppose that we want to find the moment of inertia of the 
body about the line AB. Choose as the z-axis a line EF through O and 
parallel to AB. Let the perpendicular distance between these two parallel 
lines be D. Choose as the z-axis a line through O that intersects the line 
AB and is normal to AB. 


Suppose that the rigid body is composed of n particles, P;, where, for 
i= 1,2,...,n, the ith particle has mass m,; and position (2;, yj, z;). The 
distance of particle P; from the z-axis is d; (P;Z; in Figures 3.11 and 3.12), 
where d? = x? + y?. Also, the particle’s distance from the line AB is s; (P,L; 
in Figures 3.11 and 3.12), where 
sf =(D-a)? +y? 

= Dp? —I¢,D+ 22 +y? 

= D? —29,D+d?. 
By definition (see Unit 25), the moment of inertia of the rigid body about 
the line AB is 


te ee 
i=1 
nm 

= > m;(D* — 2%,D + d?) 

i=1 

n n n 
= P)? > m;— 2D ~ Mjx;i + S- mid? (3.10) 
i=1 i=1 i=1 


F 


Figure 3.11 


ev 


Figure 3.12 Part of a section 


through the rigid body in 
Figure 3.11, parallel to the 


Now Sy m, = M and yy mid? = Ipgpr, where Ipp is the moment of (cz, y)-plane. 


inertia of the object about the z-axis (the line EF’). Also, from Unit 19, 
a Soy, m2; is the x-coordinate of the centre of mass of the body. Since 
the origin was chosen at the centre of mass, we have a mx; = 0. Hence 
Equation (3.10) becomes 


Tap = Ipgp+ MD?. oO 


Example 3.4 


An ice skater is rotating about a fixed axis at an angular speed of 8 rad s~!. 
One of the skater’s arms is modelled as a uniform solid cylinder of mass 
5.5kg, length 0.66m and diameter 0.08m. The cylinder is normal to the 
axis of rotation, and the end of the cylinder is 0.09 m from the axis (see Fig- 
ure 3.13). Find the magnitude of the component of the angular momentum 
in the direction of the axis of rotation for this model of the arm. 


Solution 


From Table 3.1, the moment of inertia of the cylinder about an axis through 
its centre of mass and normal to the cylinder is 


MR? + Mh? = + x 5.5(0.04)? + 4 x 5.5(0.66)? ~ 0.202 kg m?. 
The axis of rotation is 0.33 + 0.09 = 0.42m from the centre of mass of the 


cylinder, so, from the parallel-axes theorem, the moment of inertia of the 
cylinder about the axis of rotation is 


I ~ 0.202 + 5.5(0.42)? ~ 1.172kg m?. 


Figure 3.13 
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As the skater’s angular speed is w = 8rads~', it follows from Equation (3.3) 
that, for this model of the arm, the component of angular momentum in the 
direction of the axis of rotation has magnitude 


la =Iw 21.172 x 8=9.376kgm’?s'. Wf 


*Exercise 3.2 


The mace used by the leader of a troupe of drum majorettes can be modelled 
as a sphere of radius r, attached to the end of a uniform cylindrical rod of 
length d and radius R. The mass of the sphere is M and that of the rod is 
m. Find the moment of inertia of the mace about an axis AB through the 
end of the rod and normal to it (as shown in Figure 3.14). 


3.3 The kinetic energy of a rotating rigid body 


You saw in Unit 25 how the kinetic energy of a rotating particle can be 
expressed in terms of its moment of inertia. The kinetic energy of a rotating 
rigid body can be expressed in a similar way. Consider a rigid body rotating 
about a fixed axis with angular velocity wk. The kinetic energy of the body 
is the sum of the kinetic energies of all its constituent particles. If the ith 
particle is a distance d; from the axis of rotation, then its speed is djw and 
its kinetic energy is 5mi(diw)?. Hence the total kinetic energy of the body is 


3 Bota? = 3 (Some) oP = bet 


ow I is the body’s moment of inertia about the axis of rotation. 


Kinetic energy of a rigid body rotating with fixed axis 


Suppose that a rigid body is rotating with angular speed w about a 
fixed axis. Let J be the moment of inertia of the body about the axis 
of rotation. Then the kinetic energy of the body is 


T= tlw. 


Example 3.5 


A planet is modelled as a uniform solid sphere of radius 6400km and mass 
6.0 x 1074kg. It is turning on its axis once every 24 hours. If the axis of 
rotation is fixed, what is the kinetic energy of the planet? 


Solution 
The planet’s kinetic energy is sl w*, where 


_ 2a 
~ 24 x 602 
and, from Table 3.1, 


I = 2MR? = 2 x 6 x 10% x (6.4 x 10°)? kgm”. 


rad s7! 


Therefore, the kinetic energy of the planet is 


27 


2 24 6)2 
= x6x 10 6.4 x 10 ———_ 
x=x6x x (64 %.10") (5 < 602 


2 
7 ) ~26x1077J. mf 
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Figure 3.14 


Note that, so long as rotation 
is about a es axis, the 
expression $1 w* gives the 
total kinetic energy of the 
body. 
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Exercise 3.3 
0.1m 
A drum majorette’s baton is modelled as a uniform cylindrical rod with 


spheres of equal mass at either end. The rod has mass 0.1 kg, length 0.8m 
and diameter 0.04m. Each sphere has diameter 0.1m and mass 0.25kg. The 
baton is rotated at 1 revolution per second about a fixed axis that is normal 
to the axis of the cylinder and through the centre of mass (see Figure 3.15). 
Determine the kinetic energy of the baton. 


*Exercise 3.4 


(a) In the situation considered in Example 3.2, determine the total kinetic 
energy of the system (man plus roundabout) when the man is stationary 
at: (i) 0.2m from the centre of the roundabout; (ii) 1m from the centre. 


(Use the results found in the solution to Example 3.2, as needed.) om 


(b) In the reverse of the situation in Example 3.2, the man starts 1m from 
the centre of the roundabout and moves inwards until he is 0.2m from 0.1m 
the centre. What happens to the kinetic energy of the system when he 
does this? Figure 3.15 


In a system such as that dealt with in Example 3.2 and Exercise 3.4, the 
angular momentum is constant because the total external torque is zero 
(both quantities being measured about the centre of the roundabout). How- 
ever, the internal forces can change the kinetic energy of the system. This 
means that the kinetic energy is not necessarily constant, as you saw in 
Exercise 3.4(b), where the effort put in by the man in moving across the 
roundabout increased the total kinetic energy of that system. 


*Exercise 3.5 


A rigid body of mass M is rotating about a fixed axis with angular speed w. 
Suppose that the centre of mass is following a circle of radius R at speed v, 
and that Ig is the moment of inertia of the body about an axis parallel to 
the axis of rotation and through the centre of mass. Show that the kinetic 
energy of the body is 


sIcw* as 5Mv". 


The following exercise uses the principle of conservation of mechanical energy 
to analyse one of the situations that you saw in the video sequence. 


Exercise 3.6 


A diver begins a dive at rest and vertical in the handstand position. She 
starts to rotate from this position with negligible angular speed. She lets 
go of the diving board when her body makes an angle a with the vertical 
(where 0 < a < 4), and she then starts the ‘in-flight’ part of the dive. Let w 
be the angular speed of the diver at the moment of letting go of the board. 
Assume that, while in contact with the board at O, the diver is a rigid body 
able to rotate about an axis through O, normal to the plane of Figure 3.16. 
Use the principle of conservation of mechanical energy to obtain w in terms 
of a and the following parameters: L, the distance from the diver’s hands 
(in the handstand position) to her centre of mass; m, the mass of the diver; 
Ig, the moment of inertia of the diver about an axis through her centre of 
mass when her body is straight. Figure 3.16 
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End-of-section Exercise 


Exercise 3.7 


Consider the diver from Exercise 3.6 when she is part way through her dive 
(as shown in Figure 3.17). Suppose that she has rotated through an angle 
6 (9 < qa) in time t, and in that position the force exerted on her hands by 
the board has component vectors R,i and Roj, as shown in the figure. 


(a) With the origin and axes shown in Figure 3.17, let xi+ yj be the posi- 
tion of the diver’s centre of mass. Express x and y in terms of 6. By 
differentiating, show that 


# = LO’sin @ — L6cos a, y= —L6°cos  — Losin 6. (a1) 


(b) Let Ig be the diver’s moment of inertia about an axis through O. Give 
the equation of rotational motion for the diver in terms of 0, I9, m 
and L. 


(c) Obtain another equation for the rotational motion by applying the prin- 
ciple of conservation of mechanical energy to the diver. Verify that dif- Figure 3.17 
ferentiation of this equation leads to the equation of rotational motion 
that you found in part (b). 


(d) (i) Write down Newton’s second law for the motion of the diver’s centre 
of mass, and obtain two equations of motion. 


(ii) Use Equations (3.11) to substitute for % and ¥ in these equations 
of motion. 


(e) (i) Use the results of parts (b) and (c) to substitute for 6° and 6 in your 
equation for R; in part (d)(ii). Hence show that 
2 


L 
i= mg sin 0(2 — 3cos@). 


O 
(ii) Deduce that, for angles @ between 0 and 7/2, the horizontal com- 
ponent of the force exerted by the diving board R, is zero when 9 = 0 
or when @ = arccos 3. 


(f) Estimate Ig by modelling the diver as a uniform thin straight rod of 
length 2L. Then estimate, as a multiple of the magnitude of her weight, 
the magnitude of the horizontal force that the diver would need to exert 


on the board to be able to remain in contact with it until 0 = 7 


(g) At what point is the diver likely to lose contact with the board? Assume 
that there is nothing on the diving board on which the diver can grip, 
so she cannot pull on the board but can only push on it. 
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4 Rotation about a moving axis 


The motion of an extended body may be much more complicated than that 
considered in Section 3, where we confined our attention to a rigid body ro- 
tating about a fixed axis. In this section we look at a more general situation 
where the axis of rotation is moving. The general case is considered in Sub- 
section 4.1, and here we derive the result used in Section 1 that the motion 
can be decomposed into the motion of the centre of mass together with the 
rotation about the centre of mass. In Subsection 4.2, we consider the motion 
of a rigid body when the body is rotating about an axis whose direction is 
fixed, though the centre of mass may be moving. In Subsection 4.3 we look 
at the motion of rolling objects, such as the cans rolling down slopes which 
you saw in the video. 


4.1 The torque law relative to the centre of mass 


In Unit 19 we showed how Newton’s second law of motion can be extended 
to an n-particle system. You saw there that the centre of mass of the system 
moves as if it were a single particle with the same mass as the whole system, 
and with all the external forces applied to this particle. The motion of the 
centre of mass is often referred to as the linear motion of the system, to 
distinguish it from the rotational motion of the system. 


In the video you saw that it was convenient to analyse complicated motion 
in two parts: the linear motion, and the motion relative to the centre of 
mass. Now, to apply the torque law as stated in Section 2, we need to work 
relative to a fixed origin. However, as you will now see, we can still use the 
torque law when these quantities are calculated relative to a point that is 
moving, so long as that point is at the centre of mass. 


To demonstrate this, we need some notation. Throughout this subsection, 
we shall consider an extended body modelled as a system of n particles, 
with total mass M and centre of mass at a position R relative to some fixed 
point O. The ith particle of the system (for 7 = 1,2,...,n) has mass m; and 
position relative to O given by 


Tj =R+4rre, (4.1) 


where oo denotes the position of the particle relative to the centre of mass. 
In the following discussion it is also useful to obtain a relationship between 
the velocities of the particles relative to the different origins by differentiating 
Equation (4.1): 
r=R4r. (4.2) 


There is an additional equation involving a that results from the fact that 
R is the centre of mass of the system. From Unit 19, we have 


n n n n 
MR= Ss Mir, = Ss M4 (R + ri") = > miR + s myrt! 
i=1 i=1 i=1 t=], 


n 
=> MR + ye mrt. 
i=1 


Thus, as one would expect, 


nm 
) marr = 0. 
i=1 


We shall not consider the 
motion of a rigid body when 
the direction of the axis of 
rotation varies. 


That is not to suggest that 
the centre of mass will always 
travel in a straight line! 


This is where we use the fact 
that R is the centre of mass 
of the system. 


This equation states that if 
position vectors are taken 
relative to the centre of mass, 
then the centre of mass is at 
the origin. 
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The total external force on the ith particle is F;, and the total external force 
on the system is F = }°;_, F;. Therefore the total external torque on the 
system relative to the centre of mass is 


n 
Tre — ya x F,, (4.4) 
i=l 
and the total angular momentum relative to the centre of mass is 


n 
eye ki. (4.5) 
i=1 


We aim to relate I’! and I’! to the corresponding quantities calculated 
relative to the fixed origin O, and start by looking at the total angular 
momentum relative to O, which is defined as 


n 


l= ye X MiXj. 


i=1 
Substituting for r; and r;, using Equations (4.1) and (4.2), gives 
nm 
t=S (R+2r7") x m(R+ i"). 
i=1 


Expanding the brackets gives 


nm 
i=)> (R x mR +R x met! + rt! x mR + rk! x mitt") 
i=1 
The last term can be recognized as the total angular momentum relative to 
the centre of mass (Equation (4.5)), so we have 


L= > (R x mR +R x mrt! + rie x mR) + pe. 
i=1 
As R is independent of i, this expression can be written as 
nm n n 
1=R~x (>: m) R+R~x (>: mat + (= ma) a Fe ha 
i=1 i=l i=1 
The first bracketed term above is the total mass M of the system. The third 


bracketed term is zero by Equation (4.3) and the second bracketed term is 
zero by differentiating Equation (4.3). So we arrive at the result: 


1=Rx MR+EF". (4.6) 
The next exercise asks you to derive a similar relationship that holds between 
the torque relative to the centre of mass and the torque relative to O. 
*Exercise 4.1 


Starting from the definition of T, and using Equations (4.1) and (4.4), show 
that 


r=RxF+r™. (4.7) 
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The two results derived above are worth restating formally. 


Decomposition theorems 


Let R be the position vector of the centre of mass of a body relative This states that both the 
to some fixed point O, M the total mass of the body and F the total total angular momentum and 
external force on the body. If the total angular momentum of the body the total external torque of 


relative to the centre of mass is F'*!, then the total angular momentum a ppaniele svete cane 
decomposed into the 


of the body relative to O is given by corresponding quantity for an 
1=Rx MR rs pel, ( m 6) equivalent particle located at 

the centre of mass plus the 

If I! is the total external torque on the body relative to the centre of corresponding quantity for 
mass, then the total external torque on the body about O is given by the rotational motion relative 


to the centre of mass. 


r=R xX Fir, (4.7) 


Now we move on to derive the central result of this subsection, and one of 
the key results of the unit, which is the torque law relative to the centre of 
mass. To derive this result, we start by differentiating Equation (4.6) to 
obtain 


. @ . . 
i=— (Rx MR) +i. 
dt us 
Using the torque law relative to a fixed origin O gives 1 =T, so 


d : ; 
r= — (Rx MR) +i. 
dt 
Using the product rule for differentiating the cross product gives See Unit 20. 
r=Rx MR+R~x MR+I". 
The first term on the right-hand side is zero, since RxR= 0, so 
C-KhevVRer. 
By Newton’s second law F = MR, hence 
r-RxF=!". 


Now we use Equation (4.7) to get the desired relationship between the torque 
and angular momentum relative to the centre of mass: 


ra (4.8) 


This is also worth stating formally. 


Torque law relative to the centre of mass 


The total external torque on an extended body relative to its centre Remember that we are 

of mass is equal to the rate of change of the total angular momentum modelling the extended body 
relative to the centre of mass. So, if I! is the total external torque as a system of n particles. 
on the body relative to the centre of mass, and I! is the total angular 
momentum of the body relative to the centre of mass, as defined in 
Equations (4.4) and (4.5), then 


prel = jrel, (4.8) 


This result shows that we can extend the torque law of Section 2 by consider- 
ing torques and angular momentum relative to the centre of mass. Therefore, 
to model rotational motion, we can work in a frame of reference where the 
centre of mass is taken as the origin and thought of as fixed. We can then 
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deal with motion of the centre of mass separately; this can be done by ap- 
plying Newton’s second law to an equivalent particle located at the centre 
of mass. 


We can use the torque law relative to the centre of mass to justify an as- 
sumption we made in Section 1, that the angular momentum relative to the 
centre of mass is conserved for projectiles in flight. 


Conservation of angular momentum: special case 


Suppose that each particle in a system of n particles is subject to an 
external force of the form cm,;k, where c is a constant, m,; is the mass 
of the ith particle and k is a fixed vector, and that there are no other 
external forces on the system. Then I"*! = 0, and so I'*! is constant. 


The next exercise asks you to establish this result. 


Exercise 4.2 


(a) Use Equation (4.4) and the torque law relative to the centre of mass to 
establish the boxed result above. 


(b) Show that the boxed result applies to a body (such as a diver or gym- 
nast) in flight and subject only to gravity. 
*Exercise 4.3 


Suppose that all the external forces acting on a system of particles are 
directed towards the origin. Show that I! = —R x F. 


We end this subsection with another decomposition theorem, this time for 
kinetic energy. This theorem is valuable if we wish to tackle a problem about 
rotational motion by using conservation of mechanical energy (rather than 
by using equations of motion). In terms of the vectors defined at the start 
of this subsection, the square of the speed of the ith particle is r;-r;, so the 
total kinetic energy of the system is 


n 
i=1 
Using Equation (4.2) gives 
n 
T=) im, (R $ e) , (R a if") 
i=1 
Expanding the brackets gives 
n 
T= "hm (R-R+2R- it +H. i") 
i=1 
Using the fact that R is independent of i allows us to rearrange to 
nm . : . n nm 
Vea (> m) R-R+R- (>: mit +5 >) meth. eee, 
i=1 i=1 i=1 
The first bracketed term in this equation is the total mass M of the system. 


Using Equation (4.3) we can show that the second bracketed term is zero. 
So the equation reduces to 


n 
T=5MR-R+5 90 mith ee. (4.9) 
i=1 
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Here we have used 
a-b=b-a to collect terms. 
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This result can be stated in words as follows. 


Kinetic energy decomposition theorem 


The kinetic energy of an extended body is equal to the kinetic energy 
of an equivalent particle that has the velocity of the body’s centre of 
mass, plus the sum of the kinetic energies due to the motion, relative 
to the centre of mass, of all the body’s constituent particles. 


4.2 A rigid body rotating with fixed orientation 


Consider a rigid body that is in motion, rotating about an axis which may 
itself move but which remains pointing in the same direction. A cylindrical 
can rolling down a slope, with its axis pointing in the same horizontal di- 
rection throughout, provides an example of such motion. In this situation, 
the centre of mass of the rigid body may be moving, but the motion relative 
to the centre of mass is of the type considered in Section 3. The position of 
each particle in the rigid body, relative to the centre of mass, is constrained 
in the same way that the position of each particle was in our discussion in 
Subsection 3.1. This means that arguments similar to those in Section 3 
can be used to deduce expressions, in terms of the moment of inertia, for 
the angular momentum and kinetic energy of the rigid body, relative to its 
centre of mass. 


To illustrate these points, take a rigid body of mass M that is rotating about 
an axis of fixed orientation through its centre of mass with angular velocity 
w = wk, where k is a fixed unit vector. Let I be the body’s moment of 
inertia about that axis. Then, the k-component of the angular momentum 
of the body relative to the centre of mass is Iw, while the kinetic energy of 
the body relative to the centre of mass is sl w*. Combining these results with 
the torque law relative to the centre of mass (Equation (4.8)) and the kinetic 
energy decomposition theorem (Equation (4.9)) leads to the following. 


Rigid body rotating with fixed orientation 


A rigid body of mass M is rotating about an axis of fixed orientation 
through its centre of mass, with angular velocity w= wk, where k is 
a fixed unit vector. Let J be the moment of inertia of the body about 
the axis of rotation. 


The k-component [! (= I"! k) of the angular momentum of the body 
relative to the centre of mass is given by 


rel = Tus. (4.10) 
The equation of relative rotational motion of the body is 
re = 10, (4.11) 


where Ite! (= te! . k) is the k-component of the total external torque 
relative to the centre of mass. 


The kinetic energy T of the body is the sum of the kinetic energy of 
an equivalent particle at the centre of mass and the rotational kinetic 
energy relative to the centre of mass: 
om: 
T=5M|RI + $1u”, (4.12) 
where R is the position vector of the centre of mass. 


The term ‘equivalent particle’ 
is used to mean a particle of 
the same mass as the body 
located at its centre of mass. 
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*Exercise 4.4 


A drum majorette’s baton is modelled as a uniform cylindrical rod with 
spheres of equal mass at each end. The rod has mass 0.1 kg, length 0.8m 
and diameter 0.04m. Each sphere has diameter 0.1m and mass 0.25kg. The 
baton has been thrown upwards and is rotating at 1 revolution per second 
about a horizontal axis through its centre of mass and normal to the axis of 
the cylinder. Its centre of mass, which was initially at O, is moving vertically 
upwards at 5ms~!. 


(a) Find the kinetic energy of the baton. 


(b) Find the k-component of the angular momentum of the baton, relative 
to O, where k is a unit vector in the direction of the axis of rotation. 


In the video, you saw examples of the Highland sport of tossing the caber. 
We now consider one part of the motion of the caber: the moment at which 
it strikes the ground (see Figure 4.1). The aim of the toss is to ensure that 
the caber finishes lying on the ground with the end X, which was originally 
being held by the competitor, now furthest away from him. Even if the caber 
strikes the ground as shown in the figure, before it has rotated sufficiently for 
X to have moved to the right of Y, it may maintain sufficient rotation after 
impact for X to swing past Y, and for the caber to fall with X pointing away 
from the competitor. How might we model the effect of the caber hitting 
the ground on its rotational motion? 


When an object hits the ground, there is an impact, during which the object 
is subject to forces of great magnitude over a short period of time. These 
forces drastically change the motion of the object. To model the impact, 
we shall assume that after hitting the ground the end Y of the caber is 
stationary, and that, during impact, all the forces on the caber are acting 
at the point Y. Take an origin at the point Y, and consider the torque and 
angular momentum about that point. Since we are assuming that all the 
external forces act at Y during the impact, the torque about Y is zero. Then, 
by the torque law, the angular momentum about Y is conserved during the 
impact. 


You are asked to develop this model further in the following exercise. 
Exercise 4.5 


A caber is in flight, and its end Y is about to strike the ground at O at an 
angle 6 from the vertical. Use the axes shown in Figure 4.2, and assume 
that the motion of the caber is confined to the (x, y)-plane throughout. The 
centre of mass G' of the caber has velocity vzi+ v,j, and the angular speed 
of the caber about G is w (clockwise). Model the caber as a uniform thin 
straight rod of length 2L and mass m. 


(a) Use a decomposition theorem to find the k-component of the angular 
momentum of the caber about O just before it hits the ground. 


(b) Let w; be the angular speed of rotation of the caber about O just after 
it hits the ground. Show that 


wy = Gw+ Ale cos @ + vy sin 8). 

(c) To rotate past the vertical, the caber must have sufficient kinetic energy 
after impact that it reaches the vertical with non-zero kinetic energy. 
Use this fact to obtain a condition (expressed in terms of w; and the 
other parameters) that must be satisfied if the caber is to rotate past 
the vertical. (Do not substitute for w; from part (b) — messy algebra!) 
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You considered an identical 
baton in Exercise 3.3. Use 
any results from the solution 
to that exercise that you find 
useful. 


X 
direction 
of  ——» 
motion 
Wy 
Figure 4.1 


We are assuming that during 
the impact the force due to 
gravity is negligible compared 
with the forces acting at Y. 


Figure 4.2 


Section 4 Rotation about a moving axis 


4.3 Rolling objects 


In the video you saw solid and hollow cylindrical cans being ‘raced’ down an 

inclined plane. We are now in a position to model that situation quantita- 

tively. To do so, we shall assume that there is no loss of mechanical energy We discuss later why this 
when a cylinder rolls down a slope. assumption is justified. 


Consider a cylinder of mass M and radius R rolling down a plane inclined at 
an angle ¢ to the horizontal (Figure 4.3). We shall first look at the behaviour 
of a uniform solid cylinder. Its moment of inertia J about an axis through 
its centre of mass is 5M R? (from Table 3.1). The cylinder starts from rest 
at the origin O, and we want to find how long it will take to reach the point 
A, where the distance OA is L. 


Take the situation where the cylinder has rolled as far as X (Figure 4.4), 
and choose Cartesian unit vectors i and j as shown in the figure. Let 
OX =x, and suppose that in rolling from O to X the cylinder has turned 
through an angle 0, without any slipping having occurred. The distance 
OX must be equal to the length of the circumference of the cylinder from 
B to X, where B is the point of contact between the cylinder and the slope Figure 4.3 
at the outset, so 


He =: (4.13) 


We refer to this equation as the rolling condition. 


When the cylinder is at the point shown in Figure 4.4, its centre of mass 
has position ri+ Rj. Hence the velocity of the centre of mass is Zi, since 
Ris constant. The cylinder is rotating clockwise at an angular speed of 0. 
Therefore, by Equation (4.12), the cylinder has kinetic energy 
72 
T = 5Mz? + 5(5MR*)O. (4.14) 
From Equation (4.13) we have R@ = «, and so 


T = $Mé? + $Me? = 3Mi2?. 


Because the cylinder starts from rest at O, its initial kinetic energy is zero. 

In moving from O to X, the centre of mass of the cylinder descends a 

vertical distance xsin@. So the potential energy of the cylinder is reduced Figure 4.4 
by Mgasin ¢. Then, if mechanical energy is conserved, we have 


3Ma? = Mgzsin ¢. (4.15) 
By differentiating each side of this equation, we obtain 
3M&é = Mgésin ¢. (4.16) 
On dividing by Mz and rearranging, we obtain The cylinder is not stationary, 
30 & is not : 
ees 29sin d. (4.17) so X18 not zero 


Now, if the cylinder were simply sliding down the slope (without friction) 

rather than rolling down, it would have acceleration gsin ¢. But from Equa- You saw this in Unit 6. 
tion (4.17) we see that the rolling cylinder has a lower acceleration than if 

it were to slide down the slope. This is because, in the case of the rolling 

object, some of its potential energy has been converted into kinetic energy 

of rotation, while for a sliding object all the kinetic energy is associated with 

the linear motion of the centre of mass. 
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*Exercise 4.6 


(a) Adapt the foregoing argument to obtain an expression for the acceler- 
ation of a hollow cylinder of mass M and radius R when it is rolling 
down the same slope as considered above. (Model the hollow cylinder 
as a thin cylindrical shell, all of whose mass is at a distance R from its 
axis.) 


(b) In a ‘race’ over a distance of 2m down a slope angled at § to the 
horizontal, how much faster will a solid cylinder travel than a hollow 
one? Do the masses of the cylinders matter? 


We shall now consider the forces on a cylinder as it rolls down a slope without 
slipping (see Figure 4.5). Since the cylinder starts from rest, it is gaining 
angular momentum about its centre of mass as it rolls, so there must be 
some force supplying a torque relative to the centre of mass. This cannot 
be the weight W — you saw in Exercise 4.2 that the force of gravity on 
a body gives a zero torque relative to the centre of mass. Another force 
on the cylinder is that from the slope: the normal reaction N of the slope 
acts through the centre of mass, so again it gives a zero torque about the 
centre of mass. That leaves only a force between the slope and the cylinder 
in the direction of the slope, which is supplied by friction. Therefore, we 
must include friction F in our model if the model is to have any hope of 
predicting the motion that is observed. 


*Exercise 4.7 


(a) Use Newton’s second law (for the motion of an equivalent particle at the 
centre of mass) and the equation of relative rotational motion (Equa- 
tion (4.11)) to find an expression for the acceleration of a solid cylinder 
of mass M and radius R when it is rolling (without slipping) down a 
slope of angle ¢ to the horizontal, as in Figure 4.5. 


(b) The condition for the cylinder to roll without slipping is |F| < y|N], 
where yp is the coefficient of static friction. Obtain a condition relating 
@ and yu that must hold if only rolling is to occur. 


In a system where there is friction, you might reasonably expect there to 
be a loss of mechanical energy. However, this is not necessarily the case. 
A cornering car needs a sideways frictional force between each tyre and 
the road to avoid skidding, as you saw in Unit 20, but, so long as the car 
does not skid sideways, there is no loss of mechanical energy due to this 
force. The point of contact between the tyre and the road does not move 
in the direction of the frictional force, and thus no mechanical energy is 
lost to friction. The situation is similar for the rolling cylinder, though 
this is perhaps more difficult to see. The point on the cylinder that is in 
contact with the slope at any instant does not move relative to the slope (if 
it did, the cylinder would skid and the rolling condition would not hold). 
Hence there is no loss of mechanical energy due to the force F. The truth of 
this assertion was demonstrated in Exercise 4.7(a), where you saw that the 
equation for the acceleration of the centre of mass obtained using Newton’s 
second law, and making no assumption about the mechanical energy, is the 
same as that obtained earlier in this subsection using the assumption that 
mechanical energy is conserved. 
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We shall assume that air 
resistance is negligible. 


If there were no friction 
between the slope and the 
cylinder, the cylinder would 
simply slide down the slope 
without rolling. 


Figure 4.5 


That is, the force F is normal 
to the velocity r, and so 

F-r =0. Therefore the work 
done by F is zero (see 

Unit 24). 


Section 4 Rotation about a moving axis 


End-of-section Exercises 


Exercise 4.8 


(a) During a caber-tossing competition, a competitor runs forward holding 
the caber (carrying the end X) and stops suddenly. While the competi- 
tor is running, the caber is vertical, and the whole caber has the same 
forward speed, v. When the competitor stops, a large force is exerted 
at X for a very short time, with the effect that the end X of the caber 
becomes stationary (see Figure 4.6). Model the caber as a uniform thin 
rod of length 2L and mass m, and assume that the motion of the caber 
is confined to two dimensions, in the (, z)-plane in Figure 4.6. 


(i) What will be the motion of the caber just after the competitor stops? 


(ii) What will be the kinetic energy of the caber just after the competi- 
tor stops? 

(b) Suppose that, after stopping, the competitor holds the end X of the 
caber stationary while the caber falls forward under gravity. Assuming 
that resistive forces are negligible, estimate the angular speed of the 
caber when it makes an angle @ with the vertical. 


*Exercise 4.9 


An object consists of two solid uniform cylinders, each of radius R and 
mass M, connected by a solid uniform cylindrical shaft of radius r and mass 
m. The object is suspended by a cord (of negligible thickness) wrapped 
around the shaft, and falls vertically under gravity (see Figure 4.7). Assume 
that the tension force due to the cord acts halfway along the shaft, that 
resistive forces are negligible, that the axis of rotation of the object is always 
horizontal, and that the cord unwinds from the shaft without slipping. Find 
the acceleration of the object in terms of r, R, mand M. 


4 i 
V 
es 
after 
Vv oN 
——— 2L 
before 
————— ». 
a 
4 ae 
xX x 


Figure 4.6 This represents 
the instant of change between 
the phases shown in 

Figure 1.6(i) and (ii). 


Figure 4.7 
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Outcomes 


After studying this unit you should be able to: 
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model the motion of an extended body as the motion of an equivalent 
particle at the centre of mass combined with the motion of the body 
relative to its centre of mass; 

find the moments of inertia of rigid bodies of common geometrical shapes 
about axes of symmetry by reference to Table 3.1, and use the parallel- 
axes theorem to find the moments of inertia of such bodies about other 
axes; 

determine the angular momentum and kinetic energy of a rigid body 
rotating about an axis whose direction is fixed, using the appropriate 
decomposition theorem if necessary; 

for an extended body subjected to an impact at a particular point, use 
conservation of angular momentum about that point to relate the mo- 
tions of the body before and after the impact; 

give the equation of rotational motion for a rigid body rotating about a 
fixed axis, or the equation of relative rotational motion for a rigid body 
rotating about an axis whose direction is fixed; 

use the rolling condition to relate the translational and rotational mo- 
tions of a body rolling across a plane surface without slipping; 

apply the various theoretical results established in this unit, including 
the torque law and the various decomposition theorems. 


Solutions to the exercises 


In all the solutions in this unit we work in SI units. 
Section 1 


1.1 (a) To determine the time of flight, £, we need 
only consider the vertical motion of the centre of mass. 
The centre of mass starts with an upward velocity com- 
ponent of 4cos § = 2\/3ms~!, but is subject to a con- 
stant acceleration of g = 9.81 ms~? downwards, and it 
descends from an initial height (above ground level) of 
3 —1.2cos } = 2.4m to a final height of 1.2m. Hence, 
from the constant-acceleration equation, 


~1.2 = 2V3t — 4 x 9.812. 
Solving for t, and rejecting the negative root, we obtain 
t = 0.96. So the gymnast is in flight for about 0.96s. 


5a 


(b) The gymnast rotates through =F (from Exam- 
ple 1.2(b)) in approximately 0.96s, and therefore has 
an angular speed of 57/(3 x 0.96) ~ 5.45rads~!. Sup- 
pose his moment of inertia about an axis through his 
centre of mass is Ip in the tuck position, and Ig when 
fully extended. Just after leaving the bar, he is fully 
extended and has angular speed 2 rad s~! (from Ex- 
ample 1.2(a)). Now, angular momentum is given by Iw, 
where J is the moment of inertia and w is the angular 
speed. Since angular momentum is conserved, we have 
I By = [75.45. 

Hence I7/Ig = 10/(3 x 5.45) ~ 0.61. So adopting a 
tuck position must reduce the moment of inertia by at 
least 40%, if it is to allow the gymnast to complete the 
dismount. (In practice, the reduction in the moment 
of inertia would need to be greater than this, since the 
gymnast will need time to get into and out of the tuck 
position. ) 


1.2 (a) In the first phase, the whole caber gains a uni- 
form horizontal speed. There is no rotation. 


In the second phase, the bottom end of the caber is sta- 
tionary. The upper part of the caber retains forward 
momentum. The result is to turn the forward motion 
into rotation about the bottom end of the caber. As the 
caber topples forwards, gravity supplies a torque about 
the hands, increasing the rate of rotation. 


In the third phase, as the competitor pushes upwards, 
the resulting upward force applies a torque about the 
centre of mass, further increasing the rotation of the 
caber until the moment of release. (By waiting for the 
caber to rotate forward in the second phase before ap- 
plying this force, the competitor increases the distance 
of the centre of mass from the line of action of the up- 
ward force that he applies, so increasing the torque.) 
In the fourth phase, the centre of mass moves like a 
projectile. If resistive forces are ignored, it will follow a 
parabolic path and the angular speed about the centre 
of mass will be constant. 

In the final phase, the end of the caber strikes the 
ground and becomes stationary (assuming that it does 


Solutions to the exercises 


not skid or bounce). The caber will, however, re- 
tain some forward rotation about the end that hits the 
ground. If it lands as illustrated in Figure 1.6(v), with 
the upper end yet to reach the vertical, gravity will 
provide a torque that slows this rotation. Whether or 
not the caber will rotate past the vertical, ensuring the 
toss is successful, will depend on the angle at which the 
caber lands, and on how much angular momentum it 
has from the preceding phase. 


(b) As the centre of mass of a tapered caber is nearer 
to the thicker end of the caber than to the thinner end 
being held by the competitor, in the third phase the 
centre of mass will be further from the line of action of 
the force (applied by the competitor) than if the caber 
was not tapered, so increasing the applied torque about 
the centre of mass. 

For a tapered caber, the centre of mass will have fur- 
ther to fall during the fourth phase. This will increase 
the time of flight, and hence increase the angle through 
which the caber rotates while in flight. 

Suppose that the caber strikes the ground, thicker end 
first, before it has rotated past the vertical. Then, in 
the fifth phase, the centre of mass will be closer to the 
ground than if the caber were symmetric, thereby reduc- 
ing the torque that is slowing down the caber’s rotation. 
Consequently the chances of a tapered caber reaching 
the vertical are greater. 


Section 2 


2.1 The pairs of forces shown in Figure 2.1(a), (b) and 
(c) satisfy Equation (2.1). Those in Figure 2.1(d) do 
not. 


2.2 The pair of forces that satisfy Equation (2.1), but 
don’t satisfy Newton’s third law, is in Figure 2.1(c). 
(The forces in Figures 2.1(a) and 2.1(b) satisfy New- 
ton’s third law: they are opposite in direction and act 
in the same straight line. Figure 2.1(d) does not show 
forces satisfying Newton’s third law: although they act 
in the same straight line they are not in opposite direc- 
tions.) 


2.3 Differentiating the given expression for r, we have 
r = —6sin(2t)i+ 8 cos(2t)j. 
Then at ¢t = 0, the expressions for r and f reduce to 
r = 3i+ 5k, 
r = §j. 
So the angular momentum of the particle about O at 
t=Ois 
r X mr = (3i+ 5k) x 20(8j) = 160(3k — 5i). 
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2.4 (a) The angular speed w of the particle is v/R, 
and the angular velocity w is (v/R)k. 
(b) By definition, 

l=r xX mr. (S.1) 
Now, using w as defined in part (a), we have 

r = R(cos(wt)i + sin(wt)j), 
and therefore (since w is constant) 

r = Ru(—sin(wt)i + cos(wt)j). 
Then, substituting for r and r in Equation (S.1), we 
find 
l= R(cos(wt)i + sin(wt)j) x mRw(— sin(wt)i + cos(wt)j) 

= mR?w(cos? (wt)k + sin? (wt)k) 
= mR?wk. (S.2) 

(c) For a single particle, the moment of inertia is mr? 
(from Unit 25), where r is the distance of the particle 
from the relevant axis. In this case, r = R, so 

l=mR’. (S.3) 
(d) Substituting into Equation (S.2) from Equa- 
tion (S.3), and writing w = wk, we have 

l= mR?wk = Iw. 


2.5 From the definition, the particle has angular mo- 
mentum l =r X mr, where r gives the particle’s posi- 
tion relative to O. Since the velocity r of the particle 
is constant, the particle will follow a straight line path, 
as illustrated in the figure below. The position vector r 
is varying, but wherever the particle is on the path, the 
vector r X r will have magnitude alr|, where a is the 
perpendicular distance from O to the particle’s path, 
and direction normal to the plane shown in the figure 
(and out of the page in the case illustrated). Thus the 
angular momentum is constant, since both a and |z| are 
constant and its direction is constant. 


path 


2.6 (a) Asr=zi+ yj, it follows that 
rxX r= (si+ yj) x (i+ yj) 
= yk — y&k = (xy — y&)k. 
(b) The angular momentum of the particle about O is 
given by 
l=r xX mt =mi(r X fr) 
= m(«y — y&)k, (S.4) 
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from part (a). But 
x=rcos#, y=rsind. 
Hence 
& = rcosd— r sin @, 
y =rsind + r0cosd. 
Then 
ay — yr = rcos O(7sin 6 + 18 cos 0) 
— rsin (7 cos 6 — r@sin @) 
= ri-cos sin 8 + 120 cos? 6 
— rf cos Osin@ + 770 sin? 6 
= 776. (S.5) 
So, substituting from Equation (S.5) for #y— ya in 
Equation (S.4), we find that the angular momentum 
of the particle about O is 
l= mr? 6k. 


2.7 In Example 2.1(b)(i), we found 

r = —Rwsin(wt)i + Rw cos(wt)j. 
Differentiating this gives the acceleration 

# = —Ru” cos(wt)i — Ru” sin(wt)j. (S.6) 
The total force on the particle is F = mr. So, substi- 
tuting for ¢ from Equation (S.6), we have 


F = —mRw”(cos(wt)i + sin(wt)j). (S.7) 
Now, T =r xX F, which, on substituting for r from 
Equation (2.7) and for F from Equation (5.7), becomes 


T = (Rcos(wt)i + Rsin(wt)j + hk) 
x (—mRw?)(cos(wt)i + sin(wt)j) 
= —mR?w?(cos(wt) sin(wt)k — cos(wt) sin(wt)k) 
— mhRu*(cos(wt)j — sin(wt)i) 
= mhRu"(sin(wt)i — cos(wt)j). 
Comparing this with Equation (2.10), we see that we 
have obtained the same expression for I. 


2.8 (a) From Equation (8.2), the angular momen- 
tum, about O, of the particle at A is mj a?w, while 
the angular momentum, about O, of the particle 
at B is m2b?w. So the total angular momentum of 
the two-particle system modelling the roundabout is 
mya?w + mob?w = Iw, where I = mj a? + m2b?. 


(b) Since the force at C is applied in a horizontal di- 
rection at right angles to OC, it exerts a torque about O 
of cFk. There are other external forces on the system 
that need to be taken into account: the force at O ex- 
erted by the fixed spindle, and the weight of each of 
the two particles. The force from the spindle has zero 
torque about O. Each weight exerts a non-zero torque 
about O, but the condition m,a = mb ensures that the 
torques exerted by the two weights are equal and op- 
posite, so their sum is zero. Hence the total external 
torque on the two-particle system is cF'k. 


Then, as the total angular momentum of the system is 
Iw (from part (a)), the torque law applied to the system 


consisting of the two particles at A and B gives 
d 
—(Iw) = cFk. 
ql) 

Because I is a constant and w = wk, this equation can 

be rewritten as 


Iwk = cFk, 
which simplifies to 
Iw=cF. (S.8) 


(c) From Equation (8.8), 

cF 

Tt: 

Now c= 1.5, F = 315, and J can be calculated from 


T= mya? + mob? 
= (45 x 17) + (60 x 0.757) = 78.75. 


So, on substituting, we have 

1.5 x 315 _9 

w= 7375 6rads ~*. 
Rotations at 0.5 revolutions per second require an an- 
gular speed of trads~'. A force of magnitude 315N 
increases the angular speed from 0 to 6rads~! in one 
second, so to reach an angular speed of wrads~! start- 


ing from rest will take = ~ 0.5s. 


w= 


2.9 The only force assumed to be acting on each star 
is the gravitational force due to the other star, which is 
an internal force. Hence the total external force acting 
upon the two-particle system is zero, and consequently 
so is the external torque. It follows from the torque 
law that the angular momentum of the system must be 
conserved, and so its magnitude / is constant. 


Suppose that the distances of the stars from their com- 
mon centre of mass, O, are d,; and dz, respectively, 
and that the angular velocity of each star about O is 
w = wk. (Since the two stars are rotating as though tied 
together by a rigid rod, their angular velocities must 
be the same.) Then, from Equation (2.6), the angular 
momentum of star 1 is midjwk and that of star 2 is 
mod3wk. The total angular momentum I of the system 
is 


mydjwk + mzd3wk = (mj d? + m2d3)wk. 
By an argument similar to that used in Example 2.2, 
this must be equal to 


Ne 
my + me 
Therefore 
mim 
(= —— Pw, 
my + Mg 
and this can be rearranged to give 
my + M2 
Ww = ——l. 
mymyd? 


Then, the period of rotation of the system is 


20 _ 2am 1mM2d? 


w (my +ma)l 


Solutions to the exercises 


2.10 Apply the torque law about the point X. Since 
all the external forces are applied at X, the total exter- 
nal torque about X is zero. Hence the rate of change 
of angular momentum about X is zero, i.e. the angular 
momentum of the system about X is constant. 


2.11 (a) From Equation (2.9), we have 
L= mR?wk — mhRu(sin(wt)j + cos(wt)i)) 
= mR?wk — mRhwe,. 


(b) (i) The angular momentum of the whole body 
is given by )7_,(m;R?wk — m;Rhiwe,), where m; is 
the mass of particle i and h; is its height above the 
(a, y)-plane. Now R and w are the same for each parti- 
cle in the body, so }77_, m;R?wk = M R?wk, where M 
is the sum of the masses m, of all the particles forming 
the body, i.e. M is the mass of the body. Summing the 
terms m;Rh,we,. is less straightforward, because differ- 
ent particles in the body have different heights h;, but 
we obtain we,R > >i_, mihi. Suppose RY, mihi is 
denoted by A. Now R is positive, each m,; is positive 
and h, is zero for a particle at the lowest point on the 
body, but is greater than zero everywhere else, so A is 
positive. Also R and each m; and h,; are constant, and 
hence so is A. Therefore the angular momentum I of 
the whole body is 


l= MR?wk — Awe,, (S.9) 
where A > 0 is constant. 


(ii) None of M, R, w, k or A varies with time, but 
the vector e, does (because its direction is changing). 
Hence, differentiating Equation (S.9) with respect to 
time yields 

i = —Awe,. (S.10) 
Now, e, = cos(wt)i + sin(wt)j, so 

e, = —wsin(wt)i + wcos(wt)j, 
which lies in the (x, y)-plane and is normal to e,. (since 
its dot product with e,; is 0). Also, for each particle the 
motion is circular, so é, is tangential to the motion, as 
you saw in Unit 20. 


By the torque law, the total torque on the body is T = ib: 
Since each of A and w is a positive constant, we see from 
Equation (S.10) that J, and therefore I’, is a non-zero 
(negative) multiple of é,. Thus the body must be sub- 
ject to a non-zero torque in a direction tangential to the 
motion. 


(c) (i) Since the skater’s centre of mass is following a 
circle at constant angular speed, its acceleration is to- 
wards the z-axis, i.e. in the direction of —e,. Thus, by 
Newton’s second law, the total external force F on the 
skater must be in this direction. 


(ii) Let W be the skater’s weight, and let the force 
exerted on her skates by the ice have component 
forces N vertically upwards and R horizontally. So 
F=W+N+R. From part (c)(i), the vertical com- 
ponent of F is zero, so W+N =O. If the skater is 
perfectly vertical, N and W have exactly the same line 
of action, so the sum of their torques must also be zero. 
Since F must be in the direction of —e,., the component 
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of R normal to e, must be zero. Therefore if O is the 
centre of the circle followed by the skater’s feet, the line 
of action of R passes through O, and hence R has zero 
torque about O. This means that if the skater is verti- 
cal, the total torque about O will be zero. But part (b) 
showed that a system of this kind must be subject to a 
non-zero torque in the tangential direction! So it is im- 
possible for the skater to follow a circle while remaining 
vertical. 


To follow a circle, the skater needs to adopt a position 
in which there is a non-zero torque in the tangential di- 
rection. To do this, she must lean into the circle. This 
will mean that W and N do not have the same line of 
action, and so they provide a non-zero torque. 


Section 3 


3.1 (a) The z-component of the total torque on the 
roundabout is 1.5(100) — 0.1(cw). 


The moment of inertia of the roundabout (from 
Example 3.1) is $(250)(1.2)? = 180, so, from Equa- 
tion (3.4), the equation of rotational motion for the 
roundabout is 


180W = 150 — 0.1ew. (S.11) 


(b) Employing methods from Unit 2 (either separa- 
tion of variables or the integrating factor method can 
be used in this case), we can obtain the general solution 
of Equation (S.11), which is 

1500 
+—. 

c 

Since the roundabout is at rest at the outset, we have 
w=0att=0. The particular solution satisfying this 
initial condition is 

ve 1500 (1 _ ——) 

c 


w= Ae7ct/1800 


(S.12) 


(c) If pushing continues indefinitely, Equation (S.12) 
implies that the rotational speed will increase to almost 
1500/c as the exponential term becomes negligible, and 
it will then become steady. For c= 10, this maximum 
angular speed is 150rads~!. To follow the roundabout 
at that speed, the pusher would need to be travelling 
at 1.5(150) = 225ms~!. This is not very likely! 


3.2 The moment of inertia, Jy, of the mace about AB 
is the sum of the moment of inertia, Ig, of the sphere 
about AB and the moment of inertia, JR, of the rod 
about AB. Using Table 3.1, in conjunction with the 
parallel-axes theorem, we have 

Is = 2Mr? + M(d+r)’, 
2 


I= 4mR? + amd +m ($d) 
1 2,1, 29 
= gmk a md ; 
and so 
Im = Is +TIp 


= 2Mr? + M(d+r)* + mR? + 4md’. 
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3.3 The kinetic energy of the baton is given by $Iw”, 
where I is the moment of inertia of the baton about the 
axis of rotation and w is the angular speed. Now, the 
moment of inertia of the baton is the sum of those of 
the cylindrical rod and the two spheres. The cylinder 
is rotating about its centre of mass, and the moment of 
inertia (from Table 3.1) is 
1(0.1)(0.02)? + 7 (0.1) (0.8)? ~ 0.005 34 kg m?. 

Each sphere has its centre of mass 0.45 m from the cen- 
tre of the baton. To find the moment of inertia of a 
sphere about the axis of rotation, we find the moment 
of inertia about its centre of mass from Table 3.1 and 
use the parallel-axes theorem, to obtain 


2 (0.25) (0.05)* + 0.25(0.45)? ~ 0.0509 kg m?. 
So the moment of inertia J of the baton is 
0.005 34 + 2(0.0509) ~ 0.1071 kg m?. 


The angular speed w of the baton is 27rads 
the kinetic energy of the baton is 


Iu” = $(0.1071)(2m)? ~ 2.11 J. 


—1. Hence 


3.4 (a) (i) As yousaw in Example 3.2, when the man 
is 0.2m from the centre of the roundabout, the angular 
speed of the roundabout is w; = trads~!. The moment 
of inertia of the combined system under these circum- 
stances is J; = 176kgm?. So the kinetic energy of the 
system is 

$Twi = $ x 1761? ~ 869 J. 


(ii) Similarly, when the man is 1m from the centre, 
the angular speed is wo ~ 2.19rads~+. The moment of 
inertia of the combined system is [2 = 252.8kg m?. So 
the kinetic energy of the system is 

$1w5 ~ 4 x 252.8(2.19)? ~ 606 J. 


(b) When the man moves inwards, the kinetic en- 
ergy of the system increases, from about 606 to about 
869 joules. 


3.5 The kinetic energy of the body is given by $Iw”, 
where J is the moment of inertia of the body about the 
axis of rotation. By the parallel-axes theorem, 


I=Ig+ MR’. 
The centre of mass is following a circle of radius R at 
angular speed w, so Rw = v, and hence the kinetic en- 
ergy of the body is 
s1u” = (Ig + MR?)u* 
= $Igw* + $M(Rw)? 


1 ae 2 
= slaw + 5M". 


3.6 The diver’s centre of mass starts at a height L 
above the board. In the position at which the diver lets 
go of the board, the vertical displacement (above the 
board) of her centre of mass is L cosa, so the potential 
energy has decreased by 


mgL(1 — cosa). 
Let Jo be the moment of inertia of the diver about O. 


Then the kinetic energy at the time of letting go of the 
board is $[ow”. 


The kinetic energy at the outset is zero, as the diver is 
at rest, so by the conservation of mechanical energy, we 
have 


slow” = mgL(1 — cosa). 
The parallel-axes theorem gives 
Io =Ig+mL?. 


Hence 


mae — cos a) 
os : 


Ig+ mL? 


3.7 (a) From Figure 3.17, we have 
x=—Lsin@, y=Lcosé. 
Differentiating with respect to t (and remembering that 
0 is varying with t), we obtain 
&=—Lécosé, y= —Lésing. 
Differentiating again with respect to t gives 
%= Le py Ee COee, (8.13) 
y = —Lé cos 6 — Lésin 0. 


(b) The diver is rotating about a fixed axis through O. 
The component of the total external torque about O in 
the direction of the axis of rotation (the k-direction in 
Figure 3.17) is mgLsin@. So, from Equation (3.4), the 
equation of rotational motion about O for the diver is 


Io = mgL sin 6. 


(c) As in Exercise 3.6, the principle of conservation of 
mechanical energy gives 


Ligg = mgL(1 — cos 8@). 
Differentiating this equation with respect to t gives 
1 19(200) = mgLOsin 8, 
which simplifies to 
Io6 = mgLsin 6, 
the equation of rotational motion derived in part (b). 
(d) (i) By applying Newton’s second law, we obtain 
Ryi+ Roj — mgj = mé = m(Li + Gj). 
Resolving in the x- and y-directions gives 


ie = Mz, 


ia (S.14) 


(ii) Substituting from Equation (5.13) in Equa- 
tion (S.14) for % and ¥ gives 

R= m(LO sin § — Lécos6), 

Ro =mg+ m(—L6" cos § — Lésin@). 
(e) (i) From parts (b) and (c), we have 


(S.15) 


Io = mgL sind, 
Ligg = mgL(1 — cos 8@). 
Then, from Equation (S.15), we obtain 
R= mL(o sin 0 — 0cos 0) 


2mgL L 
=mL “nd” (1 — cos 6) sing — 2 sin # cos 6 
Te ie 


2 


sin 6(2 — 3cos 6). (S.16) 


mL 
= mg 
O 


Solutions to the exercises 


(ii) From Equation (S.16) we have R; = 0 when 
sin@ = 0, with the only solution in the given range 
0 <@< % being @ = 0, or when 2 — 3 cos @ = 0, i.e. when 
3.cos # = 2, with the only solution in the given range be- 
ing 0 = arccos 3 (which is 0.8411, or about 48°). 


(f) From Table 3.1, the moment of inertia of a thin 
rod of length 22 and mass m about an axis through 
its centre of mass is };m(2L)? = 3mL?. So, for this 
model of the diver, using the parallel-axes theorem, 
Io = 3mL? + mL? = FmL?. 
Then, from Equation (S.16), we obtain 

R, = 4mgsin6(2 — 3cos 6). (S.17) 
At 0 = 3, the right-hand side of Equation (S.17) is mg. 
Therefore, if the diver were still in contact with the 
board when 6 = 5, she would need to be exerting a 
horizontal force on the board equal in magnitude to R; 
(and opposite in direction), ie. about 50% greater than 


the magnitude of her weight. 


(g) Equation (5.16) shows that R, < 0 for small val- 
ues of 6. The board is ‘pushing’ (horizontally) on the 
diver’s hands, and, by Newton’s third law, this corre- 
sponds to the diver pushing on the board. However, for 
9 > arccos 3, we need R, > 0. We are assuming that 
the diver cannot pull on the board to provide a force 
in this direction, so the diver is unlikely to be able to 
rotate past arccos 2. The diver is therefore likely to 
lose contact with the board when @ is approximately 


arccos 3 (i.e. about 48°). 


Section 4 


4.1 Start from the definition of the total external 
torque relative to the fixed origin O: 


T= ee x F;. 
w=1 


Now use Equation (4.1) to substitute for r;, to yield 


r=) (R+r7") x Fi. 
i=1 
Expanding the bracket gives 


r=)°Rx B+ Sor x Fj. 
w=1 w=1 


The first term on the right-hand side simplifies because 
R is independent of 7, whilst the second term is by def- 
inition the torque relative to the centre of mass (Equa- 
tion (4.4)), so 


The bracketed term is the total force F acting on the 
system, so we obtain 
T=RxF+r", 


as required. 
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4.2 (a) The total external force on the ith particle is 
F; = cm;k. Now, from Equation (4.4), 


n 
Tre! = S re x F; 
i=1 
n 
= ) ry” x cmik 
i=1 


nm 
= (>: ma) x ck; 
i=l 
but, from Equation (4.3), )>j_, mirt! = 0, so 


r!=0xck=0. 


Then, from the torque law relative to the centre of mass 
(Equation (4.8)), P'*! is constant. 


(b) If we model the body in flight as a system of par- 
ticles, then each particle of mass m; is subject only to a 
force F; = migk, where k is a unit vector pointing ver- 
tically downwards. So the only external force on each 
particle has the form cm,;k, where c = g is a constant, 
and hence the boxed result applies, i.e. the angular mo- 
mentum of the body relative to the centre of mass is 
conserved. 


4.3 If the external force on the ith particle is acting 
towards the origin, it must act along the line of the po- 
sition vector r; of the particle, so F; = cr;, for some 
scalar c;. The external torque on this particle about 
the origin is 
Tl; =r; x Fj =7r; xX qr; = 0. 

Then, summing over all particles, T = 0. Hence, from 
the torque decomposition theorem (Equation (4.7)), 


Rx F+r=P=o0. 
Thus Ir! = —R x F, as required. 


4.4 (a) The model of the baton is identical to that 
used in Exercise 3.3, and the angular speed (about the 
centre of mass) is the same as there. So the kinetic en- 
ergy due to the rotation of the baton is 2.11J as there. 
The total mass of the baton is 0.6kg, and the speed of 
the centre of mass is 5ms~!. Hence the kinetic energy 
of an equivalent particle at the centre of mass is 


5(0.6)5? = 7.5 J. 
Therefore, by Equation (4.12), the total kinetic energy 
of the baton is 7.5 + 2.11 = 9.61 J. 


(b) An equivalent particle at the centre of mass of the 
baton would be moving vertically upwards. Since the 
centre of mass is vertically above O, this means that the 
position vector R of the centre of mass and the velocity 
R of the centre of mass have the same direction. Hence 
R x R =0. So the angular momentum of an equivalent 
particle at the centre of mass is 

R x MR = M(R x R)=0. 
Therefore, by the angular momentum decomposition 
theorem (Equation (4.6)), the angular momentum of 
the baton about O is equal to its angular momentum 
relative to the centre of mass. By Equation (4.10), the 
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k-component of this is Iw, where J = 0.1071 (from Ex- 
ercise 3.3) and w = 27, so 
Iw = 0.1071(2m) ~ 0.6729. 


So the angular momentum of the baton, relative to O, 
has a k-component of approximately 0.67kg m? s~'. 


4.5 (a) From the angular momentum decomposition 
theorem, the angular momentum, J, of the caber about 
O just prior to impact is the sum of the angular mo- 
mentum, lg, of an equivalent particle at the centre of 
mass and the angular momentum, I'*!, relative to the 
centre of mass. Now 

lc =R x mR, 
where R = (—Lsin 0)i+ (Los @)j 
and R= v,i + v,j. So 

lg = ((—Lsin #)i + (Lcos @)j) X m(vzi + vyj) 

= mL(—(v, sin #)k — (vz cos @)k) 
= —mL(vz cos 6 + v, sin @)k. 

From Table 3.1, the moment of inertia J of the caber 
(modelled as a thin rod of length 2Z) about an 
axis through its centre of mass is 4;m(2L)? = $mL?. 
Now, since the angular speed w is measured clockwise, 
the angular velocity is w= —wk. So, using Equa- 
tion (4.10), the k-component of the angular momen- 
tum of the caber relative to the centre of mass is 
rel = T(—w) = —ymL?w. 
The k-component of the angular momentum I just be- 
fore the caber hits the ground is the sum of the k-com- 
ponent of I'*! and the k-component of Ig, and thus is 


—mL (3Lw + vz cos 6 + vy sin 6) . 
(b) From the parallel-axes theorem, the moment of in- 
ertia of the caber about an axis through O is 

smL* +m? = 4mL?. 
Assuming that the angular momentum about O is 
unchanged by the impact, we have, on equating k- 
components of the angular momentum just before im- 
pact (from part (a)) and just after impact, 


—mL ($Lw + vz cos @ + vy sin 0) = —§mL7 wy. 
Hence 
3 
i>, (gLlw + vz cos 6+ vy sin 6) 
3 
= fwt+ ap’ cos @ + vy sin 8). (S.18) 


(c) After impact, the caber is rotating about its end O 
at an angular speed w , so its kinetic energy is 


$1wy = 4 (4mL’) we = 2mL*wi. 
To reach the vertical, its gain in potential energy must 
be 
mgL(1 — cos 8). 
To pass the vertical, the caber must reach the vertical 
while still retaining some kinetic energy, so we need 
2mL?w} — mgL(1 —cos6) > 0, 
i.e. (asm > 0 and L > 0) 


2 Lwi — g(1 — cosé) > 0. (S.19) 


The values of #, vz, vy and w when the caber strikes the 
ground will be determined by the way that the com- 
petitor launches the caber. If we know these values and 
the length 2D of the caber, we can calculate w; from 
Equation (5.18). Then condition (S.19) enables us to 
determine whether or not the caber will pass the verti- 
cal. 


4.6 (a) For a cylindrical shell with all its mass at a 
distance R from its axis, the moment of inertia about 
the centre of mass is MR?. Then the total kinetic en- 
ergy T of the cylinder is 

T = 4Mé? + 4(MR2)0 = Ma? 
(compare with Equation (4.14)). 
The assumption of conservation of mechanical energy 
then gives 

Mi? = Mgzxsind 
(compare with Equation (4.15)). Differentiating with 
respect to time, we have 

2Mxxz = Mgxsin d, 
(compare with Equation (4.16)) and so 

= tgsing (S.20) 
(compare with Equation (4.17)). 
(We see that a hollow cylinder has a smaller acceler- 
ation than a solid one. This agrees with the result of 
the ‘race’ conducted in the video. A higher proportion 
of the potential energy lost goes into rotational kinetic 
energy in the case of a hollow cylinder.) 


(b) From Equations (4.17) and (S.20), we can see that 
the acceleration is independent of the mass in each 


case. With ¢ = 2, sind = 5, and substituting in Equa- 
tions (4.17) and (S.20), we obtain 

solid = 59; (S.21) 

hollow — <9: (S.22) 


To find the time T’ to move 2m down the slope at 
constant acceleration ao, starting from rest, we can 
use the formula x = vot + Saot” from Unit 6 to ob- 
tain SagT? = 2. So T = 2/,/ao, and substituting for 
ag from Equation (S.21) and Equation (S.22) the times 
are 
Tsolid = 1.118; 

Thollow = 1.28s. 

Therefore the solid cylinder is 0.17s faster. 


4.7 (a) The centre of mass has acceleration Zi, where 
x is displacement down the slope. So Newton’s second 
law applied to an equivalent particle at the centre of 
mass gives 


Mzi=W+N+F 
= Mg(sin di — cos gj) + |N|j — |Fli. 
Resolving in the i- and j-directions, we obtain 
Mé = Mgsing — |F\, (S.23) 
0 = —Mgcos¢+|NI. (S.24) 
The (clockwise) rotational acceleration of the cylinder 
about its centre of mass is 0, where « = RO (from Equa- 


Solutions to the exercises 


tion (4.13)), so 4 = RO. The moment of inertia of a solid 
cylinder of mass M about an axis in the k-direction 
through its centre of mass is $M R? (see Table 3.1). 
Hence the equation of relative rotational motion is 


—R\|F| = -4MR?6 = -2 MRE. 

So, we have 
|F| = 4Mz. 

Substituting this into Equation (S.23) gives 
Mgsing — $Mé = Mi, 


(S.25) 


gsing = 3%, 
which can be rearranged as 
(S.26) 
This is the same as Equation (4.17), which was obtained 
under the assumption of conservation of mechanical 
energy. 
(b) We have, from Equation (5.24), 

|N| = Mgcos 4, 
and, from Equations (S.25) and (S.26), 


|F| = $Mzé = $M (3gsing) = $Mgsin¢. 


oS 2gsin d. 


|F| = Mgsin ¢ =a 
IN| 3Mgcosé 3 
or equivalently, 


|F| = $tand|N]. 
The condition that the cylinder rolls without slipping 
is |F| < p|NI, ie. $ tan ¢|N| < NI, so that 


tang < 3p. 


tan ¢, 


4.8 (a) (i) During the brief period that the competi- 
tor is in the act of stopping, the large force exerted at 
X has zero torque about X. We would be justified in 
regarding the effect of the torque exerted by the weight 
of the caber during this short period as negligible, but 
since the caber is vertically above X, the line of action 
of its weight passes through X, and so will have zero 
torque about X anyway. Hence, while the competitor 
is in the act of stopping, angular momentum about X 
is constant. Thus the angular momentum of the caber 
about X is the same just before and just after the com- 
petitor stops. 


Before the competitor stops, the whole caber is moving 
forward in the i-direction at speed v. We now use the 
angular momentum decomposition theorem to find the 
angular momentum of the caber about X. The angu- 
lar momentum relative to the centre of mass is zero, 
since the caber is stationary relative to the centre of 
mass. The angular momentum (about X) of an equiva- 
lent particle of mass m and velocity vi at the centre of 
mass is 


Lk X mvi = mvLj. 


Therefore, the total angular momentum of the caber 
about X is mvj. 


Just after the competitor stops, the caber will be ro- 
tating about an axis through X (in the j-direction). 
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Suppose that its angular speed is w, and its moment of 
inertia about X is Ix. Now angular momentum about 
X is the same just before and just after the competitor 
stops, so equating j-components gives 
(S.27) 
Using Table 3.1 and the parallel-axes theorem, we have 
Ix = mL? + 4m(2L)? = $mL?. (S.28) 
Hence, on substituting into Equation (S$.27) and rear- 
ranging, we obtain w = $v/L. 


Ixw= mv. 


So, just after the competitor stops, the caber will 
be rotating forwards (clockwise) at an angular speed 
of 4u/L. 


(ii) The kinetic energy of the caber just after the com- 
petitor stops is 


3y \2 
sIxw” = $(4mL”) (=) a amv. 


(b) Suppose that the caber has angular speed w; about 
X when its angle with the vertical is 6. Then, by the 
conservation of mechanical energy, we have 

sIxw” + mgL = sl xwy + mgL cos 6. 
Rearranging gives 
2mgL 


wt = w+ (1 — cos), 
x 
which, on substituting for w = 3u/(4Z) and Ix (from 
Equation (S.28)), yields 
92-3 

we 6z2 sr (1 cos 8). 
So, when the caber makes an angle 6 with the vertical, 
its (clockwise) angular speed is 


9? 3g 
w= ree + ap — cos 6). 


4.9 Suppose that the object has fallen a (vertical) dis- 
tance x since the start of the motion, and has turned 
through an angle @. Then the amount of cord that has 
unwound from the shaft is r?, so x = r@. 


Let T be the magnitude of the tension force in the cord. 
From Newton’s second law, the equation of motion (in 
the vertical direction) of an equivalent particle at the 
centre of mass is 


(2M + m)g—T = (2M + m)z. (S.29) 
Let I be the moment of inertia of the object about a hor- 
izontal axis along the axes of the cylinders, and hence 
through the centre of mass. Then the equation of rela- 
tive rotational motion is 

rT = 10. (S.30) 
The moment of inertia of the object is the sum of those 
of its three parts: 

I =2($MR?) + $mr? = MR? + $mr’. (8.31) 
From Equation (S.29), the downward acceleration of the 
object is 


T 


t= 9— ou tm 
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Substituting for T from Equation (S.30), and then for 
0 using « = rd, we have 

I g_ I, 
(2M+m)r 0 (2M + mre 
Hence, on gathering terms and using Equation (S.31), 
we obtain 

— g(2M+m)r2 

°~T+QM+m)r2 


L=J 


g(2M + m)r? 
M(R?2 + 2r?) + 3mr? ; 


UNIT 28 Planetary orbits 


Study guide for Unit 28 


In this unit you will see how Newton’s laws of motion and Newton’s law 

of universal gravitation can be used to predict the orbits of planets around 

the Sun. In particular, we will show that Kepler’s laws of planetary motion 

can be derived using Newtonian mechanics. This unit builds on ideas and 

results from many of the earlier units of this course, principally: 

e the use of energy diagrams to find turning points (Unit 8); 

e the expressions for velocity and acceleration for circular motion in plane 
polar coordinates (Unit 20); 

e the concept of conservative fields (Unit 24); 

e the concept of the angular momentum of a particle (Unit 20); 

e Newton’s law of universal gravitation (Unit 20). 


The main focus of this unit is contained in Sections 4 and 5; Sections 1-3 are 
introductory in nature. However, we suggest that you study the sections in 
the order in which they are presented, although Section 3 could be studied 
at any time before Section 4. 


Sections 2, 4 and 5 are of average length and will each take about one study 
session to complete. However Sections 1 and 3 are shorter and should only 
take half a study session to complete. 


You will not need access to your computer while studying this unit. 


133 


Unit 28 Planetary orbits 


Introduction 


I offer this work as the mathematical principles of philosophy, for the 
whole burden of philosophy seems to consist in this — from the phe- 
nomena of motions to investigate the forces of nature, and then from 
these forces to demonstrate the other phenomena; and to this end the 
general propositions in the first and second Books are directed. In the 
third Book I... derive from celestial phenomena the forces of gravity 
with which bodies tend to the Sun and the several planets. Then from 
these forces, by other propositions which are also mathematical, I de- 
duce the motions of the planets, the comets, the Moon, and the sea. 


Sir Isaac Newton, from the Preface to the First Edition of Principia. 


Astronomers have attempted to describe and explain the orbits of the planets 
since ancient times. However, early attempts were usually based on the 
assumption that the Sun and the planets move in orbits round the Earth. 
It was not until the Polish astronomer Nicolaus Copernicus (1473-1543) 
postulated in De Revolutionibus Orbium Celestium (1543) that the Earth 
and the other planets orbit round the Sun that the foundations were laid 
for our present understanding of planetary orbits. Copernicus also proposed 
circular orbits for the planets, however, which observation quickly showed 
not to be the case. 


It was when the German astronomer Johannes Kepler (1571-1630) went 
to work with the Danish astronomer Tycho Brahe (1546-1601) in Prague 
in 1600 that the next major advances in the understanding of planetary 
orbits were made. Brahe had been collecting astronomical data for almost 
40 years. Based on this data, Kepler arrived at three laws that describe 
planetary orbits with unprecedented accuracy. Kepler’s first law states that 
each planet moves in an elliptical orbit with the Sun at one of the foci of the 
ellipse. Kepler’s second law states that the line joining a planet to the Sun 
sweeps out equal areas in equal times as the planet describes its orbit. Both 
laws were published in Astronomia Nova (1609), but they were not widely 
accepted at the time. Kepler’s third law, which states that the square of 
the orbital period of a planet is proportional to the cube of the semi-major 
axis of its elliptical orbit, was published in Harmonica Mundi (1619). The 
publication of these three laws preceded Newton’s mathematical derivation 
of them by a lifetime. 


The third book of Sir Isaac Newton’s monumental work Principia, entitled 
The System of the World, was published in 1687, some 20 years after he 
had discovered many of its results. In the book Newton establishes his law 
of universal gravitation and uses his three laws of motion to predict the 
character of the orbits of planets and their moons. Tradition has it that 
the astronomer Halley, the physicist Hooke, and the architect Wren, had 
discussed at various times in 1684 the problem of determining the orbit of 
a planet around the Sun if the force between them varied as the inverse 
square of the distance. Unable to succeed with the problem, they took it to 
Newton, only to find that he had already solved it, together with other prob- 
lems of planetary motion. Encouraged constantly by Halley, Newton finally 
published Principia. The theory which it expounded was extraordinarily 
successful. Only in the twentieth century, with the theories of relativity and 
quantum mechanics, did it become evident that there are natural processes 
not explained accurately by the Newtonian world-view. 


The main aim of this unit is to apply Newtonian mechanics in order to derive 
Kepler’s three laws of planetary orbits. In deriving the laws of planetary 
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We will discuss Kepler’s three 
laws in more detail in 
Section 2. 


Newton’s law of universal 
gravitation is described in 
Section 3. 


Newtonian mechanics is used 
to derive the equation for 
planetary orbits in Sections 4 
and 5. 


Section 1 Kinematics of planar motion using polar coordinates 


motion we shall use modern notation and methods, although it must be said 
that the calculus in its original form was the innovation of Newton and his 
contemporary, Leibniz. In summary, then, there is little new mathematics 
introduced in this unit. Instead we utilize the methods of calculus, vector 
analysis and Newtonian mechanics developed earlier in the course to describe 
one of the great scientific advances of the last four centuries. 


In Unit 20 we derived expressions for the velocity and acceleration of the 
circular motion of a particle using polar coordinates. In Section 1 of this unit 
we generalize these expressions to the general motion of a particle in a plane. 
Kepler’s laws for planetary orbits are stated and explained in Section 2. We 
also derive the equation of an ellipse in polar coordinates. In Section 3 we 
introduce Newton’s law of universal gravitation. 


In Sections 4 and 5 the equation of gravitational orbits is derived and we 

show how Kepler’s laws follow as a consequence of Newtonian mechanics. 

The gravitational attraction between a planet and the Sun is a central force 

in that it is directed from the planet to the Sun. In Section 4 we concentrate 

on the consequences of a force being central. In particular, we demonstrate 

that the motion takes place in a plane and that Kepler’s second law is 

valid. In order to do this we use the concept of angular momentum. You Angular momentum was 
will also see that the fact that central forces are conservative leads to a introduced in Section 4 of 
potential energy function and to the conservation of total mechanical energy. Unit 20. Conservative fields 
In Section 4 you will also see how qualitative information about central forces pn intone aa Ut ep: 
can be used to predict whether the motion is bound or unbound. In order 

to do this we extend the use of energy diagrams, which were introduced in 

Unit 8 for one-dimensional motion. 


Finally, in Section 5, you will see how Newton’s law of universal gravitation 
predicts elliptical orbits and explains Kepler’s third law. In particular, we 
show how the size and shape of the elliptical orbit is connected to the angular 
momentum and mechanical energy of the planet. 


1 Kinematics of planar motion using 
polar coordinates 


The ultimate goal of this unit is to model the motion of planets, satellites 
and comets. In order to do this, we assume that the only force acting on 
such a body is a gravitational attraction due to a second much more massive 
body. For example, to predict the orbit of a planet, we assume that the only 
force acting on it is the gravitational attraction of the Sun (see Figure 1.1). 


Planet 


Figure 1.1 
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We discuss this force in detail in Section 3, where you will see that it is a 
function of the distance between the two bodies (as well as their masses). 
So it would seem sensible to use spherical polar coordinates to describe 
the motion. However, because the force is also directed along the line of 
separation of the two bodies, as shown in Figure 1.1, it turns out that the 
motion is confined to a plane, as we will show in Section 4. Hence we are 
able to use plane polar coordinates (r,@) to describe the motion. You saw 
circular motion expressed in this way in Unit 20, but here we consider the 
case where the radial distance r is not constant. 


In Unit 20 we showed that, using polar coordinates (r,@) and the corre- 
sponding orthogonal unit polar vectors e, and eg (see Figure 1.2) the polar 
form of the position vector is 


(1.1) 


where r = |r| is the distance of the particle from the origin. This equation 
is not as simple as it looks because, for general motion in the plane, both 
r and e, depend on time, as do the polar angle @ and its associated unit 
vector e9. 


r=re,, 


In order to study the motion of a particle in plane polar coordinates, it 
is necessary to have expressions for its velocity and acceleration vectors in 
terms of r,6,e, and eg. In the course of deriving these equations, we need to 
express the time derivatives e,, eg in terms of e,,e9. The required relations 
for achieving this are 


e; = beg and eg = —6e,. (1.2) 


We shall now apply Equations (1.2) to obtain expressions for the velocity 
v =r and acceleration a =f in terms of polar coordinates and unit polar 
vectors. As pointed out above, the position vector r is given by 


r=rey. (1.1) 
Differentiating this equation by using the product rule, we have 

t=fe, +ré,, 
which, by the first of Equations (1.2), may be written as 


t= re, + roep. (1.3) 


*Exercise 1.1 


By differentiating Equation (1.3) with respect to time, remembering that r, 
0, e, and eg are all functions of time, show that the acceleration of a particle 
moving in the (z, y)-plane is 


# = (i — r0°)e, + (270 + rep. 
In Exercise 1.1 you saw that, in plane polar coordinates, the acceleration is 


# = (i — r0°)e, + (278 + rep. 
Recognizing that 
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The polar coordinates (r, @) 
are defined in terms of the 
Cartesian coordinates (x, y) 
by the equations 


x=rcos#, y=rsiné. 
Lr] e, 
P 
r 
8 
oO 
Figure 1.2 


These equations were derived 
in Unit 20 Subsection 1.3. 
Although attention was 
restricted there to circular 
motion, the derivations apply 
also in the general case. 


Note that 7 = d|r|/dt, the 
rate of change of the radial 
coordinate, is not in general 
the same as the speed |r| of 
the particle. 


Section 1 Kinematics of planar motion using polar coordinates 


we can write the expression for the acceleration as 


es ie, Ae i: ee 
r= (rF—ré )e-+ at O)eg. (1.4) 


The following box summarizes the results that we have obtained so far. 


Position, velocity and acceleration in plane polar coordinates 


In terms of r, 0, e, and eg, the position r, velocity r and acceleration 
i of a particle moving in the (z, y)-plane are given by the equations 


r=re,; (1.1) 

t= re, + réeg, (1.3) 

na Gs eds “Ge, (1.4) 
r dt 


Exercise 1.2 


Show that the above expressions for the velocity and acceleration (Equa- 
tions (1.3) and (1.4)) reduce to the equivalent expressions derived in Unit 20 
for the case r = R, where R is a constant. 


Of the following two exercises, the first will give you practice in expressing 
a particle’s velocity and acceleration in plane polar coordinates. The second 
asks you to express the kinetic energy of a particle in polar coordinates. The 
result of Exercise 1.4 will be applied later in the unit. 


Exercise 1.3 


A particle moves in the (x, y)-plane with radial coordinate r(t) = at? and 
angle 6(t) = bt, where a and 6 are positive constants. Find the velocity and 
acceleration in terms of t, e, and eg. 


*Exercise 1.4 


Show that if the motion of a particle takes place in the (x, y)-plane then the 
kinetic energy T of the particle may be written as 


T = dm(# +16"). 


So far we have derived kinematical formulae for the planar motion of a par- 
ticle, using polar coordinates. Before proceeding to the subject of planetary 
orbits we shall derive the corresponding equations of motion. The starting 
point is, as usual, Newton’s second law. 


In plane Cartesian coordinates, Newton’s second law mr = F takes the form 


mit yj) = Fi+ £3, Here, F, and Fy are 
respectively the x- and 


leading to the two scalar equations y-components of the force F. 


mi=F, and my= Fy. 


Similarly, Newton’s second law mr = F may be expressed in plane polar 
coordinates, using Equation (1.4), as 


m((*F — r0’ Je, ++ re ey = F..e, + Foeg, Here, F,, and F% are 
r dt respectively the radial and 
transverse components of the 
force F. 
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leading to the pair of scalar equations 


m(i — r6°) = F, (1.5) 


It is these equations of motion that are used in the following exercise, which 
represents a situation in which it is appropriate to use polar rather than 
Cartesian coordinates. 


*Exercise 1.5 


A puck P of mass m moves without friction around the origin O on a hor- 
izontal table (see Figure 1.3). It is fixed to a light, inextensible string OP, 
which is reeled in steadily so that the puck’s distance from the origin is given 
by 

r(t) = r(0) — kt (t < r(0)/k), 
where & is a positive constant. The string remains taut throughout. 


(a) Show that the equations of motion for the particle which represents the 
puck are 


2 As. a 
mrOé =T and G(r" 8) = 0, 


where T = |T| is the magnitude of the tension T in the string. 
(b) Show that at time ¢t the magnitude of the tension is given by 


ri) = mr*(0)8-(0) _ mr4(0)6°(0) 

re(t) (r(0) — kt)? 

(c) Suppose that m = 0.1kg, k = “= mst, the initial distance is r(0) = 1m 
and the initial angular speed is 0(0) =1rads~!. Suppose further that 
the string will break when it experiences a tension of magnitude 500N. 
Find the distance r and the time t at which the string breaks. 


End-of-section Exercises 


Exercise 1.6 


A particle is constrained to move along a path whose polar coordinates are 
given by 


(t > 0), 


where k& and w are positive constants. Find expressions for the velocity and 
acceleration of the particle in terms of e, and eg. 


r=e* @=ut 


Exercise 1.7 


A particle of mass m is constrained to move in a planar path with equation 


l 
; = 1 + ecos?, (1.6) 


where / and e are constants such that 1 > 0 and e > 0, in such a manner 


that the angular momentum component 
L, = mr’6 (1.7) 


is constant. 


138 


The upper bound on the time 
t is included because r(t) 
must always be non-negative. 
The puck would reach the 
origin at time t = r(0)/k if 
the situation remained as 
described until that time. 


Figure 1.3 


Note that in this exercise e is 
not the base of the natural 
logarithm function. 


Equation (1.6) is the equation 
of a circle if e = 0, an ellipse if 
0<e<1,a parabola ife=1 
and a hyperbola if e > 1. 


Section 2 Kepler’s laws of planetary motion 


(a) By differentiating Equation (1.6) with respect to time and using Equa- 
tion (1.7), show that 
eL 


. z . 
7 = —sin@. 


ml 
By differentiating this equation with respect to time, show further that 
= eL? cos 0 


ml r? 


(b) Hence find an expression for the total force acting on the particle in 
terms of r, e,, eg, m, 1, e and Ly. 


2 Kepler’s laws of planetary motion 


The Earth is an ordinary-sized planet that orbits a middle-aged star of rather 
small size near the outer fringes of a typical spiral galaxy some 10° light-years 
across. This galaxy contains between 10!! and 10!” visible stars, together 
with much other matter, and is one member of a rough association, or 
cluster, of some thousand galaxies of various shapes and sizes. 


Located in this myriad of astronomical objects is our solar system. It con- 
sists of a relatively massive Sun encircled by nine planets, some of which 
themselves possess one or more satellite moons, and a number of smaller 
bodies such as comets and asteroids. Every member of the solar system 
interacts via the gravitational force with all the others and, indeed, with 
all other heavenly bodies. But distances between stars are measured in 
light-years; since the force of gravity between two bodies decreases rapidly 
in magnitude as their separation increases, gravitational interactions with 
objects beyond the solar system can mostly be neglected. 


The gravitational influence of a body increases with its mass, and within the 
solar system there is a rough hierarchy of size. The Sun is by far the largest 
object, followed by the planets and then by their moons. The Earth’s mass 
is only about 3 x 10~® that of the Sun; the Moon’s mass is about 10~? that 
of the Earth. Jupiter, the largest planet, is roughly 300 times more massive 
than the Earth, but its distance from the Sun is over five times greater than 
the distance of the Earth from the Sun. So the major gravitational force 
on the Earth is that due to the Sun. In fact, the gravitational influence 
of a planet upon any other body is of little significance compared with the 
gravitational influence of the Sun, unless the body acted upon is relatively 
close to the planet. To a good first approximation, then, we can think of the 
planets as orbiting the Sun singly, and the moons as singly orbiting their 
planets. This is the model adopted by Newton, who considered the problem 
of only two bodies orbiting one another. We shall assume in addition that 
one of the bodies is very much more massive than the other. 


An analysis of the motion of one relatively light body moving under the 
gravitational attraction of a second, relatively massive, body is the overall 
goal of this unit. In this section we introduce the topic of planetary motion 
by describing the features of their orbits that were established by Kepler 
from experimental observation and stated in the form of three laws. These 
laws will be derived in Sections 4 and 5 as a consequence of Newton’s law 
of universal gravitation, which we consider in Section 3. 


One light-year is the distance 
travelled by light in one year: 
approximately 9.461 x 101° m. 


In a more advanced 


treatment, the effects of the 
other planets can be added as 


perturbations. 
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As they are worded, Kepler’s three laws refer specifically to the orbits of 
planets around the Sun, but they apply also to the orbit of any relatively 
light body about another much more massive body. The laws were estab- 
lished by Kepler from experimental observations of the motion of several of 
the planets. 


Kepler’s laws of planetary motion 


Law I Each planet moves in an ellipse, with the Sun at one focus of 

the ellipse. 

Law II The line joining a planet to the Sun sweeps out equal areas 
in equal times. 

Law III The square of the orbital period of a planet is proportional 


to the cube of the semi-major axis of its orbit. 


Kepler’s first law specifies the shape of a planetary orbit. Since the law 
refers to an ellipse and to a focus, we start by considering the mathematics 
of ellipses. 


An ellipse is a symmetrical plane figure such as that drawn in Figure 2.1. 
One of the implications of this first law, then, is that the orbit of a planet 
about the Sun lies in a plane. An ellipse is usually defined as a set of points 
(X,Y) which, with a suitable choice of origin and axes, satisfy the equation 

x? ¥? 

a’ RR (2.1) 
where a and 6 are positive constants with a > b. The constants a and b are 
called respectively the semi-major axis and semi-minor axis of the ellipse. 
Their geometrical significance is shown in Figure 2.1. 


Exercise 2.1 


What can be said about an ellipse in the special case a = b? 


*Exercise 2.2 


(a) Show that the area A of an ellipse can be expressed as 


A= 2 [ V1 — (X/a)? dX. 


(b) By using the substitution X = acosu, show that A = zab. 


To understand Kepler’s first law, it remains to explain where a focus of an 
ellipse is located, and then to express the equation of the ellipse relative to 
this point. We shall express the equation with respect to a new set of axes 
Oxy, shown in Figure 2.2 on the facing page. These axes are obtained from 
the set O'XY of Figure 2.1 by a translation of the axes to the right by a 
distance g, where 


q= Va? —2?. (22) 


The points F' and O of Figure 2.2, which are located a distance q to the left 
and to the right of the centre of the ellipse, are called the foci of the ellipse. 
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Johannes Kepler (1571-1630) 
(Courtesy of Science Museum 
Science & Society Picture 
Library) 


ply 


Figure 2.1 


We could also shift axes to 
the left by the distance q, but 
our choice represents no loss 
of generality since this 
configuration is just the other 
rotated by an angle a. 


‘Foci’ is the plural of ‘focus’. 


Section 2 Kepler’s laws of planetary motion 


Figure 2.2 


Exercise 2.3 


Where are the foci of a circle? 


Since the translation is along the coincident z- and X-axes, the new coor- 
dinates (x,y) are related to the original ones (X,Y) by 


X=2+4q, Y=y. 
Then, from Equation (2.1), the equation of the ellipse takes the form 
ea 2 
(eta oy 


a? a 
We shall now re-express this equation in plane polar coordinates. After 
multiplying the equation by b? and rearranging, we obtain 
2,2 & 2,2 Oo 2 
y =b- qe +9) = b* — aa (e + 2qz + q*). 


= 1. 


Adding x? to both sides and collecting terms gives 
b 2b? b? 
ety = G 2) sin + (1 — =) az’. 
a a a 
The left-hand side of the above equation is r?, the square of the radial 
distance, so that, on using Equation (2.2) to express q in terms of a,b, we 
have 


bt ba b2 b? 
r= 2 iat (1 =) a”. (2.3) 


This rather cumbersome expression is made neater by employing two new 
quantities defined in terms of a and b. These quantities are the eccentricity This usage of the symbol e 
should not be confused with 
q b (2.4) its use as the base of natural 


BS ne ae logarithms, 2.718 28.... 


and the semi-latus rectum 
b2 
es 


l (2.5) 


Note that, since b <a, we have 0<e<1. This is a condition on the The eccentricity of the 
eccentricity for ellipses. Earth’s orbit is about 0.02. 
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Exercise 2.4 
Find e when 
(a) b=a (acircle); (b) b= $a; (c) b= za. 


Comment on the relationship between the eccentricity and shape of an 
ellipse. 


*Exercise 2.5 


Show that the semi-latus rectum / is given in terms of the semi-major axis a 
and the eccentricity e by 


l= a(1 —e?). (2.6) 


From Equations (2.3)—(2.5), we now have 
r? = [? —Qlex + e*2? 
or 
r? = (1— ex)’. 
Then taking the square root of both sides gives 
r=+(l-ez). (2:7) 


We must now decide on the choice of sign for the right-hand side of Equa- 
tion (2.7), to be consistent with the fact that r is never negative. We shall 
show that, for all points x on the ellipse, the quantity | — ex is positive. 
From Figure 2.2, the largest value of x on the ellipse is x = a — q. Thus we 
have, for all points on the curve, 


l—ex >1l—e(a—q). 
But we also have g = Va? — b?, | = b?/a and e = q/a, so the right-hand side 
of this inequality is 


a ae 
l—e(a jee aa (a a? 0?) 


a a 
2 2 72 

_} 2 ao 
a 


=a-—va?—d?, 
which is never negative. Hence | — ex itself is never negative. Thus the 
positive sign is appropriate in Equation (2.7), and the equation for an ellipse 
with respect to the axes Oxy of Figure 2.2 is 
l x 
r=l—ex or —-=1+e-. 
r r 
Since x = rcos 6 (see Figure 2.3), we have the convenient form 
i 
-=1+ecosé (2.8) 
r 
for the equation of an ellipse in polar coordinates with origin at a focus of 
the ellipse. 


Kepler’s first law therefore says that if the origin of coordinates is located at 
the Sun, then the orbit of each planet lies in a plane containing that origin, 
and is described by Equation (2.8) once the axes have been appropriately 
oriented. With a different orientation for the axes (but the same origin), 
Equation (2.8) becomes 


l 
= 1+ ecos(6 — 6), (2.9) 
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Putting « = 0 into this 
equation gives r = 1, showing 
that the semi-latus rectum | 
is the distance from the origin 
to the ellipse’s intercepts on 
the y-axis. This is illustrated 
in Figure 2.3 below. 


Figure 2.3 


Section 2  Kepler’s laws of planetary motion 


where 09 is the clockwise angle through which the axes have been rotated 
from their position in Figure 2.3. The major axis of the ellipse then lies 
along the direction specified by 6 = 6p. 


The equation of an ellipse in polar coordinates 
The equation of an ellipse in polar coordinates with origin at a focus 
of the ellipse is 


l 
- 1+ ecos6, (2.8) 


where! >0Oand0<e< 1. The semi-latus rectum | and the eccentricity 
e of the ellipse are related to its semi-major axis a and semi-minor axis 
b by 


b2 
b2 
l= —=a(1—e?). (2.5,2.6) 
a 
The area of the ellipse is 
A= tab. (2.10) 


Kepler’s second law says that the line joining a planet to the Sun sweeps 
out equal areas in equal times. This law can be used to specify the rate at 
which a planet moves in its particular elliptical orbit. 


Suppose, without loss of generality, that the planet moves in an anticlockwise 
sense, as shown in Figure 2.4. In Figure 2.4 the two shaded regions represent 
the areas swept out by the planet between times t; and to, and between 
times t3 and ty. Assuming that the two time intervals are of equal duration, 
Kepler’s second law says that these areas are equal. If A(t) is the total area 
swept out since some initial time, t = 0 say, this law can be expressed as 


A(t4) — A(t3) = A(t2) — A(t,) whenever ty — tg = to —t1. 


YA 


Figure 2.4 


A more concise way of stating Kepler’s second law is that the rate at which 
area is swept out is constant, that is, A is constant. 


It is possible also to state the law in a form that relates the radial coordinate 
r to the rate of change @ of the angular coordinate. Figure 2.5 shows a close- 
up of part of the planetary orbit, where we consider the area 6A swept out 
during a small time interval of duration dt. Over this interval the planet 


If e = 0, the ellipse is a circle. 


This result was derived in 
Exercise 2.2(b). 


YA 


av 


oO 


Figure 2.5 
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moves from point P at time t to point P’ at time t+ dt, traversing an 
angle 60 and changing its radius from r to r+ ér. If dt is sufficiently small 
then the area 6A will lie between the areas of two circular sectors with 
angle 68, one having radius r and the other radius r+ ér. Now the area of 
a sector of a circle of radius R is 5 Ro, where ¢ is the angle between the 
radii bounding the sector. So, if r(t) is increasing in the part of the curve 
under consideration then this gives 


57760 < OA < $(r + 6r)?60. 


On dividing through by 6t, and then taking the limit as dt tends to zero, we 
obtain 
A= hr’6. (2.11) 


Since A is constant according to Kepler’s second law, this law may also be 
interpreted as saying that 


r?@ = constant. (2.12) 


*Exercise 2.6 


Compare the average speeds of the orbiting planet during the two equal 
intervals t) <¢t < tg and tg <¢t< tq in Figure 2.4. Your answer should 
consist of a few sentences only. 


Kepler’s third law gives a relation between the period of a planetary orbit 
and the lateral extent (semi-major axis) of the orbit. If T is the period then, 
by definition, the planet will take this time to make one full circuit of the 
ellipse. If the particular orbit has semi-major axis a, then Kepler’s third law 
says that T? is proportional to a°, that is, 


T* = ka’, (2.13) 
where & is a constant. This law, then, makes a statement connecting the 


overall rate of motion of the planet to a geometrical property of its orbit. 
We shall prove this result in Section 5. 


*Exercise 2.7 


The semi-major axis of the orbit around the Sun of the planet Mars is 1.524 
times as large as that of the Earth. The Earth’s period for its orbit around 
the Sun is 365.256 days. Find the period (in Earth days) for the orbit of 
Mars around the Sun. 
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If r(t) is decreasing then the 
expressions for the upper and 
lower bounds in this 
inequality are reversed, 
leading to the same outcome. 


This result was proved for 
circular orbits in Unit 20 
Exercise 2.5. 


Section 2  Kepler’s laws of planetary motion 


End-of-section Exercises 


Exercise 2.8 


An ellipse can be defined as the path in the plane of a point P such that 
the sum of the distances of P from two distinct fixed points F' and F” is 
constant, that is 


FP + F'P=2a,, (2.14) 
where a is a positive constant. 


The points F and F” are the foci of the ellipse, and the distance between 
them is 2ae, where 0 < e < 1 and € is the eccentricity of the ellipse, as shown 
in Figure 2.6. 


(a) Explain why the distance between F and F’ must be less than 2a, unless 
P lies on the line segment FF’. 


(b) Show that Equation (2.14) can be written as 
|r + 2aei| = 2a — |r|, (2.15) 
where r is the position vector of P with respect to F’, and i is a unit 
vector in the direction from F’ to F. 


(c) Square both sides of Equation (2.15), and hence obtain 
l 
—~=1+ecos8, 
r 


where 7 and @ are the polar coordinates of P relative to F and the 
direction of i, and 1 = a(1 — e?) is the semi-latus rectum of the ellipse. 


Exercise 2.9 

In Cartesian coordinates, the equation of an ellipse is 
x? ¥? 
132 7 122 

Find the eccentricity e and semi-latus rectum / of this ellipse. Hence write 


down a polar equation of the ellipse, using one of the foci of the ellipse as 
the origin. 


= 1. 


*Exercise 2.10 
(a) Show that Equations (2.5) and (2.6) can be rearranged into the form 
l 


e=——~ 
1—e? 


and 


(2.16) 


pe — (2.17) 


(b) Hence find the Cartesian equation for the ellipse 


1 
= $(5 + 4 cos 8) 


with respect to the coordinates (X,Y) shown in Figure 2.1. 


ra 


Figure 2.6 
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3 Newton’s law of universal gravitation 


I began to think of gravity extending to ye orb of the Moon, and ... 
from Kepler’s Rule ... I deduced that the forces which keep the Planets 
in their Orbs must [vary] reciprocally as the square of their distances 
from the centres about which they revolve: and thereby compared the 
force requisite to keep the Moon in her Orb with the force of gravity at 
the surface of the Earth, and found them to answer pretty nearly. All 
this was in the two plague years of 1665 and 1666, for in those days I 
was in the prime of my age for invention, and minded Mathematics and 
Philosophy more than at any time since. 


Isaac Newton’s account of his discovery of the law of universal 
gravitation. 


Newton’s law of universal gravitation describes the nature of the gravita- 
tional force between pairs of particles. It gives the attractive force between 
them as a function of the masses of the particles and of their separation. It 
is universal in the sense that it is hypothesized to hold between the particles 
comprising all bodies in the universe, and not just between those comprising 
the Earth and an apple, or the Earth and the Moon. In words, the law can 
be stated as follows. 


Newton’s law of universal gravitation 


The force of gravity between two particles is attractive, directed along 
the line between them, proportional to the product of their masses, and 
inversely proportional to the square of their separation. 


Let us write this mathematically, using the vector notation which was un- 

available to Newton. We write the position vectors of the two particles as 

r;,r; and their masses as m;,m,;. The gravitational force on the particle of 

mass mj; due to the presence of the particle of mass mj is denoted by Fj;. 

From the verbal statement of Newton’s law above, we know the following. 

(i) Fj; is directed from the particle of mass m; to the particle of mass m,, 
hence its direction is defined by the unit vector 


rj —YVr; rj —rj 


Ir;—ril ra; 


(see Figure 3.1). 
1 
(ii) The magnitude of F;; is proportional to mym,;, and to i Pe 
ry rj 


Putting these elements together gives the following. 


Newton’s law of universal gravitation 


The gravitational force of attraction exerted on a particle of mass m; 
at position r; by a particle of mass m; at position r; is 


Gmim; 


F;; = it: Fy): (3.1) 


jr; — 15/8 
Here G is a constant of proportionality, called the universal constant 
of gravitation, or the gravitational constant. Its value, in SI units, is 


G ~ 6.673 x 107! m3 kg! s7?. 
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You met Newton’s law of 
universal gravitation in 


Unit 20. 


oO 


Figure 3.1 


The constant G is one of the 
least precisely measured 
physical constants. 


Section 3 Newton’s law of universal gravitation 


Exercise 3.1 


Gravitation is an inter-particle force. By Newton’s third law the force ex- 
erted upon a particle of mass m; by a particle of mass mj; should be equal 
in magnitude, but opposite in direction, to the force exerted upon the par- 
ticle of mass m; by the particle of mass m;. Show that the universal law of 
gravitation is consistent with this, so that F;; + Fj; = 0. 


Using Equation (3.1) it is possible to calculate the force of attraction between 
any two objects, provided that they are sufficiently small to be modelled by 
particles. In many cases, however, it is far from the truth to claim that both 
objects are ‘small’ relative to the situation being considered. For example, 
Figure 3.2(a) shows a satellite of mass m, in orbit around the Earth at a 
height approximately equal to the Earth’s own radius. At first sight it seems 
unreasonable here to model the Earth by a particle, although it appears 
sensible (for most purposes) to use a particle model for the satellite. 


In fact, it can be shown that if the Earth’s mass is assumed to be distributed 

in a spherically symmetric manner, then its attraction on the satellite is It took Newton 20 years to 
the same as if all its mass were concentrated in a particle at its centre prove this result! 

(see Figure 3.2(b)). Indeed this result can be extended to show that the 

gravitational attraction between two spherically symmetric bodies is the 

same as if the masses of the two bodies were concentrated at their centres. 


(b) 


Figure 3.2 


The gravitational force is often called an inverse square law. The reason for 
this is clear if we consider the force F(r) on a particle of mass m at position 
r due to a spherically symmetric mass distribution of mass M with its centre 
at the origin, which is 


Fir) = 3 2 er (3.2) 
where r = |r| is the distance of the particle from the centre of the spherically 
symmetric mass distribution and e, = r/r. It is the inverse square of the 
distance 7, which appears in this last expression. 


To end this section, we examine how Newton’s law of universal gravitation 
matches up with the simpler model used previously in this course for motion 
near the surface of the Earth. When modelling motion close to the Earth it 
is customary to assume, as we have done in earlier units, that the force on 
a particle of mass m is directed vertically downwards and has the constant 
magnitude mg, where g = 9.81 ms~2. More generally, under the assumption 
that the Earth is a spherically symmetric distribution of mass M, at any 
point r on or above the Earth’s surface the gravitational force is 
ri ey... 


re 


using the centre of the Earth as the origin. 
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Clearly the two descriptions agree as to the direction of the gravitational 
force, since —e,, being directed towards the centre of the Earth, is always 
‘vertically downwards’ from a local point of view. It remains then to compare 
the two expressions for the magnitude. 


*Exercise 3.2 
(a) Show that g = GM/R?, where R is the radius of the Earth. 


(b) Estimate the mass M of the Earth, given that R = 6.371 x 10°m, 
g = 9.81 ms~? and G = 6.673 x 10"! m?ke-! s-?. 


Exercise 3.3 


Given that the acceleration due to gravity is 9.81ms~? at the Earth’s sur- 
face, and that the radius of the Earth is 6.371 x 10° m, find the acceleration 
due to gravity at a height of 104m above the Earth’s surface. 


It can be shown that the model of a constant gravitational force is a rea- 
sonable model for heights of a few kilometres above the Earth’s surface. 
Consider two points P; and P, lying on the same radial line, with P, on 
the surface and P, at a distance h above it (see Figure 3.3). We wish to 
compare the force of gravity at points P, and P on a particle of mass m. 


At both points the force on the particle m is ‘downward’, along the direction 
of —e,. The magnitude of the force at P, on the Earth’s surface (at radius 


R) is Figure 3.3 
GmM 
Fo= D 
At the point P2, which is a height h above P;, the force has magnitude 
GmM 
fy = ——.. 
2 (REP 
The ratio of these two magnitudes is 
Fa i : oma H have taken the first 
= = & 3 ere we Nave taken e ors 
Fy (R+h)? (l+h/R)? R two terms of the binomial 


Provided that h is small compared to R, the force of gravity at point P, is ¢xPansion for (1 + h/ Ry. 
nearly equal to that at P,. 


End-of-section Exercise 


Exercise 3.4 
The Moon has radius 1.738 x 10°m and mass 7.353 x 107% kg. 


(a) Find the magnitude of the acceleration due to gravity on the surface of 
the Moon. 


(b) At what height above the surface of the Moon will the magnitude of the 
acceleration due to gravity be 90% of its value at the surface? 
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4 Motion under a central force 


In Section 3 we introduced Newton’s law of universal gravitation. In this 
section and the next we shall develop a mathematical model to describe the 
orbit of a body under the gravitational attraction of a much larger body. To 
a reasonably good approximation, this model applies to the orbits of a planet 
around the Sun, of a moon around a planet, of an artificial satellite around 
a planet or around the Sun, and of comets around the Sun. The model 
will enable us to derive Kepler’s three laws of planetary motion, which were 
stated and explained in Section 2. 


The modelling assumptions that suffice to yield these laws are as follows. 


Assumptions for gravitational orbits 


(1) Newtonian mechanics, including Newton’s three laws of mechanics 
and his law of universal gravitation, is applicable. 


(2) All forces other than the gravitational attraction between the two 
bodies may be neglected. (In particular, the gravitational effect of 
other celestial objects is ignored.) 


(3) One body is much more massive than the other. 
(4) Both bodies have a spherically symmetric distribution of mass. 


Of these assumptions, (1) is the hardest to improve upon and (3) is the eas- 
iest, while (2) and (4) are intermediate. It was only with Einstein’s general 
theory of relativity in the early twentieth century that small corrections to 
Newton’s laws (Assumption (1)) were introduced. This was done in order 
to explain small departures from the Newtonian prediction that had been 
observed in the orbit of the planet Mercury. We could (but will not!) im- 
prove upon Assumption (3) using the mathematics developed in the course. 
(It turns out that both bodies move in elliptical orbits about their common 
centre of mass.) This improvement is required, for example, to describe 
the orbits of two stars of comparable mass under their mutual gravitational 
attraction. 


In this section we shall concentrate on the consequences of the direction of 
the gravitational forces between two particles being along their line of sepa- 
ration and the magnitude of the forces being a function of their separation. 
We will leave the consequences of this force being an inverse square law until 
the next section. 


4.1 Central forces and angular momentum 


By Assumption (3) above, we suppose that the more massive body (of 
mass MM) does not move at all under the gravitational action of the lighter 
body (of mass m). The centre of mass of the more massive body coincides 
with its geometric centre, by Assumption (4). For convenience, we choose 
the origin of coordinates to be at this centre, as shown in Figure 4.1 overleaf. 
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Figure 4.1 


It was shown in Unit 19 that the centre of mass of a system of particles 
acted upon by external forces moves as if all the mass of the system were 
concentrated there. We may therefore treat the motion of the centre of 
mass of the lighter body as if it were a particle. Again, by Assumption (4), 
the centre of mass of the lighter body coincides with its geometric centre. 
Furthermore, since both bodies are assumed to be spherically symmetric 
(Assumption (4)), we can apply the result stated in Section 3, which equates 
the gravitational forces exerted by two spherically symmetric bodies with 
those between two particles of masses M and m. The resulting two-particle 
view is shown in Figure 4.2, where r is the position vector of the lighter 
particle. 


There is a simplifying feature of this model which can be shown at the 
outset: the motion of the particle of mass m occurs in a plane. The proof of 
this statement rests on the fact that the gravitational force exerted on the 
particle of mass m is a central force. In general, this term describes a force 
whose direction is from the source of the force directly towards (or away 
from) the particle. If the source is at the origin, this means that a central 
force has the direction of r or of —r. The definition is as follows. 


Definition of a central force 


A central force F, acting from the origin on a particle with position 
vector r, has the form 


F(r) = g(x)r, (4.1) 


where g(r) = g(x,y, Z) is a scalar function of position. 


Exercise 4.1 


Which of the following are central forces (where K is a constant)? 


() F@)=Kr (iv) FO) = Yj 
Gi) Fe)=3r  &) Fa)= 5045+) 
Gy. a= Aty @ re= * (oi aie) 


Exercise 4.2 


What is the scalar function g(r) for the gravitational force given by Equa- 
tion (3.2)? 
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If the force is in the direction of r, it is said to be repulsive, whereas if it 
is in the direction of —r, it is said to be attractive. So the gravitational 
force is attractive. 


The angular momentum L of a particle with mass m and position vector r 
relative to the origin is, as defined in Unit 20 Section 4, 


L=f X gar. (4.2) 


This definition is not confined to two-dimensional motion, though the main 
application in Unit 20 was to motion in a circle. However, it is a consequence 
of the results of Exercise 4.3 below that if the particle is acted upon by a 
central force then its motion does lie in a plane. 


*Exercise 4.3 


Consider a particle with position r 4 0 and velocity r 4 0, acted upon solely 
by a central force. 


(a) Use the torque law L =I (Unit 20 Section 4) to show that L is a 
constant vector. 


(b) If L 4 0, show that the position vector r is perpendicular to the angular 
momentum L. 


(c) If L = 0, show that the position vector r and the velocity f are parallel 
or anti-parallel. 


In part (a) of Exercise 4.3 you saw that the angular momentum L of the 
particle is a constant and so, as long as L ¥ O, has a fixed direction. Fur- 
thermore, using part (b) of this exercise, the position vector r of the particle 
is always perpendicular to this fixed direction. Hence, when L is non-zero, 
the particle acted upon by a central force moves in the plane perpendicular 
to the fixed direction of L, as shown in Figure 4.3. Also (from part (c) of 
the above exercise), in the event that L is zero, the position vector r and 
the velocity rt of the particle are parallel or anti-parallel. So the particle 
is moving along the line joining it to the origin and, as the total force is 
central, it must continue to move along this line. So, in this case too, the 
particle always lies in a fixed plane (in fact, on a fixed line). In general, 
a particle that is acted on by a cental force moves in a fixed plane and its 
angular momentum L is a constant. In particular, these results apply to a 
particle in a gravitational orbit. These conclusions arise from the fact that 
the gravitational force is central and not from any other detail of its form. 


ev 


iL 


Figure 4.3 


In Units 20 and 27 we used 
the symbol J for angular 
momentum. Throughout this 
unit we use the symbol L for 
angular momentum to avoid 
any confusion with the 
symbol / used to represent the 
semi-latus rectum of an 
ellipse. 
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Motion under a central force 


A particle with mass m and position vector r, which moves solely under 
the action of a central force, has constant angular momentum 


L=rx mr. (4.2) 


Its motion is confined to the plane perpendicular to the direction of L 
when L is non-zero, and to a straight line if L = 0. 


As the motion under the action of a central force is planar, we can now 
choose to orient the coordinate axes so that the motion lies in the (z, y)- 
plane, as indicated in Figure 4.4. This will permit us to apply the apparatus 
of plane polar coordinates, which was developed in Section 1. 


YA 


av 


m 


Figure 4.4 


Since the angular momentum L is a constant vector, both its direction and 
magnitude are constant. The constancy of its direction sufficed above to 
show that the orbit always lies in a plane. This is actually part of the 
content of Kepler’s first law, which asserts that the orbits are ellipses and 
therefore plane figures. 


We have not yet used the additional information that the magnitude of L 
is constant, and this is actually sufficient to prove Kepler’s second law. As 
you may recall from Section 2, this law relates to the rate at which area A is 
swept out by the line joining a planet to the Sun (which corresponds here to 
the line of the position vector r). We showed that dA/dt was related to the 
radial distance r and the angular velocity @ by the equation dA/dt = 5r26 
(Equation (2.11)). 


Kepler’s second law states that dA/dt is constant, which from above is equiv- 
alent to the condition 


r?@ = constant. (4.3) 


In the following exercise you are asked to show that Kepler’s second law is 
a consequence of the constancy of angular momentum. 


*Exercise 4.4 


By expressing r and f in terms of the plane polar unit vectors e, and eg, 
show that the angular momentum of a particle moving in the (z, y)-plane is 
L = L,k, where 


Ly = mr?6. 
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It has yet to be established 
that the planar motion of a 
particle in gravitational orbit 
is as simple as that depicted 
here. For example, some 
other central forces lead to 
spiralling motions. 
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Using the result of Exercise 4.4, we can deduce that, for a particle moving 
solely under the action of a central force, the constancy of the angular mo- 
mentum, and hence its magnitude, implies that r2@ = constant and Kepler’s 
second law is valid. 


In summary, thus far, we can say the following. 


Central forces and Kepler’s second law 


Kepler’s second law, and the fact that each planet moves in a plane, 
are consequences only of the fact that the gravitational force between 
a planet and the Sun is a central force; taken together, they amount to 
a statement of the conservation of angular momentum. 


4.2 Isotropic central forces 


With the force of gravity in mind as the ultimate target, we now specialize 
from central forces to the more restricted case of isotropic central forces. 
These are central forces for which the magnitude depends only on the radial 
distance from the origin. 


Definition of an isotropic central force 


An isotropic central force F, acting from the origin on a particle 
with position vector r, has the form 


F(r) = f(r)er, (4.4) 


where r is the distance from the origin, and e, = r/r. 


Exercise 4.5 
(a) Which of the forces listed in Exercise 4.1 are isotropic central forces? 


(b) Show that the gravitational force is isotropic, and find the function f(r) 
for this case. 


One important property of isotropic central forces is that they are conser- 
vative. 


Exercise 4.6 


Use the curl test (Block 6 page 151) to show that for a sufficiently simple 
domain if F(r) is an isotropic central force then it is conservative. 


Now every conservative field F(r) has a potential function U(r) such that 
F = —grad U. 
*Exercise 4.7 

(a) If F(r) = f(r)e,, what is the potential function U in terms of f? 


(b) Use the result of part (a) to find the potential function U(r) for the 
gravitational force. 


Isotropic means ‘the same in 
all directions’. 


A central force was defined by 
F(r) = g(r)r, which is 
equivalent to 

F(r) = g(r)re,. 
This force is also isotropic if 


g(r) = g(r). 


You showed that this was 
true for f(r) = kr” in Unit 24 
Exercise 4.4(b). 
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The potential function for isotropic central forces 


The isotropic central force F(r) = f(r)e, has a potential function U(r) 
such that 


U(r) = - | tar, (4.5) 


or 
dU 
f(r) = er 
(Note that U is determined only up to the addition of a constant.) 


In particular, for the gravitational force, 


oe reall (4.6) 


r 


So far as mechanics is concerned, the importance of conservative force fields 
is that the law of conservation of mechanical energy holds for them. Al- 
though this is true for any conservative force, we will derive this law for the 
special case of an isotropic central force. In order to do this, we start with 
Newton’s second law for the motion of a particle of mass m acted upon by 
an isotropic central force. 


Choosing our axes as in Figure 4.4, so that the orbit lies in the (a, y)-plane, 
Newton’s second law gives 


mit = f(r)e,. 


Since the right-hand side of this equation is directed along the unit vec- 
tor e,;, it makes sense to express the acceleration ¢ in terms of plane polar 
coordinates, using Equation (1.4). The particle’s equation of motion in the 
plane can then be written as 


. 2 d . 
m(# — r6")e, + a (reo = f(rje,, 


from which we have 


m(i — 76°) = f(r) (4.7) 


The second equation can be integrated directly to give 

mr@ = constant = Ly. (4.8) 
This is the conservation of angular momentum, which was shown in the 
previous subsection (Equation (4.3)) to be valid for any central force. This 


can be exploited to eliminate the variable @ in Equation (4.7). Thus on 
putting @ = L,/(mr?) into Equation (4.7), we obtain 


mi — me ( Ls ) =s0" 


mr? 


or 
2 
Le 
mr3 


mit = f(r) + 
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Equations (4.8) and (4.9) contain, between them, the possibility of a com- 

plete solution to the problem of finding the orbit of a particle of mass m 

under the action of any isotropic central force. The procedure to do this 

would be as follows. 

1. The initial conditions are the values of (r,@) and (7,6) at some initial 
time, say t = 0. 

2. Since L, is a constant, these initial conditions determine the value of L, 
for all subsequent times, from Equation (4.8). 

3. Equation (4.9) may be solved, either analytically if possible or numeri- 
cally, to obtain an expression or values for r(t), where t > 0. 

4. This solution may be substituted into Equation (4.8) to obtain an ex- 
pression for 6(t), from which @(t) can be found by integration. 


In order to integrate Equation (4.9), we first multiply it by 7 to obtain 


mri = (0 4: ls Jr (4.10) 


mrs 


Writing z = 7 for clarity, we note that 


d d d 
© (dni?) = qo?) = mz— (2) = mi () =mrr. 
So Equation (4.10) can be written in the form 


in @ 
s4mni?) = (#00) + 2) 


which can be integrated with respect to t to give 


2 2 
gi? = f (40) + 5) sat = f (400) +=) dr. 


Now, using Equation (4.5), we have 


and 
ii tips 
dr = =, (+ constant). 
mr 2mr 


Hence the integral of Equation (4.9) can be written as 


P 
1 


2Qmr2 
where F is a constant. In the next exercise you will see that this equation 
shows that the total mechanical energy is conserved for a particle moving 
under the action of an isotropic central force. 


*Exercise 4.8 


Show that the conservation of total mechanical energy is equivalent to Equa- 
tion (4.11) for a particle moving under the action of an isotropic central 
force. 


Hint: You found an expression for the kinetic energy of a particle using 
polar coordinates in Exercise 1.4. 


Motion under a central force 


L 
smi +~ 4. + U(r) = E, (4.11) Note that the energy F can 
be negative. 
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The equations of motion for a particle moving under the ac- 
tion of an isotropic central force 


The equations of motion for a particle of mass m moving under an 
isotropic central force F(r) = f(r)e, are 


Md ys 
a (726) = 
a aa 
and 

2 


mr = f(r)+ L, (4.9) 


mr3- 


Equivalently, the motion of the particle can be determined from the 
conservation of angular momentum, 


mr?@=L,, (a constant) (4.8) 
and the conservation of total mechanical energy, 
Lec Lz 
. z 
mr + ==, + U(r) = 8, (4.11) 
where 


U(r) = — f far. (4.5) 


We cannot proceed further with Step 3 of our procedure for finding the orbit 
of a particle without knowing the precise form of f(r) (or equivalently U(r)). 
We will do this for the gravitational force in the next section. But we can 
obtain a great deal of qualitative information about the orbit from the shape 
of the graph of the potential function U(r). Now, Equation (4.11) has the 
appearance of an energy equation for a particle moving in one dimension. 
The first term, smi, resembles the one-dimensional kinetic energy. Since 
the terms L?/(2mr?) + U(r) in Equation (4.11) occupy the position of a 
one-dimensional potential energy function, we shall call this the effective 
potential energy and denote it by U“"(r). This gives 


B= smi + u(r), 
where the effective potential energy is 
Le 
2Qmr2 


In summary, the radial motion of the particle is as if it were moving in one 
dimension, with r > 0, under the influence of a one-dimensional conservative 
force having potential energy function U*#(r). We analysed this type of 
motion in Unit 8 Section 2, by using an energy diagram and finding the 
turning points of the motion. As the ‘kinetic energy’ smi is non-negative, 
motion is only possible in regions where 


BAU" GS 0, (4.13) 


U(r) = 


+ U(r). (4.12) 


and the ‘turning points’ of the motion occur when 
E-—wU*"(r) =0. 


Looking at the graph of the function U*", and using the constancy of E, 
allows us to see whether there are any turning points for the radial motion. 
At turning points 7 vanishes, and the radial motion (usually) reverses di- 
rection. The details depend upon the precise form of the potential energy 
function U and the value of E. 
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If there are two turning points then these are the closest and furthest dis- 
tances from the origin reached by the particle at the given value of energy E. 
If there is only one turning point then the motion is unbound, and the turn- 
ing point is the distance of closest approach. 


Consider, for example, a potential energy function that has the shape shown 
in Figure 4.5(a), which is the form of the gravitational potential energy with 
k= GmM. The resulting effective potential energy function U°"(r) is shown 
in Figure 4.5(b). 


(<) (dq) 


Figure 4.5 


If E < Ey, E—U“(r) <0 for all values of r and consequently no motion is 
possible. 


If Ey < E <0, on the other hand, there are two turning points at r = b and 
at r=c. The particle has inner and outer bounding radii, which are called 
radial turning points, at r= b and r = c, and the motion is confined to the 
region b<r<c. Obviously, the particle is not really moving in a single 
dimension, since as 7 varies with time the angle 0 is changing too. The type 
of motion for this case is illustrated in Figure 4.5(c). 
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If E > 0, from Figure 4.5(b) we see that there is only one radial turning 
point at r =d and motion is confined to the region r > d, as shown in 
Figure 4.5(d), and all the orbits are unbounded. 


Finally, if E = Eo, there is only one value of r for which E — U*"(r) > 0, 
namely r = a, for which E — U*#(a) = 0. So the orbit of the particle is the 
circle r = a. 

Summarizing, we have shown the following. 

e For E < £o, no motion is possible. 

e For E = £po, the orbit is a circle of radius a centred on the origin. 


e For Ey < E <0, there are two radial turning points at r= b and r =. 
The orbit is bound in the region b < r < c, as shown in Figure 4.5(c). 


e For E > 0, there is only one turning point at r = d. The orbit is unbound 
in the region r > d, as illustrated in Figure 4.5(d). 
Exercise 4.9 


Consider a particle moving under the action of an isotropic central force 
whose potential energy function is 


k 
U(r) = ge 
where k > 0, so that its effective potential energy function is 
i 
vet r) = Zz an 
(r) Qmr2 or 


(a) Find the value r = a for which the function U°"(r) has a minimum. 


(b) Hence calculate the corresponding minimum value Ey = U°#(a). 


The gravitational potential energy has precisely the form shown in Fig- 
ure 4.5(a). This means that bodies moving in a gravitational field can have 
either bound or unbound orbits. You will see in Section 5 that the bound or- 
bits are ellipses and the unbound orbits are parabolas or hyperbolas, but we 
cannot conclude this without explicitly integrating Equation (4.11). At this 
stage, using Figure 4.5 and the result of Exercise 4.9, all we can conclude is 
that: 

e for E < —G?m3M?/(2L2), no motion is possible; 

e for E = —G?m3M?/(2L2), the orbit is a circle of radius L?/(Gm?M); 
e for —G?m3M?/(2L?) < E <0, the orbit is bound; 

e for EF > 0, the orbit is unbound. 


In this section, you have seen that particles moving under the action of 
an isotropic central force have planar orbits and satisfy the conservation of 
angular momentum and total mechanical energy. These two conservation 
laws can be used to predict whether the orbit is bound or unbound and to 
find the radial turning points. This is illustrated in the following exercise. 
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This is the form of the 
potential energy function for 
the gravitational force, with 
k=GmM. 
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*Exercise 4.10 


A particle of mass 3kg is moving under the action of an attractive central 
force (measured in newtons) 


F(r) = ae 


Initially its position (in metres) and velocity (in ms~!) are 
r(0)=21- and #(0) =3j. 

(a) What is the potential energy function for the particle’s motion? 

(b) Use the initial conditions to find the particle’s angular momentum about 
the origin and also its total mechanical energy. 


(c) Use the conservation of mechanical energy to show that in its motion 
the particle satisfies the equation 


5 
; * 
(d) Hence find the minimum and maximum distances of the particle from 
the origin during its motion. 


End-of-section Exercises 


Exercise 4.11 


A particle of mass m is launched with speed u perpendicular to the line that 
joins it to a spherically symmetric body of much larger mass M which is 
centred on the origin. At the instant of launch, the distance between the 
particle of mass m and the centre of the body of mass M is R. The only 
force acting on the particle is the gravitational force, 


GmM 


re 


F(r) = 


e,. 


(a) Find the magnitude L, of the angular momentum of the particle. 
(b) Find the total mechanical energy of the particle. 
(c) Show that the motion will be bound provided that u? < 2GM/R. 


The particle’s speed of launch u and distance of launch R are related by the 

condition u? = GM/(2R). 

(d) Find the total mechanical energy, and show that the resulting orbit is 
bound. 


(e) Find rmin and rmax, the respective smallest and largest distances of the 
particle from the centre of the attracting body of mass M. 


Motion under a central force 
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Exercise 4.12 


A particle of mass 1kg moves in a planar orbit under the influence of an 
attractive central force (in newtons) 


F(r) = —4re, 
at distance r metres from the origin. 
(a) Find a potential energy function U(r) for the particle’s motion. 
(b) If the initial position (in metres) and velocity (in ms!) of the particle 
are r(0) =i and r(0) = 4j respectively, show that 
fF? = 20 — 4r? — 16r~?, 


(c) Hence find the maximum and minimum distances from the origin of the 
particle in its orbit. 


5 Planetary orbits 


5.1 The equation of gravitational orbits 


In this final section, we achieve our goal of finding the equation of the orbit 
of a body moving under the gravitational attraction of a second much more 
massive body. For an isotropic central force 


F(r) = f(r)er, 


you saw in the previous section that, using the conservation of angular mo- 
mentum 


mr?@=L, (a constant) (4.8) 
the radial equation of motion 
m(i — 76") = f(r) (4.7) 
could be rewritten in the form 
L? 
r= ae 4, 
mi = f(r) +5 (4.9) 


We integrated this once to obtain 


2 


i 
smi + sa TU, (4.11) 


where the potential energy function U(r) is given by 


Ur) = - f sar. (4.5) 
This equation is equivalent to the conservation of total mechanical energy. 


Knowing the function f(r) (or equivalently U(r)), we can now, in principle, 
integrate Equation (4.11) to find r(t). This solution can be substituted into 
Equation (4.8) to obtain a differential equation for 6(t), which can, in its 
turn, be integrated. We will then have completed Steps 3 and 4 of the 
procedure on page 155 of Section 4 for finding the equations of the orbits of 
an isotropic central force. 
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However, in the case of the gravitational force, for which 


GmM 
r)=— ; 
i= 
it turns out that it is simpler to revert to consideration of the radial equation 
(ip GmM 
mr = = — 5 (5.1) 
mr r 


and to seek to obtain from this equation a relation of the form r = r(@) to 
describe gravitational orbits. To do so, we apply the chain rule of differ- 
entiation to convert Equation (5.1), which specifies a function r(t), to an 
equation for r(@). For the first derivative, 7, we have 


dr _d@dr _ ,dr 

dt dtdd  d0 

From Equation (4.8), 9 can be replaced by L,/(mr2), where L, is a constant. 
The previous equation can then be expressed as 


r= 


_ iL, dr 
~ mr? dé 
or, in a form which will shortly be convenient, as 
Lzd (1 
ee eee 5.2 
a m dé (=) a) 


The equation of motion contains 7, which may be written in terms of a 
derivative with respect to 0 by a further application of the chain rule. Thus, 
we obtain 


wn Ope COA 2th, 
r= aul") = nao” = Ol") 

which, after another use of the relation 0 = L,/(mr?) and substitution for 

r from Equation (5.2), becomes 


: i wf) 
1,8 ag (=) ee) 


Equation (5.1) can now be written as 


le a (+) _ LZ GmM 


mr? de2 \\r)/ — mr3 r2 
Defining 
1 
gives, after some rearrangement, 
d?u Gm?M 


Equations (5.4) and (5.5) contain the information necessary to deduce the 
orbit r = r(@). You have met equations like Equation (5.5) many times. It For example, in Unit 7 
is a second-order, constant-coefficient, inhomogeneous differential equation, Exercises 4.3 and 4.5 a similar 


whose general solution has two arbitrary constants. One way of writing the ¢duation was derived when 
solute is modelling the motion of a 


particle suspended from a 
Gm? M model spring in a uniform 


u(9) = Bcos(@ — 9) + a (5.6) gravitational field. 
z 


The two arbitrary constants in this solution are the amplitude B and the 
phase 09. We can assume that B is non-negative. This represents no loss 
of generality, since the sign of the term Bcos(@— 69) may be changed by 
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adding z to the arbitrary phase 69. The orbital equation is obtained from 
Equation (5.6) on using Equation (5.4) to replace u by 1/r. After multiply- 
ing through by 
L2 
l= z 5.7 
Gm?M ee) 
and putting e = BI, the orbital equation can be written as 
l 
r(9) 
Equations (5.7) and (5.8), together with the knowledge that L, (or, equiva- 
lently, 1) and e are constants, provide the required mathematical description 
of gravitational orbits for the model outlined at the beginning of Section 4. 
The remainder of this section will be spent in examining the implications of 
these results. 


= 1+ ecos(@ — 6). (5.8) 


Note first that the introduction of the symbols / and e has permitted us to 
write the orbital equation in a form which is identical to Equation (2.9). 
Provided that e < 1, therefore, Equation (5.8) represents an ellipse with 
eccentricity e and semi-latus rectum I. 


*Exercise 5.1 
Equation (5.8), with / > 0 and e > 0, describes a general gravitational orbit. 
(a) By considering the possible values of the right-hand side of this equation, 
show that the distance of closest approach of the particle of mass m to 
the origin occurs at the angle 6 = 09, and has the value 
l 
lt+e 
(b) Show that, when e < 1, the maximum distance of the particle of mass m 
from the origin occurs at the angle 6 = 69 + z, and has the value 
l 
l-e 
(c) Show that, when e > 1, there is no maximum value of r. 


Tmin = 


Tmax = 


(d) From parts (a)—(c), give conditions on the eccentricity e which charac- 
terize bound and unbound orbits. 


From the results of Exercise 5.1 we can sketch the possible types of or- 
bit that Equation (5.8) represents. This is done in Figure 5.1. When 
0 <e <1, the orbits are closed (ellipses) with closest and furthest distances 
Tmin and Tmax, respectively. When e > 1, the orbits are unbound (hyperbo- 
las or parabolas), and only the distance of closest approach rin is defined. 
In either case, the orbit is symmetrical about the line 0 = 4. 
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Here B is a non-negative but 
otherwise arbitrary constant, 
so the same is true of e. 


The terms ‘eccentricity’ and 
‘semi-latus rectum’ are used 
to describe e and / whether or 
not the orbit is an ellipse. 


av 


Figure 5.1 


It is convenient to consider the gravitational orbits with respect to a set of 
axes that are rotated anticlockwise by an angle 9 from those of Figure 5.1. 
This is equivalent to choosing 6) = 0 in the orbital equation, or to choosing 
the x-axis to coincide with an orbital symmetry, and represents no loss of 
generality. In place of Equation (5.8) we then have 


: =1-+ecos0, (5.9) 


where the semi-latus rectum / is given as before by Equation (5.7). The 
corresponding pictures for the orbits are shown in Figure 5.2. 


Pinax Pmin Pmin 


RY 
o 
RY 


(a) e<l (b} e>l 
Figure 5.2 


Values for the constants / and e in Equation (5.9) can be calculated in a 
specific case from experimental observations, and this can be done in various 
ways. For example, suppose that the distance of closest approach rmin and 
the corresponding angular velocity @ have been measured, and that the value 
of the central mass M is known. Then a value for L,/m can be obtained 
from Equation (4.8). This leads in turn to a value for / from Equation (5.7) 
and a value for e from the result of Exercise 5.1(a). 


Section 5 Planetary orbits 


163 


Unit 28 Planetary orbits 


The energy analysis carried out in Section 4 predicted that gravitational 
motion will be bound if the total mechanical energy EF satisfies the inequal- 
ity ue < E <0, and unbound if £ > 0. It is to be expected that these 
predictions are related to those obtained in terms of the eccentricity e in 
Exercise 5.1, namely, that an orbit is bound if e < 1 and unbound if e > 1. 


We consider this relationship in the example below. 


Example 5.1 
Show that the total mechanical energy can be written as 
M 
= om (e2 — 1). (5.10) 


Hence verify that the condition E > 0 for unbound orbits is equivalent to 

e > 1, and that the condition E < 0 for bound orbits is equivalent to e < 1 

(given that e > 0). 

Solution 

From Equation (4.11), F can be written as 

if GmM 

2mr? r 

Using Equation (5.2) for 7, this becomes 
[d f1\|? 2 GmM 

E=}m—2/[(-)| +—2,-—~. 

m2 | dé \r 2mr2 r 


From Equation (5.7) for J, this is 


eal +@ 2} 


But l/r is given in terms of 6 by Equation (5.9), so that 


M 
B= on [e? sin? 6 + (1 + ecos 6)? — 2(1 + ecos6)}. 
On simplifying, this gives 
GmM , » 
= =‘); 
a be 7) 


So the condition E > 0 for unbound orbits corresponds to e > 1, and the con- 
dition F < 0 for bound orbits corresponds to e < 1. (Although this outcome 
is expected, it represents a useful cross-check on the results achieved.) 
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This analysis was based on 
Equations (4.11) and (4.12), 
together with Figure 4.5(b). 


Section 5 Planetary orbits 


Equation of gravitational orbits 


The Newtonian model for the gravitational orbit of a spherically sym- 
metric body of mass m around a spherically symmetric body of much 
larger mass M located at the origin leads to the orbital equation 


l 
—-=1+ecos6, (5.9) 
fe 
where the eccentricity e is non-negative and the semi-latus rectum I is 
given by 
L? 
———— 5.7 
Gm?2M i827) 


Here L, is the constant magnitude of the angular momentum of the 
orbiting body. 
The eccentricity e of the orbit is related to the energy EF of the particle 
by 
GmM 
21 
If 0 <e <1 then Equation (5.9) describes an ellipse. 


R= 


(=D: (5.10) 


5.2 Planets and comets 


In this final subsection we shall verify the statement made at the beginning 
of Section 4 that Kepler’s laws of planetary motion are consequences of our 
model based on Newton’s laws. Following this there is a short discussion 
about the orbits of comets. 


Kepler’s first law says that each planetary orbit is an ellipse, with the Sun 
at one focus. You showed in Exercise 4.3 that a planet’s orbit lies in a 
plane because gravity is a central force. According to the model, you saw in 
the previous subsection that a gravitational orbit within this plane has an 
equation of the form 


l 
a 1+ ecos8, (5.9) 


where the semi-latus rectum / and the eccentricity e are positive constants 
for a particular planet. 


Planetary orbits are clearly bound, and you established in Exercise 5.1 that 

e < lis anecessary and sufficient condition for bound motion. But for e < 1, 

Equation (5.9) is the equation developed in Section 2 to describe an ellipse 

with one focus at the origin. In our Newtonian model of planetary motion, Equation (2.8). 
the Sun is located at this focus. Thus Kepler’s first law is a consequence of 

the model. 


Kepler’s second law says that the line joining a planet to the Sun sweeps out 
equal areas in equal times. We showed in Section 4 that this is equivalent 
to the equation 


r2@ = constant, 


which expresses the constancy of the planet’s angular momentum. This is 
again a consequence of gravity being a central force. 
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Kepler’s third law is a relation between the period of a (bound) orbit and 
its lateral extent. It says that if T is the period and a is the semi-major axis 
of the elliptical orbit, then 


T° =a, (5.11) 


where k is a constant not depending on T or on a. In Exercise 2.5 of Unit 20 
you saw that Equation (5.11) holds for the special case of a circular orbit, 
where the eccentricity e is zero. In this case the semi-major and semi-minor 
axes both equal the radius of the circle. In Exercise 5.2 you are asked to 
establish Kepler’s third law for any elliptical orbit. 


*Exercise 5.2 


Consider an elliptical orbit with semi-major axis a and semi-minor axis b. 
Then it is known from Exercise 2.2 that the area of the ellipse is 7ab. Also, 
the semi-latus rectum is 
po _ te 
a Gm?M 
(from Equations (2.5) and (5.7)), and the rate at which area is swept out is 
_ 1,2, 
A = 5° 0 = Din 
(from Equations (2.11) and (4.8)). Here L, is the (constant) magnitude of 
the orbital angular momentum. 


(a) From these facts, show that the orbital period, T, and the semi-major 
axis, a, are related by Kepler’s third law, in the form 


‘ An? 
T?=ka®, where k= —_. 
a’, where GM 
(b) Given that the orbital period of the Earth about the Sun is 365.256 days 
and the semi-major axis of its orbit is 149.6 x 10° km, use Kepler’s third 


law to calculate the mass of the Sun. 


Kepler’s laws were formulated to describe the bound orbits of planets, so 
there is no reason to suppose that they should have significance for unbound 
orbits. The first and third laws can by their very nature apply only to the 
bound case. However, Kepler’s second law applies even for unbound orbits 
since, as you have seen, it depends only upon the fact that gravity is a 
central force. 


The Newtonian model that led to Equation (5.9) for gravitational orbits 
makes no assumption as to whether the motion is bound (with eccentricity 
e < 1) or unbound (with e > 1). As shown in Example 5.1, these conditions 
for the eccentricity are related to similar conditions on the total mechanical 
energy F& of an orbit. If E < 0 for a body moving under the gravitational 
influence of the Sun, then the body has insufficient energy to ‘escape’ from 
the Sun’s gravitational field and is confined to bound and periodic motion. 
Bodies with energy EF > 0 may approach the Sun once, but are not ‘captured’ 
by it. These unbound orbits are called parabolic when e = 1 (E = 0) and 
hyperbolic when e > 1 (EF > 0). 
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At any particular time there are millions of bodies in the solar system mov- 
ing in nearly or actually unbound orbits under the Sun’s gravity. These 
are the comets. Precise details of cometary orbits are not easily obtained, 
but it appears that most comets are in weakly bound orbits, with values 
of eccentricity e just less than unity. These comets therefore have highly 
eccentric, or flattened, orbits, as illustrated in Figure 5.3. 


av 


Figure 5.3 


As a first approximation, the orbits of these bound comets obey Kepler’s 
laws, but as they follow their elongated trajectories through the solar sys- 
tem they occasionally pass close to a planet. In these circumstances the 
gravitational effect of this third body can alter their orbits, even to the 
extent of raising their energies to positive values. Owing to its relatively 
large mass, Jupiter is a particular offender in this regard. The most famous 
bound comet is Halley’s comet, which has a period of about 76 years and 
last passed close to the Sun in early 1986. Its orbit has eccentricity e ~ 0.97 
and a semi-major axis of about 18 times the distance from the Earth to the 
Sun. Comparable data for the planets and the Moon are given in the table 
below. 


Name Mass Period of Semi-major | Eccentricity 
revolution axis of orbit of orbit 
around Sun 
Sun 332 948.0 
Moon 0.012 0.055 
Mercury 0.055 0.241 0.387 0.206 
Venus 0.815 0.615 0.723 0.007 
Earth 5.977 x 10?4kg | 365.256 days | 149.6 x 10°km 0.017 
Mars 0.107 1.88 1.524 0.093 
Jupiter 317.9 11.86 5.203 0.048 
Saturn 95.1 29.46 9.539 0.056 
Uranus 14.6 84.00 19.182 0.047 
Neptune 17.2 164.79 30.058 0.009 
Pluto 0.17 247.70 39.44 0.254 


At any time there are comets in the solar system that are pursuing unbound 
trajectories. These bodies come in from distant places, pass partly around 
the Sun to a distance of closest approach and then recede, never to return 
to our solar system. 


Section 5 Planetary orbits 


You investigated the 
connection between the 
eccentricity and shape of an 
ellipse in Exercise 2.4. 


For each body except the 
Earth, the values given in the 
table for mass, period and 
semi-major axis are multiples 
of the corresponding values 
for the Earth. 
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End-of-section Exercises 


Exercise 5.3 


For a gravitational orbit, it was shown in Example 5.1 that the total me- 
chanical energy is 


B= —__(e—1 
9] (e d, 


where m is the mass of the orbiting body, M is the mass of the central body, 
G is the gravitational constant, and e is the eccentricity of the orbit. 


(a) For a bound orbit, show that 
GmM 
2a’ 
where a is the semi-major axis of the elliptical orbit. 


(b) For any orbit, show that 
M 
E= sil. (e — 1); 


Tmin 
where rin is the distance of closest approach of the orbiting body to 
the origin. 


E=- 


Exercise 5.4 


A particle of mass m is launched with speed u at right angles to the line 
that joins it to a spherically symmetric body of much larger mass M. At 
the instant of launch, the distance between m and the centre of M is R. 
You showed in Exercise 4.11 that, for the subsequent motion, the angular 
momentum has magnitude 


L,=muR, 
the total mechanical energy is 
GmM 
E= smu - — 
and the motion is bound if 
ae 2GM 
us << ——. 
R 


(a) For bound motion, show that the semi-major axis of the orbit is 


2 uz \71 
a=|—-—— 
(a- ai) 
(b) For bound motion, find an expression for the eccentricity e in terms of 
u, R, M and G. 
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*Exercise 5.5 


A particle of mass m moves under the action of a repulsive central force 


k 
F = a 


where k is a positive constant. 


(a) Show that the equation of radial motion of the particle is 


vy 1 
mi) rT 


(b) Show that, in terms of u = 1/r, this can be rewritten in the form 


2 


7 +u*u=0 
dé? , 
where 
2 mk 
w= il + 72 


(c) Hence find the equation of the path of the particle. 


Outcomes 


After studying this unit you should be able to: 


calculate the semi-latus rectum and eccentricity of an ellipse from its 
semi-major and semi-minor axes; 

calculate the semi-major and semi-minor axes of an ellipse from its semi- 
latus rectum and eccentricity; 

understand and use the expressions for the position, velocity and accel- 
eration in plane polar coordinates; 

understand the concepts of a central force and an isotropic central force; 
use the conservation of angular momentum and of mechanical energy to 
find the radial turning points of the motion of a particle moving under 
the action of an isotropic central force; 

understand and use Newton’s law of universal gravitation; 

understand the assumptions underlying Newton’s model for gravita- 
tional orbits; 

calculate the semi-latus rectum and eccentricity of the gravitational orbit 
of a particle from its angular momentum and energy; 

understand how Kepler’s three laws of planetary motion can be derived 
from Newton’s law of universal gravitation. 


Outcomes 
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Solutions to the exercises 


Section 1 


1.1 From Equation (1.3), the velocity is 
r=re,+ rbeg. 
Differentiating this with respect to time, remembering 


that r, 6, e, and eg are all functions of time, and using 
the product rule, we obtain 


i = (Fe, + ré,) + (F0e9 + rbe9 + rbe9). 


Using Equations (1.2), this may be written as 


r = (fe, 70e9) | (eg | beg rd e,) 
=(F ro Je, + (270 + rO)eg, 


as required. 


1.2 In the case r = R, where R is a constant, we have 
r=0 and f=0. 


So the velocity is 


t = fe, + reg (1.3) 
= Reg, 
and the acceleration is 
#=(#—70)e, + + © (r?8)e9 (1.4) 
wv) 1d . 
= —RO e, + Rak Ve 
= fe é. + Roe. 


These two expressions agree with Equations (1.13) and 
(1.14) of Unit 20, which are the equations for the veloc- 
ity and acceleration for circular motion. 


1.3 We have 
r=at?, ¢=2at, *#=2a, 
6=bt, 0=b, 
so that the velocity and acceleration are given by 
t = re, + rbeg (1.3) 
= 2ate, + abte, 
and 
Pa <6 jer4 + © Aes (1.4) 
= (2a — ab?t”)e, + JB ihe, 
at? dt 


= a(2 — bt” )e, + 4abteg. 


1.4 The velocity of the particle is 

r=re,+ roeg, 
and since e,,eg are orthogonal unit vectors (with 
e, -e9 = 0 and e,- e, = eg: eg = 1) the kinetic energy 
is 

T= 


NIE Ne 


mr + 726°). 


170 


1.5 (a) The total force acting on the puck is 
F = -Te,. Since r is a linear function of t, we have 
* = 0. Hence Newton’s second law, in the form of Equa- 
tions (1.5), gives 


; a. as 
—mré’ =—T and (78) =0. 


r dt 
These equations are equivalent to 
mr = T, (S.1) 
d 5; 
—(r*d) =0. 8.2 
= (1°) (6.2) 


(b) From Equation (8.2), we know that r2@ is constant. 
Hence we have 


r?(t)0(t) = r?(0)0(0). 
This is used to substitute for 0(£) in Equation (8.1) 


giving 


T= mel?) (“90 _ mr§(0)6" (0) 


y] 


r?(t) r3(t) 
_ mr4(0)0° (0 
~ (r(0) = kt)? 


as required. 
(c) The string will break when T = 500N. From the 
answer to part (b), this occurs when 


mr*(0)0 (0) — 500, 


With m = 0.1kg, r(0) = 1m and 6(0) = 1rads™!, this 
gives r = (0.1/500)!/3 ~ 0.06m. The time at which the 
string breaks is then 

t = (r(0) — r)/k = 60(1 — rr) ~ 60s. 
(Note, from the form of the function for T,, that for any 
finite breaking strength the string will break before the 
particle reaches the origin.) 


1.6 Now 

r=e™, @=ut, 

and so 

pakke, #¢=ke™ and 0=w. 


Hence, using Equation (1.3), the velocity of the particle 
is 
r=re,+ rbeg 
= ke**e, + we**eg. 
Using Equation (1.4), the acceleration is 


ee 1d; 
i= (F—18 Jer + = (r"8)es 


: : 1d : 
= (ke — we* le, + —_— (we?** eg 


= (k? —w*)e**e, + 2kweeg. 


1.7 (a) Now 
r=I(1+ecos6)’. (S.3) 
Differentiating this with respect to time, we obtain 
le sin 0 
= —_———__§. S.4 
" (1 + ecos 6)? ee) 
Now from Equation (1.7), 
; £: 
7] — 
mr? 
Ty 2 
= —>(1+ ecos 6)”. (S.5) 
ml? 
Substituting this in Equation (8.4), we obtain 
L; 
p= — sind, (S.6) 


ml 
as required. Differentiating this again with respect to 
time, we obtain 

eL 


T= * c08 40. 


m 
Using Equations (5.5) and (5.3), this is equivalent to 
L? 
f= a cos #(1 + ecos 6)? 
m 


2 
_ ely cos 0 (8.7) 


ml r2 


(b) The force acting on the particle is 


F=mi=m G - re, + qe ber) : 
r dt 


Now, from Equation (1.7), 


ee 
aa 
So 
d, »; 
and 
62 L2 
— aan 
is ‘gies 


Using these last two equations and Equation (S.7), we 
have 


aa ey, r2 meee 
2 

7p? (088 — —)e,. 

mtr 

L? 
= 772 [& 0088 — (1 + ecos #)]e, 

mr 
_ eA 
mir?" 


So the total force acting on the particle is an attractive 
force (this is shown by the minus sign) directed towards 
the origin (this is shown by e,) and its magnitude is in- 
versely proportional to the square of the distance from 
the origin (this is shown by the 1/r? factor). 


Solutions to the exercises 


Section 2 


2.1 Whena = b, the equation of the ellipse can be writ- 
ten as 


X?4+Y? =a’. 
This is the equation of a circle with radius a and centre 
the origin. 


2.2 (a) The area A is twice the area of the upper half 
of the ellipse, namely 


A=2] Y(X)dX. 


But from the definition of the ellipse (Equation (2.1)), 
the upper half of the ellipse (where Y > 0) has equation 


Y = by/1 — (X/a)?. Thus the area is 
A= f V1 — (X/a)2 dX. 


(b) Let X =acosu. When X = —a, u = 7, when 
X =a, u=0, and dX = —asinudu, so that the in- 
tegral becomes 


0 T 
A= —2ab | sin? udu = 2ab f sin? udu 
wT 0 


= ab | (1 — cos 2u) du = mab. 
0 


(Note that this becomes the familiar formula for the 
area of a circle if a = b.) 


2.3 A circle corresponds to a = b, for which q = 0. 
Hence, for a circle, the foci coincide at the centre. 


2.4 (a) When b = a the eccentricity is e = 0. 
(b) When b= $a, we have e = V3 ~ 0.8660. 


(c) When b = $a, we have e = $V8 ~ 0.9428. 


The larger the semi-major axis a is compared to the 
semi-minor axis b, the more ‘squashed’ is the shape of 
the ellipse. This corresponds to larger values of the ec- 
centricity e. 


2.5 From Equation (2.4), 


b2 
2 
e=1- a 
which can be rearranged to give 
i? =a7(1 —e*), 
Hence, using Equation (2.5), 
b2 
l= — =a(1—e?’). 
a 


2.6 Refer to Figure 2.4 on page 143. During the inter- 
val t; < t < te, the planet is closer to the origin than it 
is during the interval t3 < t < ty. So to sweep through 
the same area (as it must do by Kepler’s second law), 
it moves faster during the first interval. 
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2.7 If T is the period of a planet and a is the planet’s 

semi-major axis, then Kepler’s third law states that 
T? = ka’, 

where k is aconstant. If T)y, ay are respectively the pe- 

riod and semi-major axis for Mars, and Tp, ap are the 

corresponding parameters for the Earth, then we have 


2 3 3/2 
in) tg) SRG) 
Tr ap aE 
For the values given, 
Tm = 365.256 x (1.524)9/? ~ 687.2 days. 


2.8 (a) If FF’ > 2a then there can be no point P such 
that the sum of its distances from F' and F’ equals 2a. 
If FF’ = 2a, the point P must lie on the line segment 
FF", which gives us the trivial ‘ellipse’ consisting of the 
line segment FF’. So for a non-trivial ellipse we need 
FF" < 2a, that is, FF’ = 2ae for some number e with 
O<e<l. 


(b) The position vector of P relative to F is r; the 
position vector of F relative to F” is 2aei; so by the tri- 
angle rule for adding vectors, the position vector of P 
relative to F’ is r + 2aei. Thus, from Equation (2.14), 
|r| + |r + 2aei| = 2a, 
which we can rewrite as 
|r + 2aei| = 2a — |r|. (S.8) 
(c) Squaring both sides of Equation (5.8) we obtain 
r? + dae(r - i) + 4a7e? = 4a? — 4ar + r?. 
Since r-i=rcos9, this leads to 
a(1 — e”) = r(1+ ecos6), 
from which we obtain 


l 
—=1+ecos8, 
Ee 


where | = a(1 — e?). 


2.9 From the equation of the ellipse, we see that a = 13 
and b = 12. Using Equation (2.4), we have 


b? / 12 5 
° Vi a 13? 13 
From Equation (2.5), we obtain 
) 0 1 _ 144 
i. 1S) 18 
So, from Equation (2.8), a polar representation of the 
ellipse is 
144 5 
eee lpia 
Br + 73 08 0, 
_ i ( 
r 144 


or 


13 + 5cos 8). 


2.10 (a) Equation (2.6) is 
l= a(1—e?). 
Rearranging this equation, we obtain 
l 


a= —~. 
1 —e? 


(2.16) 
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Now, from Equation (2.5), 
b? 


l ‘ 
a 
so that 


b= vr (2.17) 


where we have taken the positive square root because 
a>0Oand b> 0. 


(b) The polar equation of the ellipse can be rearranged 


as 
9 4 
tt poe 
Sol= 2 and e =. Hence 
i 9 
a -s 
and 
l 9 
b= = E = 3: 


1 —e? fy 42 
52 


Hence the Cartesian equation of the ellipse is 
xX? y? 


Section 3 


3.1 Equation (3.1) gives 


Gmim,; 
Pa hp gls O89) 


as the force on a particle of mass m; due to a particle 
of mass m,;. Hence, swapping the indices 7 and j, the 
force on a particle of mass m,; due to a particle of mass 
Mi is 


Gmjm; Gmim,; 
Fy, = ji *_(r; —1;) = - J (nr; —1; 
HO Tey mays MFT) Tay ays OT 
where we have used the fact that |r; —r;| = |r; —ril. 


Thus F,;; = —F,j;, and Newton’s third law is satisfied 
by the gravitational force. 


3.2 (a) The magnitude of the gravitational force on a 
particle of mass m at the Earth’s surface (where r = R) 
is mg (from the simple model) and GmM/R? (from 
Newton’s law of universal gravitation). Since these 
must be equal, we have g = GM/R?. 

(b) From the given values, we obtain 
gR? 9.81 x (6.371 x 108)? 


G 6.673 x 10-'4 
(The accepted value for Earth’s mass is 5.977 x 1074 kg.) 


M= 


~ 5.967 x 1074kg. 


3.3 At height h above Earth’s surface, the gravita- 
tional force on a particle of mass m has magnitude 
GmM/(R+h)?, so that the gravitational acceleration 
at this height is 
GM gR? 
(R+h)? — 7 


g 
(R+h)?  (L+h/R)?’ 
using the result g = GM/R? from Exercise 3.2(a). 
With g = 9.81ms~?, h = 10*mand R = 6.371 x 10° m, 
this gives the value 9.78ms~? for the gravitational ac- 
celeration at a height of 10km. 


3.4 (a) Consider a particle of mass m on the surface 
of the Moon. If the radius and mass of the Moon are R 
and M respectively, the magnitude of the gravitational 
force acting on the particle is 
GmM 
R2 
This force is equal to 


F= 


F=mgnm, 
where gy is the magnitude of the acceleration due to 


gravity on the surface of the Moon. Hence 


GM 
Te 


(6.673 x 10-1) x (7.353 x 1022) 
(1.738 x 108)2 


= 1.624ms~?. 


So the magnitude of the acceleration due to gravity on 
the surface of the Moon is 1.624ms~?, which is 165% 
of its value on the surface of the Earth. 


(b) The magnitude of the acceleration will be 0.99, at 
a distance x from the centre of the Moon, given by 


GmM GmM 
a 0.9mgm = 0.9 Re 
Hence 


1 
V0.9 
Subtracting the radius of the Moon, the magnitude of 


the acceleration due to gravity is 90% of its value at the 
surface at a height of 9.4 x 104m = 94km. 


R = 1.832 x 10° m. 


i — 


Section 4 


4.1 Forces (i), (ii), (iii) and (vi) are central forces, since 
these are directed along r or along —r, depending on the 
sign of the constant A (and, in the case of (iii), on the 
sign of a). (For force (vi), recall that r = vi+ yj + zk.) 


4.2 From Equation (3.2), the gravitational force acting 

on a particle of mass m is 

GmM 
a 

giving g(r) = —GmM/r?. 


F(r) = — 


r 


? 


Solutions to the exercises 


4.3 (a) If the force is central, it has the form 
F = g(r)r, 

and its torque about the origin is 
T=rxF=g(r)rxr=0. 

Hence, by the torque law, L = 0 and so 
L = constant. 

In other words, the angular momentum of the particle 


about the origin is constant. 


(b) By the definition of the cross product of two vec- 
tors (Unit 4 Subsection 4.2), L = mr x r is perpendic- 
ular to r whenever L ¥ 0. 

(c) If L= mr x r =0, then, by the definition of the 
cross product, r and r must be parallel (or antiparallel) 
vectors. 


4.4 The angular momentum of the particle is 

L=r x mr, 
but since the motion is in the (a, y)-plane, we may apply 
the equations 

r=re, and r=fre,+ reg 
(Equations (1.1) and (1.3)). Since e, x eg = k, we ob- 
tain 

L=re, xm (Fe, + rBep ) 


= mrvre, x e, + mr26e, X eg = mr26k. 
Hence L = L.k, where L, = mr?6. 


4.5 (a) Isotropic central forces have the form 
F(r) = f(r)e,. Of the forces listed in Exercise 4.1, the 
following are isotropic central forces: 

(i) since F(r) = Kre;; 

(ii) since F(r) = (K/r)e;; 

(vi) since F(r) = Ke,. 


(b) For the gravitational force we have 


GmM GmM 
F(r) = re r= pe rT) 
so this is an isotropic central force with 


f(r) =-—GmM/r?. 


4.6 Using spherical polar coordinates, for an isotropic 
central force F(r,6,¢) = f(r)e,, we have 

F.=f(r), Fo=0 and Fy=0. 
Using the formula for curl F in spherical polar coordi- 
nates, we obtain 


e, reg rsinde,g 


curl F = d 2 a 2 
r2sn@| Or 00 Od 
f(r) 0 0 
1 O 10 


= rand ag (7) &9 - 7 aged (")) e&6 
= 0. 


So by the curl test, isotropic central forces are conser- 
vative since the domain is sufficiently simple. 
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4.7 (a) The potential function U(r) for a conservative 
field F(r) is defined by 


gradU = -F. 


Using spherical polar coordinates, for an isotropic cen- 
tral force F(r) = f(r)e,, this reduces to 


U1, 1 M, __tine 

Or" "> 0° rsind ag? ae 
So 

OU OU OU 

Be EO) oe =? and a6 


From the last two equations, we see that U is indepen- 
dent of 6 and ¢ and is a function of r only. (You might 
have expected this from the symmetry of the force F.) 
Integrating the first equation we obtain 


U(r) = — | oar. 
(b) For the gravitational force, f(r) = —GmM/r? and 
U(r) = / = dr 


r 


GmM 
So (+ constant). 
r 


It is convenient to choose the constant as zero, so that 
the gravitational potential energy is zero at infinity. (In 
Unit 24 we chose the datum for the gravitational po- 
tential of a spherical body to be at the body’s surface.) 


4.8 The conservation of total mechanical energy is 
sm|t|? + U(r) = E. 
Now, using Exercise 1.4, the kinetic energy is 
2 
T = bmli? = 4m (i? +176"). 


We can eliminate @ from this expression by using the 
conservation of angular momentum, which gives 


6 = L,/(mr?). 


Hence 


2 
z 


2Qmr2’ 
and the conservation of total mechanical energy be- 
comes 


sm|i|? = smi? + 


L 
1 2 z = 
smr ce. 2 tT U(r)= =, 


which is Equation (4.11). 


4.9 (a) The effective potential energy function is 


L? k 
uet = Biss, ee 
(r) Qmr2or 
Differentiation of this equation gives 


du" k LF 


dr rr? mrs" 
The value r = a for which dU*"/dr = 0 is therefore 
L?2 
=o 


It is clear from Figure 4.5(b) that this gives a minimum 
value of U(r), although this can be verified by finding 
the sign of d?U°#/dr? at r =a. 
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(b) So 
L2 (mk\? mk? 
_ preff Zz 
m= 0%) =o (Tr) 
= mk? 
QT? 


4.10 (a) Using Equation (4.6), with GmM = 45, the 
potential energy function is 
45 
(b) From Equation (4.2), the particle’s angular mo- 
mentum is 
L = mr(0) x £(0) = 3(2i) x (3j) = 18k, 

whose magnitude is L, = 18. Initially the particle’s ki- 
netic energy is - <sx7 = = and its potential energy 


is —45/2 = —*2. So the particle’s total mechanical en- 
ergy is 
_ 27 45 
h=>Z-F=7-9. 


(c) Using Equation (4.11), we have 
2 


L 
1 2 z 
xmr + ee: + U(r) =E, 


2 x 3r2 ro 


30 36 
P= 640-5 


as required. 


(d) The radial turning points occur when 7 = 0. Hence 


which simplifies to 

r? —5r+6=0, 
i.e. 

(r — 2)(r — 3) =0, 
which has solutions 

r=2 and r=3. 


So the particle’s minimum and maximum distances 
from the origin are 2m and 3m, respectively. 


4.11 (a) The angular momentum has magnitude 
L. = mr?6. At the instant of launch we have r= R 
and, since there is then no radial component of veloc- 
ity, the initial speed is u = R#. Hence Lz = muR. 


(b) The total mechanical energy FE is the sum of the 


kinetic and potential energies, and is constant. Initially, 
the kinetic energy is smu? and the potential energy is 


—GmM/R. Hence, for all subsequent times, the total 
energy is 
GmM 
B= smu - ot 
(c) From Figure 4.5(b), the motion is bound provided 
that E <0. So for bound motion, we must have 


/ M 
imu on 26, or p< 2M 


(d) Since u? = GM/(2R), the total mechanical energy 
is 
B= lim GmM  GmM GmM _ 


3GmM 


7 R 4R R 4R 
Since E is negative, the motion is bound. 


(e) The equation for radial turning points is 
E= U*#(r), where 


7 LT? GmM 
e “(r) ~Omr2 or 


From part (a), we have L, = muR, so the equation for 
Tmin and Tmax iS 
(muR)? GmM _ E 3GmM 
Qmr? r 4R 
Putting s = R/r, the equation becomes 


mus? GmMs _ 3GmM 
2 Ro AR 
The given condition u? = GM/(2R) simplifies this to 
167@_g=-3 or 57-454+3=0. 


4 4? 
The solutions are s = 1 and s = 3, which correspond to 
Trax = And. tain = sR. 


(We must assume here that the spherically symmetric 
body at the origin has a radius less than zh. Otherwise 
the orbiting particle would collide with it!) 


4.12 (a) From Equation (4.5), we have 
U(r) = ic dr = 2r? (+ constant). 


It seems sensible to take the constant to be zero, which 
corresponds to the potential energy function being zero 
at the origin. We then have a potential energy function 


U(r) = 2r?. 
(b) Using the initial conditions, 
L=r(0) x mr(0) 
= ix (4j) = 4k, 
whose magnitude is L, = 4. 
The particle’s total mechanical energy is 
E = kmlz(0)/? + U(r(0)) 
=$x474+2x1?=10. 


Equation (4.11) is 
2 


limp? + 


3 + U(r) =E, 


2mr? 
which, in this case, reduces to 
1.2, 4 
ar + Dp 
which simplifies to 


P? = 20 —4r? — 16r7?. 


+ 2r? = 10, 


(c) The radial turning points are given by 7 = 0, so 
20 — 4r? — 16r—? = 0, 

or 
ro —5r?+4=0. 

Factorizing this quadratic equation in r 
(r? —1)(r? — 4) =0, 


2 we have 


Solutions to the exercises 


so 

r=1 or r27=4. 
Ignoring the negative roots (because r > 0), we have 
r=1orr=2. So the minimum and maximum dis- 
tances of the particle from the origin are 1m and 2m, 
respectively. 


Section 5 


5.1 (a) The equation of orbits is 
l 
ao 1+ ecos(@ — 6). (5.8) 


The right-hand side of this equation takes values be- 
tween 1 — e and 1+ € (inclusive) as @ varies. The min- 
imum value of r corresponds to the maximum value of 
the right-hand side, which is 1+ e. Hence we have 

l 
1+e 
This occurs at 0 = 0p. 
(b) If e <1 then 1—e>0, so the right-hand side of 
Equation (5.8) is always positive. Its minimum value 
1 — e corresponds to the maximum value of r, giving 

l 


Tmax = : 
l-e 


Tmin = 


This occurs at 6 = 09 + 7. 
(c) If e > 1 then 1—e <0 and the treatment of 
part (b) cannot apply, since r is always non-negative. 
The condition r > 0 is equivalent to 

1+ ecos(@— 4) > 0, 
which is satisfied by the range of angles 

09-04 <9A< 04+ 4, 
where 0, = arccos(—e~*). For this range of values of 6 
there is no upper bound for the values of r, so the mo- 
tion is unbound in this case. The corresponding orbits 
(for e > 1) are hyperbolas, as illustrated in the diagram 
below. For e = 1, the corresponding orbit is a parabola. 


av 


(d) Orbits are bound for e < 1 and unbound for e > 1. 
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5.2 (a) In a time T the whole area of the ellipse is 
swept out. Since Ais constant, we then have 
LT 
2m ° 
Squaring both sides of this equation, and putting 
aL? 
Gm?M’ 


nab = AT = 


b? =al = 


we obtain 


Ar? 
7? 3 
(aa) 7s 


as required. 
(b) Rearranging Kepler’s third law, we obtain 

Ana? 

GT? © 
Now a = 149.6 x 109m, G = 6.673 x 107! m3 ke~! s~? 
and T = 365.256 x 24 x 60 x 60s. So 

An* x (149.6 x 10%)? 

6.673 x 10-1"! x (365.256 x 24 x 60 x 60)? 


M= 


M= 


= 1.989 x 10°’ kg. 


So the mass of the Sun is 1.989 x 10°° kg. (This agrees 
with the accepted value of 1.99 x 10°° kg.) 


5.3 (a) If the orbit is bound, then we have 


B= -1 
rT a? =1) 
together with 


l1=— and e= 
a 


(Equations (2.5) and (2.4)). 
So e? —1 = —b*/a? = —I/a, giving 
GmM 

Qa — 
(b) For any orbit, Exercise 5.1(a) gives the distance of 
closest approach as 

l 
lt+e 
Hence we obtain 

= Sites (e—1). 


Tmin 


ES = 


Tmin = 


5.4 (a) For bound motion, we have both 


B= smu? = o 
and (from Exercise 5.3(a)) 
_ GmM 
7 2a 


On equating these expressions and solving for a, we ob- 
tain 


2 u2 \" 
o=(3- aa) 


(b) From Equations (2.4) and (2.5 


b? i l 
er eee ee | ae 
. / a? a 
But from Equation (5.7) we also know that 
L? 
~ Gm2M 
176 


), we have 


Since L, = muR is given in the question, we have 
u? R? 
~ GM 
and, using the result of part (a) 


e=[1 oat (5 2)" 


= |] = 
| GM|’ 


where the magnitude has been taken to ensure that 
e>0. (Note that the condition e < 1 must correspond 
to the given condition u? < 2GM/R for bound motion.) 


Alternatively, this result could have been obtained from 


the formula 


_ GmM 
rT ———(e? — 1). 


5.5 (a) Using Equation (4.9), the equation of radial 
motion is 


k L? L?\ 1 
mr = == ( :) ; 


m ) r3 


(b) From Equation (5.3), we have 
; LB @ (1 
——— —s {= 
m2r? de? \r)’ 
Bid fi L2\ 1 
ee ee 4+ —4 =, 
m r2 de? \r m ) r 


a (1 i jac tH 
de” \r BP} r 


In terms of u = 1/r, we have 


(c) The solution of this differential equation is 
u = Acosw(0— 6), 


where A and 9 are constants of integration. By a suit- 
able choice of the line 6 = 0, we can ensure that 6) = 0, 
and so the path of the particle is 


u = Acosw6, 
or 
r= Bsecw, 


where B =1/A. This orbit is unbound, as you might 
expect, with distance of closest approach B. 
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